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MaTemMaTu9IeCKHA MUP

MaremaTuka B OBa JIIaTOM BGKGJr

M. ATba

DTa CTaTha OCHOBAHA HA 3aNWUCH JEKINU, mpounTanuon B Duracos-
ckoMm uHcTUTYTE, TopouTo, B uone 2000. B Hen paccMOTpEHO HECKOIBKO
KJIIOUEBHEIX TEM, KOTOPBIE XaPAKTEPU3YIT MATEMATHKY ABAAINATOTO Be-
xa. Kpome Toro, o6cyxkgaercsa BauaHue GUINKW U CAETAHBI HEKOTOPHIE
MPEINONOKEHU O BO3BMOXKHOM PA3BUTUU MATEMATUKYU B ABANIATDL Iep-
BOM BeKe.

Baarogapio Bac 3a TO, 9TO BbI NPUTIACAIA MEHS CIOAa, AJIA YIACTHUA B DTOR
nporpamme’). KoHewHO, KOTZa BB TOBOPHTE O KOHIE OZHOIO BEKA M HAHAILE
OPYyroro, nmepe BaMu ABa yTH, u 062 Tpyauabl. MoXHO 1aTh 0630p pa3sBUTHA
MATEMATUKN 33 MPOIMIEANINEe CTO JET; a MOXHO NPENCKa3aTh, KAKOU Oyaer
MaTeMaTHUKa B caepyoime cTo JeT. Sl Beibpan Homee CIOKHYIO U3 DTUX 32134,
[TpenckasbiBaTh MOXET KaXIbIW, U HAC HEe OyaeT moOIU30CTHU, KOT /L3 CTAHET
BU/IHO, B YeM MBI OKA3aJUCh HenpaBbl. HO aTh npeacTaBieHne 0 mpoIioM —
371ECh KAXIHIN MOXKET HE COTVIACUTLCA ¢ HAMMA.

Beé, uTo a Mory cpenaTh, — 3TO M3JIOXUTL BAM CBOU JUYTHBIA B3TJIA.
HeBo3MOXHO 0XBATUTH BCE, M TIOTOMY S MPOIMYILY HEKOTOPHIE BAXKHBIE Pa3-
Jeqbl HAIETO CIOXETa, OTYACTH M3-33 TOTO, MTO A B HAX HE CICIHAIUCT,
a OTYACTH MOTOMY, ©ITO OHM OCBENIEHBI B APYTMX UCTOYHUKAX. Hampumep,
A HUYEro HE CKAaXy O BEIUKUX COOBITHAX B O6GJIACTH, JEKAIMEH MEXIY
JOTMKOU M BBIYUCICHUSAMU U CBA3AHHOU C UMEHAMU TAKWX JIOJer, Kak ['mib-
6ept, I'émens u Triopuar. He cxkaXxy MHOTO M 0 MPUIOXKEHUAX MaTEMAaTH-
KW, HE CUUTAA TEOPETUIECKOU (PU3UKU, TaK KAK OHM BECHMA MHOTOYUCIEH-
HBl U HYXJAIOTCA B CHEIUAIBLHOM paccMoTpenuu. Kaxpoe us Hux Tpebyer

"Bulletin of the London Mathematical Society, 2002. Vol. 34. No 1. P. 1-15. Tlepesog
B. P. ®peukuna.
DMuposon maremaTuaeckmit cuvnosmyM 2000 roga, ToporTo, 7-9 mions, 2000.
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OTAEILHON JEKIWK; BO3MOXHO, BBl OOJBINE YCALIMIATE O HAX U3 HEKOTOPHIX
OPYTHUX JEKIUU B paMKax dToro cobpanusa. Bomee Toro, 6ecCMBICIEHHO Ta-
X€ MBITATHCA OaTh NEPEYCHb TEOPpEM WIU XOTHA 6]31 3HAMEHUTHIX MaTeMaTHU-
KOB 33 MOCJEAHHUE CTO JeT. JDTO ObUIO OBl JOBOJBHO HeJemnoe 3aHaThe. Tak
YTO B3AMEH s TONBITAIOCH BHIOPATH PAJ TEM, HA MOU B3MJIAM, MPOXOIANIAX
KpaCHOﬁ HUTBIO Y€epe3 MHOIrue O6JIaCTI/I MaTeMaTUKW, U BBIACJIUTH TJIaABHBIC
COOBITHA.

Cuadajna mossoabTe caenaTh obmee samedanme. Cronerme — NOHATHE
ycaoBaoe. Ha camoMm mene MBI He BEpUM, 9TO IO IPOUIECTBUH CTA JE€T ITO-TO
BHE3AIIHO OCTAHABIUBAECTCS U HaUYWHAeTCA cHOBa. [loaTomy, onuceiBas maTe-
MaTtuky XX Beka, A He Oyay 0COOEHHO LIEPEMOHUTHCS C gaTamu. Ecam dTo-
To Havantoch B 1890-e roger m mpogoaxanock B 1900-e, 1 me 6yay obpamarth
BHUMAHUA HA BTy MOAPOOHOCTH. Sl HaMepeH NeNCTBOBATL KAK ACTPOHOM H
ONEPUPOBATEH JOCTATOYHO NMPUOAMKEHHBIMU YUCIAMUA. B IeCTBATEIHHOCTHY
MHOr'oe 3apoJAujaOCh B N€BATHAATATOM BEKE W JUIIb IMTPUIIJIO K BOILJIOIICHUIO B
[IBA,IITATOM.

OnHa U3 TPYAHOCTEH MOEW 33Ja9d B TOM, YTO OYEHb HEJErKO CErOjIHs
IOCMOTpeTh Ha Bemu riaazaMum MaTtematuka 1900 roma, mbo cTors MHOTHE
JOCTUXKEHUS MATEMATUKN TPOILIOTO BEKA BIUTAHBI HAIIEW KYJIbLTYPOU U Ha-
mu. O4YeHb HENErKO TOYYBCTBOBATH BPEMsA, KO JIOJU MBICAUIN HE B HAIIUX
TepmuHax. Ha camoMm gene, eciu BBl feraeTe MOAJAHHO BAXXHOE OTKDPHITHE B
MaTeMAaTHKe, BaM MPUXOAUTCA COBEPIIEHHO UCHYe3HyTh! Bl mpocTo pacTso-
pserecs B obuien KyabType. [looToMy mpu B3riisge Ha3a HAJO MOMBITATHCS
BOOOPA3UTH, HA 9TO OBLIA TOX0XKA WHAS DIOXA, KOTAA JIOIU MBICAUIN HE TaK,
KaK MBI.

OT JIOKAJIBHOTO K INIOBAJILHOMY

Teneps s HAMEPEBAIOCH TEPEIUCIUTE U 06CYAUTH HEKOTOPBIE TeMbl. Moo
MEPBYI0 TeMy, B O0IIEM, MOXHO OIPEIEIUTh KAaK MEePEeXoq OT JOKAILHOTO K
robanbHOMY. B KaaccmdecKkun mepuo S0 B IEJI0M TPEATOIUTAIN U3y YaTh
Belyr B MaJoM Macirabe, B JOKATHLHBIX KOODAWHATAX W T.I. B HameMm Beke
IEHTP TAXKECTU CMECTUICS K MCCIACTOBAHUI) U OCMBICIEHUIO TOBENEHUS TJIO-
0aJILHOrO0, B KPYyIHOM MaciiTafe. A Tak Kak raoGalbHoe MOBEeJeHne MOHATD
TPyIHEE, DTO YACTO ACJACTCA HA KAYECTBEHHOM YPOBHE, M OY€HbH BAXKHBIMEU
CTAHOBATCA Tomogormyieckue uaen. He ko mmon, kak I[lyamkape, cTan nepso-
TMPOXOAIEM B TOMOJOTHHU ¥ TPEACKA3AI, ITO TOMOJOTHA CTAHET BAXKHOU KOM-
MOHEHTON MaTeMaTuku X X Beka. Mex 1y npounm, ['mas6epT 3T0rO0 HE cuenad,
KOPJ[a, COCTABIAI CBOU 3HAMEHUTHIA MEpPEYeHbh MATEMATUYIECKUX npobaem. B
DTOM MepevHe TOmoJoTua ea8a obuapyxusaeTca. Ho gas Ilyankape 6pu10 co-
BEPIIEHHO ACHO, 9TO OHA CTAHET MOIIHOU CUJION.
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[TosBoabTE HA3BATEH HECKOABLKO OOIACTEN, U BHI YBUAUTE, ITO A UMEIO B BHU-
ny. PaccmoTpum, HAanpuMep, KOMIVIEKCHBIU aHAMN3 («Teopuio QyHKIMNY, KakK
ero Hazeamu). O 6bu1 IEHTPOM MaTeMaTuKn XX Beka, Chepon AeATETbHO-
CTHU Takux Benukux Guryp, kaxk Bemepmrpacc. 14 uux ¢pyuxuuen Onlaa GyH-
KIS OHOT'O KOMILIEKCHOT'O IEPEMEHHOT0, a /LA Benepmrpacca — CTENeHHOU
PAL: HEYTO TaKoe, 9TO MOXKHO MOTPOTraTh PYKAMU, 3aMKUCATD W ABHO OMUCATH
mWin Xe 330aTh popMyaon. PyHKIuy 6bLIH GOPMYIaAMEA; 3TO OBLIO HEITO ABHO
sagamroe. Ho 3aTem paborn AGena, PuMana u ux moCIef0BATEIEN YBEIU HAC
OT 3TOTO0, M TeNeph PYHKINA ONPENEIAIACH HE CTOJBKO ABHBIMEA (DOPMYIaAMU,
CKOJIBKO CBOMMHY TJIOOAMTBHBIME CBOUCTBAME: T/€ PACIOMOXKEHBI UX OCOOEHHO-
CTH, KaKOBBI UX 00JacCTHU OIpejeNeHud, I'le OHU IPUHUMAIOT CBOU 3HAYEHUA.
ITu TI06AIBHBIE CBOUCTBA, CTAIU XAPAKTEPU3OBATH PA3AUIUSI MEX Y PyHK-
uusaMu. JIOKaJbHOE MPOJOMKEHUE OKA3AJOCh JUIIb OJHUM U3 CIOCOOOB s
3TOrO.

CxofHAas MCTOPUA TMPOU30ULIA U ¢ AU EPEHINATHLHBIMY yPABHEHUAMU.
Penmuts nuddepennuanisroe ypaBHeHNEe — MEPBOHAYAILHO DTO 03HAYAIO HAU-
TH ABHOE JOKAJABLHOE PEIIeHre: HEUTO TAKOE, ITO MOXHO 3aMUCATH U MOTPO-
raTh pykamu. [lo Mepe JaJbHERIIEro pasBUTHA CTAIA TTOABIATHCA U HEABHEIE
pemenus. Ux yxe me Bcerma MOXHO 6bLIO onmcaTh yaoOHBIMEU HOPMYTaMHA.
[mo6anbHbIe CBOMCTBA PEIIeHUA B JEUCTBUTEILHOCTH OMPEIeNAINCh €ro CUH-
I'yAIpHOCTAMU: BeCbMa IOXOXeE II0 AyXY Ha IIPOHUCIIeAIIee B KOMIIEKCHOM aHa-
JU3€, XOTA W OTJANIAETCA B JETAIAX.

B muddepennumansuon reomerpun kaaccuaeckue paborsr [aycca u apy-
TUX aBTOPOB OBLIU MOCBAIMIEHBI U3YICHUIO MAILIX 9aCTEH TPOCTPAHCTRA, Ma-
JBIX JOJEd KPUBMU3HBI U JOKAJIBHBIX YPABHEHUU, OMUCHIBAIOIINX JOKAILHYIO
reomeTpuio. OTCIOa BIIOJIHE €CTECTBEHHO MEPEUTH K OOJBIIMM MACIITA0AM,
ITOOB TOHATH TMIOOATBLHYIO KAPTUHY UCKPUBICHHOW TMOBEPXHOCTH B IIEIOM,
a TaKXke COOTBETCTBYIOMIYIO TOHOJOrHMI0. Korga BLI mepexoguTe OT MAaJoOTO
K OOJBIIOMY, MMEHHO TOTOJOTUYECKUE CBOUCTBA, CTAHOBATCS CAMBIMU BaXK-
HBIMH.

Teopusa <ucen mpeTeprena CXOTHYIO 3BOJONNA0, XOTA HA MEPBLIA B3TJIA
OHA W HE YKAAJBIBAETCA B 3Ty cxeMy. CHeruaiucThl M0 TEOPUM YUCEN Pas-
JUYAIT TAK HA3BLIBAEMYIO «IOKAJBHYIO TEOPUIO», B KOTOPOU TOBOPHUTCA 06
OTAEILHOM TPOCTOM HHCIC — OJHOM B JAHHLIM MOMEHT — JUO0 O KOHETHOM
MHOXECTBE TPOCTBIX YUCE], W «TVIOOAIBHYI TEOPUIO», Te BCE TPOCTHIE pac-
CMATPUBAIOTCA OJHOBPEMEHHO. JTa AHAJOTIUA MEXAY MPOCTHIMU YKUCIAMU U
TOUYKaAMU, MEXAY JOKAILHLIM M IMIOOATLHBLIM, MMeJIa CYLIeCTBEHHOEe BAWIHUE
HA PA3BUTHE TEOPUU UCET, U HA HEE OKA3AIN BO3JACUCTBUEC WACH, BOSHUKIIUE
B TOTOJIOT WM.

Yro kacaercsa GU3NKMU, TO, pasyMeeTcsA, KIaccuieckas (pu3anka CBA3AHA C
TEeMOU JOKAILHOCTH, TaK KAaK BBl BLIMUCHIBAETE Au(GHEPEHIINATLHOE YPABHE-
HUE, YIPABAAIONIEE TOBEIEHUEM B MaJOM MacmTabe, a MOcAe DTOr0 MTOMKHBI
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U3YYIUTH KPYIHOMACIITAOHOE TIOBeAeHre hU3ntHecKon cucTeMel. Ha camom me-
Je BcA (PU3UKA, TAK WA WHAYE TBITAETCA TPENCKA3aTh — CO BCEMU BBITEKAIO-
IIUMU CIEJACTBAAMEI, — YTO MPOUIOUAET IIPU TEPEXOE OT MAJIOTO MacITaba,
e BBl IOHUMaeTe IPOUCXOAAIIee, K OOILIIOMY MacmTady.

I[TOBBIMMEHUE PASMEPHOCTH

Mos BTOpas Tema OymeT coBceM WHOU. Sl HA3BLIBAIO €€ MOBLINIEHUEM Pa3-
MepHOCTH. BHOBL HatUHEM € KIACCUTECKOW TeOPHUHU (PYHKIUA KOMILIEKCHOTO
MEePEMEHHOr0: IEePBOHAYAIBLHO OHA COCTOAJIA B OUEHB HOAPOGHOM UM TIATEIh-
HOM m3ydeHuu QYyHKIUU OTHOrO mepemenuoro. Ilepexon k asym u Gosee me-
PEMEHHBIM IO CYHIECTBY MPOU3OIIE] B HAIEM CTOJCTHU, U B HTOU OOIACTH
OOHAPYXWINCH HOBBIE sBAeHWA. He BCE 0Ka3anoCh TakuM XKe, KaK B CIy-
4Yae OJHOrO TepeMeHHOr0. VIMEITCS COBEPIIEHHO HOBBIE YEPTHI, U TEOPUs
QYHKIUEA 7 TMEePEMEHHBIX CTANa 3aHUMATH BCE Oojee mpeobJagaroliee Io-
JOXEHWe. ITO UCTOPHUA OTHOTO M3 KPYMHEUIIAX AOCTUNREHUU HAIIETO CTO-
JETNUA.

Touno Tak xe qudpdepeHnTnaIbHbe FeOMETPEI B MPOILIOM IIPe N0 TAIN
M3y9aTh KPUBBIE U TIOBEPXHOCTHU. Tenepb MbI M3y49aeM I'€OMETPHUIO N-MEPHBIX
MHOI000PA3UH, M HYKHO BAYyMATHCA, 9TOOBI 0CO3HATE DTO KAK BaXHEUIIee 13-
MeHeHre. B nmpexmHue BpeMeHa BhI UMEIH IeJ0 ¢ KPUBLIMU U [TOBEPXHOCTAMU,
TO €CThb C 00BEKTAMHE, KOTOPBIE MOXHO PEAJbHO BUAEThH B IPOCTPaHCTBE. BhIc-
e PasMepHOCTH ObLIM HECKOJBKO YCJIOBHBIMU BEIIAMUF, KOTOPBIE BBI MIPEJ-
CTaBIIeTE MATEMATHUIECKH, HO, OLITH MOXET, He IpHHUMAaeTe Bcepbes. Vmes
MPUHAMATEH UX BCEPHE3 M U3YUATh HA PABHBIX C HU3IIMMU PA3MEPHOCTIME B
NEUCTBATENLHOCTH NPUHAMIEKUT X X cTodeTuro. He Tak yx odyeBmaHa, ObLia
ML HAIIWX TIPEIIIeCTBEHHUKOB B X1X BeKe W MBICAH 00 yBEIUTCHUHU TUCIA,
GYHKINN, 0 TOM, 9TOOLI M3y9IaTh He OLHY, a HECKOJLKO (PYHKIUMU, TO €CTh
BEKTOPHO3HAYHBIE (PYHKIMU. TaK ITO MBI BUAUM yBEJIUUCHUE FMCIA KAK HE-
3aBUCUMBIX, TAK W 3aBUCUMBIX TIEPEMEHHBIX.

Jlunennas anre6pa Bcerga mMeaa Jeao ¢ GOJBIIUM YUCIOM MEPEMEHHBIX,
HO W POCT Pa3MEPHOCTH 3MeCh OKa3auca O6omee kpyToiM. OH mMpuBea OT KO-
HEYTHBIX PA3MEPHOCTEN K GECKOHETHBIM, OT JUHEUHOTO TPOCTPAHCTBA K THIb-
6epTOBY — C O0eCKOHEYHBLIM YHCIOM NepeMeHHBIX. Pa3zymeeTcs, 3qech yIacT-
BoBanm u aHamu3. llocie QYHKIUU OT MHOIMX TEPEMEHHBIX BBl MOXETE
paccMoTpeTh QYHKIUEM OT (QYHKIUN — (PYHKIHOHAMLI. ITO (PYHKIAUA HA
mpocTpaucTBe GYHKIUN. Bee OHU MMEIOT TPUHIUIUATLHO OECKOHETHOE -
CI0 TMEPEMEHHBIX: MBI HA3BIBAEM DTO BAPUANMOHHBIM UcYUcaeHreM. Cxoxuin
CIOXKeT pa3BUBAICA M B obmacTu oOmMX (HEIWHEWHBIX) (DYHKIUH: DTOT
00LEKT He HOB, HO BLIIIET Ha mepequny mian B XX Bexe. TakoBa Mosa BTOpasd
TeMa.
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OT KOMMYTATUBHOTI'O K HEKOMMYTATHUBHOMY

TpeTbsa TeMa — mepexo 0T KOMMY TaTUBHOT'O K HEKOMMY TaTUBHOMY. Bo3s-
MOXHO, 5TO OJHA U3 CAMBIX XapaKTEPHBIX 0COOEHHOCTEN MATEMATUKHA U OCO-
6enno anre6pnl XX Beka. OCOOEHHO BAXHLIM OKA3AMCA HEKOMMYTATUBHLIN
aCmeKT aiarebphl, U, KOHEYHO, er0 KOPHU JeXaT B XIX Beke. DTU KOPHU Pa3-
HOOOpa3HbI. BepoATHO, CAMOU KPYITHOU HEOXUJAHHOCTBIO Obuim paboTh ['a-
MUILTOHA TO KBaTepHUOHAM. OHU OKA3aJIU OTPOMHOE BO3AEUCTBUE, TPEXIE
BCErO 33 CYET UIEW, OPUEHTUPOBAHHBIX Ha (PU3UKY. Dbuir Takxke pabOThHI
I'paccmana mo BHEmHEUM aarebpamM — APYrou aarebpamveckord CUCTEMe, KO-
TOPYIO Teleph MOTVIOTUIA Hallla Teopud AuddepeHnnaIbHbx GopM. Pasyme-
eTcd, IPYTUMHU KIIOUEBBIMU AOCTHXeHUAMU cTaau paborel Koam mo maTpu-
mam u paboTel ['anya; B 0CHOBE TEPBBIX Jexaja JUHENHAA airebpa, B OCHOBE
BTOPBLIX — TEOPUA IPYIIL.

Bcé 5T0 — pasawtHble IyTH M NOAXOALI K BBEJEHWIO B aArebpy HEKOM-
MYTATUBHOTO YMHOXEHUA, KOTOPOe, KaK i yXKe CKa3aj, CTONb OOBLIZEHHO B
aarebpamveckom ammapare XX Beka. Mbr 06 sTom He gymaem, HO B XIX Bexe
BCe TIPEILIAYIUE TPAMEPHI ObLIN, KAXABIN MO-CBOEMY, KOJOCCATLHLIMU TIPO-
peiBamu. PasymeeTcsa, ¢ pa3HBIX CTOPOH COBEPINEHHO HEOXWIAHHO IPHUILIN
NpWIOKeHusA >TuX ujaen. [IpuMeHenre MaTpull U HEKOMMYTATUBHOTO YMHO-
)eHus B (JU3MKEe NPUNILIO C KBAHTOBOU Teopuer. CaMbld BaXXHBIU MPUMED
CYIIECTBEHHOT'O MPUMEHEHNA HEKOMMYTATHUBHOU AIreOphl B (PU3UKE — BTO
KOMMYTAIMOHHBIE cOOTHOIeHus ['ensenbepra, passursie 3aTem ¢ou Henma-
HOM B €r0 TEOPHUIO OMEPATOPHBIX anrebp.

Teopusa rpynn Takxe OLLIA BaXHEHIINM 3JIEMEHTOM MaTeMaTukn XX Be-
Ka, U K 9TOMY g BEPHYCH IIO3XKe.

OT JUHEVHOI'O K HEJUHEMHOMY

Mos cregyromas TemMa — TEPEXO] OT JAHEUHOTO K HEJWHEUHOMY. Bojb-
Ke Pa3genbl KIACCUIECKON MATEeMATUKHA JUGO CYIIECTBEHHO TUHEHHE, TU6O0
€CJIU HE COBCEM JUHEUHLI, TO MPUOIU3UTENLHO JUHENHBI U U3y IAI0TCA TOCPe-
CTBOM COOTBETCTBYIOUINX BOBMyH.IeHHﬁ. HOAJH/IHHO HeJIHHeﬁHbIe ABJEHUA I'O-
pa3smo CIOXHEE, W UMHU TMO-HACTOANIEMY CEPHE3HO 3aHAMNACH JUIIL B HAIIEM
CTONETHUN.

IDTOT CIOKET HATUHACTCA C TEOMETPHUN: CHAMAIA — €BKINJOBA T€OMETPHUI,
reoMeTPUs MIOCKOCTH, POCTPAHCTBRA, MPAMBIX JUHUU, BCE — JUHEUHOE; a 32~
TeM tWepe3 PAl BAPUAHTOB HEEBKINAOBOU T€OMETPUM MPOUCXOMUT TEPEXO] K
PUMAHOBOM IeOMEeTpHuHU, 60/Iee 00Ien, e 0OLEKTLI CYIIeCTBEHHO HeINHENHEL.
B nuddepeHnmaibHbIX YPABHEHUAX MDA CEPHE3HOM WU3YYECHUM HEJUHEUHBIX
MPOIIECCOB BBl CTAIKUBACTECH C IEJIBIM HAOOPOM HOBBIX ABIEHUU, KOTOPBIX
BEI HE YBUAUTE B KAACCUTECKON 00MACTH. 3AeCh 1 OBl OTMETWI JUIIL ABA: CO-
JUTOHBI ¥ Xa0C, — [Ba OY€Hb PA3HBIX dJEMEHTa Teopun nuddepeHnInaIbHbIX
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YPABHEHUH, KOTOPHIE CTAIU 0COOEHHO 3aMETHBIMU U TOMYIAPHBIMEA B HAIIEM
croaerur. QHU MPEACTABIAIOT COOOU MPOTUBOMOJOXKHBIE KpaunocTu. Couu-
TOHBI MPEACTABIAIOT HEOXKUIAHHO OPraHU30BAHHOE TMOBEJIEHUE HEIUHEUHBIX
nuddepeHInaTLHBIX YPABHEHUN, & Xa0C — HEOXUIAHHO Ae30PTaHu30BAHHOE.
O6a ABIEHUA TPUCYTCTBYIOT OPU PAIUYHBIX PEKUMAX MPOIECCA, U 008 WH-
TEPECHBI M BAXHBI, HO DTO NPUHIUIUAILHO HEJIWHENHbIE saBieHus. U 3mpechb
BBLI MOXETe MPOCICIUTDL BIMIOTL [0 MOCIeAHen deTBepTu XIX Beka paHHIO
UCTOPUIO PABGOT MO COMMTOHAM, HO OHU MAJO3AMETHEL.

Yro kacaercsa GU3MKU, TO, KOHEYHO, ypaBHeHus Makcseana (OCHOBHBIE
YPABHEHWsA TEOPUU DJICKTPOMATHETU3MA) ABIAIOTCA JIUHEUHBLIMU yDPABHEHUA-
MM B YACTHBIX MPOM3BOAHBIX. B MPOTUBOMOMIOKHOCTL UM 3HAMEHUTHIE YPaB-
menus Suara — Muica HeTMHENHBI, 3 DTU YPABHEHUS, KAK MPENIOIaAraeTC s,
YOPABJIAOT CAJAMU, OTBETCTBEHHBIMU 33 CTPYKTYPY MaTepuu. YPABHEHUS
Aura — Muica HeTuHERHBI, TaK KAK 9TO M0 CYIMIECTBY MATPUIHBLIA BAPUAHT
ypaBHeHur MaKcBerL a 1 HEMMHENHBIU WIEH BOSHUKAELT U3-33 TOT0, 9YTO MATPHU-
Bl He KOMMYTHPYIOT. Tak 9TO MBI BUAUM 31€Ch MHTEPECHYIO CBA3b MEX Y
HEIAHETHOCTHIO M HEKOMMYTATUBHOCTLIO. HEKOMMYTATUBHOCTE MOPOXAAET
HEIUHEUHOCTDH ONPENeNeHHOTO PO/a, U HTO O¥UeHb WHTEPECHO W BAXKHO.

I'EOMETPUA IPOTUB AJITEBPHI

Iloka 9TO A KOCHYJCA JUIIL HEKOTOPBIX 00mux TeMm. Temeps s X0y mO-
TOBOPUTDH O MUXOTOMHUM B MATEMATHUKE, KOTOPasA BCE BpeMms ObLIA C HAMH, TO
OTCTYTAdA, TO BLIXOA HA TEPBBLIA ILIAH; OHA AAET MHE BO3MOXHOCTDL CAEIATD
HekoTopbie ¢umrocodpckme 0600IeHNA U 3aMevaHud. S UMEn B BUIAY AWXO-
TOMUIO MEXJy reoMmerpuen u aireOpou. ['eomerpus u aarrebpa — dTO ABeE
¢dopMaIbHLIE ONOPHL MaTeMaTHKX, 00e BecbMa ApeBHEe. ['eomeTpus BoOCXo-
IUT K TpekaM u K Oolee paHHUM BpeMeHaM; aiarebpa BOCXomuT K apadam m
MHAUUNAM, TaK 9TO 00€ DTH BETBUA UT'PAIU B MATEMATHUKE (PYHIAMEHTAILHY IO
POJb, HO UX B3aMMOOTHOIIEHUS OBLIN HETIPOCTHL.

Ilo3BonbTE HaYaTH ¢ MCTOpPUE BOIpoca. EBkanaoBa reomeTpus ObLIa mIep-
BBIM MPUMEPOM MATEMATUYECKOU TEOPUU, W OHA, OCTABAIACH CTPOT'O T'eoMe-
TpUiecKou, moka [lexkapT He BBea aarebpamveckue KOOPAMHATHI HA 0OBEKTE,
KOTOPBIN TENeph HA3BIBAETCA NEKAPTOBOU MIOCKOCTHIO. DTO OBbLIA MOMBITKA
CBECTU TeOMETPUIECKOE MLIIIIEHNE K aarebpantiecKuM MaHuTyIanuaM. Pa3y-
MeeTCs, 9TO ObUT OrPOMHBIN TPOPHIB — UAK GOJBINAA ATAKA HA TEOMETPHIO CO
CTOpPOHHI anrebpanctoB. Eciu B 061acTH aHAIN3a COMOCTABUTL padoTsl Hbio-
Tona u JleubHuUIA, TO OHM MPUHAMIEKAT PA3HLIM TpagaumuaMm: HuioToH 6Lt
[0 CyIECTBY reoMeTp, JIeMGHUIL — 1o CymEeCTBY aireGpaucT; W s DTOrO
ObLIU BecKme, nybokue npuynnbl. /lus HeroToHa reomeTpus, Kak u pa3BUTHIN
UM aHAJIU3, — HTO MOMBITKA MATEMATAYECKN ONMUCATEH 3aKOHBI Npupoabl. OH
“Mea 1en0 ¢ PU3NKOU B IMPOKOM CMBICIAE CJIOBA, a (PU3UKA CYIIECTBOBAIA, B
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Mupe reoMeTpun. Ecam BB XOTenn HOHATH, KAK YCTPOEHHI BTN, BEI MLICIH-
JU B TEPMHUHAX (PU3UIECKOTO MUPA, B TEPMHUHAX T€OMETPUICCKUX KAPTHUH.
Koraga HeroTon passBusaa aHaams, OH XOTEN MPUAATH €My TaKOU BU, 9TOOBI
HACKOIBLKO BO3MOXHO NPUOIUBUTHCA K (PU3UIECKOMY KOHTEKCTY, CTOABIIEMY
3a HuM. [losTomy HeoTOH mMCIONR30Bam reOMeTPUIECKUE PACCY XK JEHUS, TaK
KaK DTO MO3BOJAIO HE YAAIATHCA OT UCXOMHOTO CMBICIa. C NPYyrou CTOPOHHI,
JlenbuuIr uMen 1menb, U IeCTOMOOUBYIO MEh, (GOPMATUIOBATE BCIO MATEMA-
TUKY, IPEBPATHUB €€ B GOABIIYIO alre0pamdecKy MaInHy. JDTO OBLIO MPIMO
IpoTUBONONOXKHO moaxonay Heiorowa. Ilpm »ToM OHM mCHOIBL30BaIM COBEP-
IIEHHO Pa3anmyiHble 06o3HadeHusa. Kak MBI 3HaeM, B OOJBIIOM CIOpe MeXIY
Heroronom u Jlenbaunem nobegunn obosHadenusn Jlenbuuma. Mbl o603HaaeM
IPOU3BOAHBIE, Cieaysa ero cnocoby. yx HeooTona no-npexueMy mpucyTCTBY-
eT TaM, HO OH ObLI TIOrpebeH Ha JOJIT0O€e Bpems.

B xonmne XIX Bexa, ¢TO JeT Ha3aml, IBYMA TMIaBHBIMU purypamu Ot 11y-
apkape u ['masbept. A yxe ynomuHan 0 HUX, u OHE OBLIK, TOBOPS HECTPOTO,
mocaenoBareasmu Hpiorona m JlenGrauna coorsercrBenHo. Muican Ilyamka-
pe pasBuBaJach OOIBINE B AyXe I'€OMETPHUU, TOIOJIOTHUH, UCIOJIL3YSI UX UAEH
KaK WHTYUTHUBHYIO OCHOBY. 'mab6epT ObL1 H60abINEe (POPMATUCT, OH XOTEI aK-
CHOMATU3UPOBATH, GOPMAIA3OBATH U TPEACTABIATEH B CTPOrOM (POPMAITHHOM
Buge. OHU HECOMHEHHO TPWHANICKAT PA3HBIM TPATUIUAIM, XOTA BEIUKOTO
MaTEeMAaTHKa BCETa HENETKO KIaCCUpUINPOBATE.

T'oToBs »T0 BBICTYILIEHHUE, S TOAYMAJ, ITO CAEAOBAIO OBl BKIIOYATH B I€-
pevueHb W HEKOTOPBIE MMEHA W3 HAIIErO HBIHEIIHET'O MOKOJICHWS, TPUHAIJIC-
KAIAE TPOAOMKATENAM 3TUX Tpaaumui. O HbIHE KUBYIINAX JIOAAX TOBOPUTH
O0YeHb TPYJHO — KOI'0 M3 HUX BKJAIOYUTEL B iepedens? [loTom s mogyman: KkTo
cTajd OBl BO3PAXKaTh, OKA3ABIIUCH HA JIOOOU U3 CTOPOH DTOTO 3aMEYaTEIbHO-
ro mepeuna’ B mTore ObuiM BHIOpAHBI [BA UMEHU: ADHOILI KAK HACICTHUK
Tpanunuu [lyankape - HoioTona u Byp6aku B kadecTBe, 4 gymaio, Haubosee
n3BeCTHOrO mocaeaoBarens [ mabbepra. HeBO3MOXHO yCOMHUTHCA, ITO B3TILA
Apnonnaa Ha MEXAHWKY U PU3UKY 3aKMOTACTCA B TOM, ITO OHHU MO CYTH T'e€O-
METPUIHEI, €CIN BepHYThca K HbioTomy; BcE, 4TO OLLTO B IPOMEXYTKE —
€CJIYM UCKIIOYUTH HEMHOTHX JI0Iel Bpoae PuMana, KOTOPBIN HECKOJIBKO BHITA-
JaeT u3 o0IIero psaaa, — ABUIOCH OIMUOKOU. BypOaku MOMBITAICA BBHITOJHATE
B BHATYUTEILHOM 00BeMe (pOPMAIUCTCKYIO mporpamMMmy l'mianbepTa mo akcmo-
MATU3ANMU U (POPMATUIANUN MATEMATAKA U MTOCTUT OMPEIEICHHOTO yCIIexa.
Kaxgas To4uka 3penus nMeeT CBOM TOCTOMHCTBA, HO MEXy HAMU CyIIeCTBY-
eT HalpIXeHue.

[TosBombTE MOACHATH MOM COOCTBEHHLIM B3TVIAJ HA PA3IUTHE MEXIY
reomerpuen u aarebpou. 'eomerpus, pazyMmeercs, ABIACTCA HAYKOU O MPO-
CTPAHCTBE; 3/1eCh HET BOmpoca. Kciau s cMOTPIO HA TPUCYTCTBYIOUIAX B 3TOM
TIOMEIIEHNN, s BUXY CPa3dy MHOTUX; 33 OJHY-eIWHCTBEHHYIO CEKYHAY WIU
MHUKDPOCEKYHIYy s MOry BoOpaTb T'POMAIHOE KOJIWYIECTBO WHMOPMAIUH, U
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BTO, KOHETHO, HE CIydIanHo. Har MO3r yeTpoeHn TakuM 06pa3oM, 9TO OH TECHO
CBA3aH CO 3PEHUEM. 3PEHUE, KAK A Y3HAI OT APy3el, paboTaNUX B Henpodu-
3UONOTHN, UCTOAB3YeT rae-To 0Koro 80 mim 90 mpomeHTOB KOPBI MO3ra. B M03-
Ty UMEETCA OKOJIO 17 PasTuYIHBIX MEHTPOB, KAXK IBIN U3 KOTOPBIX CIEIUATA3N-
POBaH HA ONpPENENIEeHHON YACTHU MPOIMECCA 3PEHUA: OJHU IMEHTPBI UMEIOT IeJ0
C BEepTUKAJBHBIM, APYTUe C TOPU3OHTANBHBIM, TPETBU — C IBETOM, NEPCIEK-
TUBOU, HEKOTOPKIE, HAKOHEI], — CO CMBICJIOM U mHTepnpeTanuen. [lonnmanue
U OCMBICIEHUE MUPA, KOTOPHLIU MBI BHAUM, ABAIOCH OYUEHL BAXHOU TACTLIO
HaImen 3Boaronuu. [loaToMy mpoCcTpaHCTBEHHAS UHTYUIUA U IPOCTPAHCTBEH-
HOE BOCIIPUATHE COCTABIAIOT HEOOBIKHOBEHHO MOIIHOE OPYAUE, U BOT IMOYEMY
TEOMETPHUA PEATHHO ABIAETCA CTOMb MOIIHON BETBHIO MATEMATHKY — HE TOJb-
KO B B€llaX, ABHO I'€eOMETPpUYCCKUNX, HO [daxXe B TeX, KOTOPpbIE TaKUMWH HE
BRITIIAAAT. MBI OBITAEMCS MPULATH UM TEOMETPHUIECKYI0 (POPMY, MOCKOIb-
Ky 3TO TO3BOJIAET HUCIOIH30BATH HAIly MHTyunwio. Hama wHTyunums — 310
HAIle CAaMO€e MOTydYee OpyAue. DTO CTAHOBUTCA OYEBUIHBIM, KO BBl MBITA-
€TeCh OG’LHCHI/ITI) KaKOﬁ-TO MaTeMaTI/ILIeCKI/II‘/)I BOIIPOC CTYJICHTY WU KOJJICTE.
Ber npoBoguTe qoaroe, TpyaHOE PACCY XK NEHUE, U HAKOHEI CTYACHT MOHUMAET.
Yro xe cryment rosoput? Cryaent rosoput: «Buxy!y Bugenne — cumonnm
IDOHUMAaHWsA, 1 MBI IPDUMEHAEM CJOBO «BOCIIPHUATHUECY [T O603HaquHH n TOTrO,
u apyroro. Ilo kpannen Mepe >TO BEPHO [ AHTIXACKOTO A3LIKa. HTepecno
OB110 OBI CPABHUTE, KaK OOCTOUT €0 B APYTUX. S CIMTAIO OeHE CYIIeCTBEH-
HBIM, 9TO PA3BUTHUE UEJIOBEIECKOTO MO3TA MPUIAJI0 EMY TAKYIO KOJIOCCAIBHYIO
€MKOCTb, TO3BOJAKIIYIO yCBAUBATH I'POMATHOE KOJINIECTBO I/IH(i)OpMaHI/H/I 3a
MI'HOBEHHBLIN 3PUTEILHBIA KT, I MATEMATHAKA UCTIOIL3YET U COBEPIICHCTBYET
3Ty CHOCOOGHOCTS.

C mpyrou crtopombl, aareGpa (u, BOZMOXHO, Bbl HE JyMaau O HEW IO-
OOGHBIM 06pAa30M) CYLUIECTBEHHO CBsA3aHA ¢ BpeMmeHeM. KakuMm Obl pasmenom
anAreOphl BBl HU 33HUMAINCE, BRIMOMHACTCA TMOCAEJ0BATEILHOCTE OMEPAITTN —
OJ/THA 33 IPYTOU, a «OJHA, 33, APYTOW» O3HAYAET, YTO BAM IIPUIILIOCH UMETH I€J0
¢ BpeMeHeM. B cTaTUYHOM MUpe HEBO3MOXHO BOOOPasuUThL cefe aareOpy, HO
TeOMeTPHA IO CYUIECTBY CTATUIHA. S1 MOTY IpOCTO cuAETh 31eCh U CMOTPETh,
U IIyCTh HUYETO HE MEHAETCS, HO A BCE Xe Mory cMoTpersb. Aarebpa, ogHa-
KO, CBiA3aHa CO BpEMEHEM, NOCKOJBKY BEI UMeEeTE NejqO C OeparuaMu, BBITIOJI-
HAEMBIMHT TOCIEI0BATENLHO, TIPUTEM TOBOPA «aiarefpay, A TOAPA3yMEBAI0 HE
TOJBKO COBPEMEHHYIO aarebpy. JIroGou aaropurMm, JI0O0U MPOMECC BBIYUCIE-
HUA — 9TO IOCJIeNOBATEIBRHOCTL IIAroOB, BBIMIOJNHACMbBIX ONWH 3a APYTr'UM; CO-
BPEMEHHBIA KOMILIOTED AEIAET 3TO BHOJHE OUeBAAHBIM. COBPEMEHHBIN KOM-
TBIOTED TOAYIACT UHGPOPMAINIO B BUAE TMOTOKA HYJIEW W eIWHUI] U BBHIIAET
OTBET.

Anrebpa umeer geno ¢ JAEUCTBUAMU BO BPEMENU, & TEOMETPUA — C
NPOCMPARCMEOM. DTO ABA OPTOTOHATBHBIX ACIHEKTA HAIIETO MWUPA, U UM CO-
OTBETCTBYIOT IBE PDA3JIUIHBIE TOYKW 3PEHUA B MaTEMATUKE. TaK 9TO OUCKYC-
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CUA WIW [UAJOT MEXIYy MATEMATUKAME MPOULIOTO 06 OTHOCUTEILHOM 3HAte-
HUY T€OMETPHUY U ANreOphl TPEACTABAAECT COOOU HEYTO OYEHb, OUYE€Hb BAXKHOE.

Pasymeercsa, e cromno 661 mymaTh 06 3TOM KAK O OUCKYCCHAM, B KOTO-
pPOM OfHA CTOPOHA MPOUTPHIBAET, & APYTas BHIUTPHIBAET. S M06a10 mpencra-
BJIATH 9TO C IIOMOHOIBIO aHAJOT'UH: «CJIe,qyeT Jn 6]31TB aJII’eraHCTOM niIn reo-
MeTPOM?» TTOX0XKe Ha Bonpoc «lIpeanowiu 6b1 BbI OBITH TIYXUM WK CIEIBIM ).
Ecam BEI cienbl, BB He BUAUTE IIPOCTPAHCTBO; €CIU XK€ BHI TWIYXW, BB HE CJBI-
[IUTE, a CALIIIAHUE TPOUCXOAUT BO BpeMeHW. B 06ImeM, MBI MPEATIOYUTAEM
nMeTh 06€e CIIoCOOHOCTH.

B ¢usuke cymecTtByeT npubIM3UTEIBHO AHAJIOTUYHOE PA3TPAHUYCHUE
MEX Iy KOHIENIUAMA U DKcrnepuMeHTaMu. PU3WKY COCTABAAIOT [IBE HaCTH:
TEOpUA — KOHUEIIUU, UAEH, CAOBA, 3AKOHBI — U 3KCIEPUMEHTAILHBIA all-
nmapart. H CINTAK, 9TO KOHICIIIVNA B IIMPOKOM CMBICJEC CJIOBa I'€OMETPUYIHBI,
MOCKONBKY OHU OTHOCATCA K TOMY, 9TO HPOUCXOIUT B PEATLHOM MHUpPE. JKC-
MMEPUMEHT, C APYrOW CTOPOHBI, GOMBIIE HAMOMUHAET AArebpamvecKoe BhIYHU-
CJIEHUE. BBI 9TO-TO aejaeTe BO BDEMEHHU; BBl U3MEPACTE KaKNEe-TO BCIUINHEI]
BBI MO/CTABAAECTE UX B POPMYIBI, HO OCHOBHBIE KOHIIEIIUU, CTOAIINE 33, DKC-
TMEePAMEHTAMHA, COCTABIAIOT YACTH T€OMETPUICCKON TP, TUITUH.

MoxHO 6BLIO OBl BKAKYUTE 3Ty AUXOTOMUIO B (PUIOCOMPCKUU U JTUTEPA-
TYPHBIM KOHTEKCT, CKa3aB, ITO aarebpa Iid reoMeTpa — 3TO (MCKYIICHUEe
daycrar. Kak BEI 3HaeTe, AbABOI B Tpareauu ['€Te mpemmaraeT daycTy BCE,
9TO TOT MOXeaaeT (B JAHHOM CIydae — JH000Bb MPEKPACHOW XKEHIWHBI), B
oOMen Ha Ipogaxy ero aymm. Aarebpa — 3TO IbABOJIBLCKOE UCKYIIEHUE MATE-
Matuka. [IpsaBon roBoput: «f1 gam Tebe 3Ty MOIIHYIO MAIIWHY, OHA OTBETUT Ha
JI0O0U BOMPOC, KAKOU moXkeaaenib. Beé, aro or Teba Tpebyercs, — 0TAaTh
MHE CBOKO JAVIIY: OTKAXWUCh OT T'€OMETPUU, U ThI MOAYYUIIb 3Ty TyJECHYIO
Mamuny.» (Heire Bel MoxeTe moHmMaTh nog Hen koMmnbioTep!) Konewno, mMur
IpPeANnoOYuTAEM UMETh U TO, U APYTO€; BEPOSTHO, MBI OBI 3aX0TeIU 0OMAHYTH
IBABONA: CAENATH BUJ, YTO MPOMAEM CBOIO AyIIy, W HE OTAATH ee. TeM He
MeHee OMACHOCTL A HAIIEH AYIIU 3[€Ch €CTh, MOCKOILKY, HAMUHAL anreOpa-
WYeCKOe BBIYHUCJIEHWE, BB IO CYIIECTBY IMEPECTAETE AyMATh; BhI MIEPECTAETE
AyMaThb €OMETPUYECKHU, BBl lepecTaeTe NyMaTb O CMBICTIE.

A TyT HECKOABKO CYypOB K aarebpamcTam, HO MO CyIIECTBY [eIb aareOpsl
BCErfla COCTOAMA B MOCTPOEHUU (POPMYIBI, KOTOPYIO MOXKHO 3aJ0XKUTH B Ma-
[IUHY, TOBEPHYTH PYKOATKY W MOAYIUTH OTBET. BBI B3Aau HEYTO, UMEBIICE
CMBICH; BBl MPEBPATHIN €r'0 B (POPMYIy WM W3BJIEKJIU OTBeT. [lpm Takou mpo-
negype BaM Gosbile He HYXKHO IYMaTh O TOM, Y€MY COOTBETCTBYIOT B T'eOMe-
TPUA OTAETLHBLIE DTALI AAreOPAnTIeCKON BLIKIAJKNA. BBl TepseTe UHTYUTUB-
HOE€ TOHMMAaHHNE, 1 3TO MOXKET OKa3aThCA BaXHBIM B Pa3HBIC MOMEHTHI. BBI HE
JMOJIXKHBI IIOJHOCTBIO OTKA3BIBATHCA OT I/IHTyI/II_II/II/I! BO3MO)KHO, IIO32K€ BBI 3a-
xXoTenu OB BEpHYTHCA K Hed. BoT uTo A monumMaio moa uckymenunem DaycTa.
A yBepen B ero xoBapcTBe.
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OTa AUXOTOMHUA MEXAY TEeOMETpUEN W aareOpou MOpOoAmWIa TUOPUILI, B
KOTOPBIX OHU CMENIUBAIOTCA, U Pas3jeleHne MexXay aarebpod M reoMeTpuen
HE CTOJb MPAMOJIMHENHO W HAWBHO, KaK A TOJBKO 4TO rosopuia. Hampumep,
aIre6pancThl IACTO MOJB3YIOTCA AMArpaMMaMu. ITo Takoe quarpaMma, Kak
HE YCTYIKA MeOMETPUIECKON UHTYUIIAN |

TEXHUYECKUE [IPUEMEI B IIEJOM

Tenepb IIO3BOJIBTE HepeﬁTH K TeMaM, KOTOpBIE OTHOCATCA HE CTOJNBKO K
COIEPKAHNIO MATEMATHAKHN, & CKOPEe K UCIOAL3YEMBIM TEXHUIECKUM IPAEMAM
u MeTomaM. Sl XodUy ommcaTh HECKOALKO OOIMX METOMO0B, MPUMEHAEMBIX B
nejaoM page obaacTen.

TEOPUA TOMOJIOTUI. Ilo Tpamuiuu, TEOPHUIO TOMOJOIMU TPAKTYIOT Kak
BeTBL Tomomorun. OHa UMEeT Aea0 CO CIAYIOMEN CAuTyanuen. Y Bac eCTh TO-
TMOJOTUIECKOE TPOCTPAHCTBO CO CIOKHON CTPYKTYPOU, W BHI XOTUTE U3BICYDL
73 Hee HEKWe TMPOCTHIe CBEJCHWS OTHOCUTENBHO MOACYETA ABIP WA Tero-TO
Mo 40GHOT0, KAKWE-TO A AUTUBHBIE JUHENHBIE NHBAPUAHTHI, KOTOPHIE MOXHO
CBA3ATL C TPOCTPAHCTBOM CIOXHOU CTPYKTYPBHL. BBI KOHCTpyHpyeTe, ecan
YTOHO, JUHEUHBIE MHBAPUAHTHI B HEAWHEUHOU CUTyaruu. | 0OBOps reoMeTpu-
YECKU, BBl PACCY XK JAETE O IMUKIAX, KOTOPHIE MOXHO CKJIAJABIBATEH U BEIYATATD,
7 TOTJa TMOIYYIACTCA TO, ITO HA3BIBACTCA IPYIION TOMOJOTHN TTPOCTPAHCTRA.
['omosorns — 3T0 BaXHLIA AIre6panvdecKu NHCTPYMEHT, KOTOPLIA OLLT BBe-
[I€H B IEPBOY MOJOBUHE BEKA DA IOy Y€HUS WHGOPMAIAY O TOMOJOTTIECKUX
TMPOCTPAHCTBAX. U3 reoMeTpun ObLIa M3BICTEHA HEKad aarelpa.

lNomonorus nossiseTcsa u B APYyrux KOHTEKCTAaX. BTOPOU UCTOK TEOPUH I'O-
MOJIOTMU BOCXOAUT K ['MAbOEpPTY 1 M3y IeHU0 MHOT OWIeHOB. MHOrOIeHbl KaK
QYHKINY HETUHEAHBI, ¥ UX MOXHO MEPEMHOXATh, IEPEXOnd K 601ee BEICOKUM
creneuaM. ['mybokaa unes ['mrn6epTa cocToAIa B TOM, YTOOBI pACCMATPUBATH
«H AT, TUHENHBIE KOMOWHAIIAYA MHOTOWIEHOB ¢ 00umMu mHyasmu. OH uckan
ofpasyiomue 5TuxX uaeaIoB. MuoxecTBa 3TuX 06pa3yIomuax MOTYT OKA3AThCA
M30BLITOYHBLIMEA. | MAb6epT UCKAJ COOTHOUICHUA MeXIY O0pasyiolmMu, a 3a-
TE€M — COOTHOIIEHUS MeX Ay COOTHOmeHusMu. OH oSy IUI UEPAPXUIO TAKUX
COOTHOIIIEHU U, KOTOPHIE OBLIN HA3BAHBI «TUIBOEPTOBBLIMU CUBUTHUAMUIY, U DTA
Teopus ['mab6epTa OTKPBLIA TYTh, BECHMA HEOUEBUHBLIN, JId TMOMLITOK CBE-
CTU HEIWHEWHYIO CATYANWI0 — W3ydYeHWe MHOTOWIeHOB — K juHenHou. [lo
cymecTBy ['Mab6epT MOCTPOMI CIOXKHYIO CACTEMY JUHEWHBIX COOTHOINEHUU,
KOTOpAad 3aKII0TAIA B ce0e HEKOTOPLIE CBEACHUA O HEMUHENHBIX 00BEKTAX —
MHOT O'LICHAX.

OTa anrebpamvdecKas TEOPUI HA CAMOM fefie AHAJIOTUYIHA YIOMIHYTOU TO-
TMOJOTUIECKON, ¥ HBIHE OHU CINIABMINCHL B TO, ITO HA3LIBAGTCA (TOMOJOTHYIE-
ckou anrebpomy. B anrebpanveckon reOMeTPpUY OJHUM U3 BEIUKUX TPUYMPOB
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1950-x TomOB CTANO PA3BUTHE KOTOMOJOTHYIECKOU TEOPUU MYUKOB W €€ Pac-
MPOCTPAHEHUE B AHAJUTUIECKYIO TEOMETPUIO TPYAAMU (PPAHILY3CKOU MIKOJIBI
Jlepe, Kaprana, Ceppa u I'porenguka. TyT MBI BCTpedaeM KOMOUHAIUIO U3
Tonogormiecknux ugen Pumana — Ilyamkape, arrebpanveckux ngen ['minoep-
Ta ¥ HEKOTOPOU JO3bI aHAAM3a, NJ00ABICHHOU [ OaJaHCa.

OKa3LIBAETCA, TEOPUA TOMOJOTUN UMEET U ele 6oee MUPOKHAe TPUIOKE-
HUS, & UMEHHO B IPYTruX BeTBAX aire6por. MOXHO BBOAUTH IPYMIIBI TOMOJIO-
CHUH, KOTOPLIE BCET A MPEACTABIAIOT COO0N INHENHEIE O0LEKTEI, COIIOCTABIAE-
MBI€ HETUHENHBIM. BO3LMUTE IpynnGl, HATPpUMEDP KOHESHbIE, Uin aareopot Jlu:
n TEM, U APYT'UM CONIOCTABIAIOTCA I'PDYIIIbI FOMOHOFHﬁ. Ba)KHbIe IIPpUMEHEHUA
TEOPUU I'OMOJOTUN UMEIOTCS B TEOPUU YUCEN, Yepes MOCpeacTBo rpymmsl ['a-
aya. Takum 06pa3zoM, TeOpuA TOMOJOTUN OKA3ATACH OJHUM W3 MOIIHEHIIAX
MHCTPYMEHTOB IS QHAJIU3A, IEJOr0 PALA CUTYAIMHN, XapAKTEPHBIM ABJIEHUEM
B MaTeMaThKe XX Beka.

K-TEOPUA. Bosee mo3gHee MPOUCXOXKIEHNE WMENA, IPYrasd TEOPHUs, BO MHO-
IUX OTHOINEHUAX BECHBMA IOXOXAA HA TEOPHUI0 TOMOJOTHU; OHA TOJYIUIA
MUPOKHE TPUIOKEHUA W TPOHUKIA BO MHOTHE PA3AeNbl MATEMATHUKU. IJTa
TeOpUs MOABUIACE JUIIL B cepeanue X X BeKa, XOTd €€ KOPHU MOXKHO 0OHAPY-
KUTH MHOTO pasbiie. OHa HazbiBaeTca «K-Teopuen» u B IEUCTBATEIBLHOCTH
TECHO CBA3aHA C TEOPHEH MpeacTaBleHni. Teopusa MpemacTaBIeHnN, CKaXeM,
KOHEYHBLIX TPYII BOCXOMUT K MPONLUIOMY BEKY, HO €€ COBpeMeHHad (opma,
K-reopus, nmeeT Gosee o31HEE TPOUCXOXK IEHUE. K -TEOPUIO MOXKHO paccMa-
TPUBATH TAKXE KAK MONBITKY, UCXOA W3 TEOPUU MATPUIL (B KOTOPOU yMHO-
XKEHUE HEe KOMMYTATUBHO), IOCTPOUTDH A0EIEBHl WU JUHEUHBIE MHBAPUAHTHI
Marpui. Creabl, pasMEPHOCTH, ONPEAEIUuTeNn — DTO abeleBbl MHBAPUAHTHI
B Teopum maTpul, a K-Teopusa — 5T0O cmocod cucTeMaTusmpoBaTh paboTy
C HEMI; HHOTA €€ Ha3LIBAIOT «CTACHILHON JUHEHHOHN aarebpom». M aes ston
TEOPUM COCTOUT B TOM, UTO €CIM MATpULLl A 1 B He KOMMYTHPYIOT, TO OHE
CTAHYT KOMMYTHDPOBATE, KOT A BbI IOMECTATE UX B OPTOTOHAIBHBIE TO3UITUT
B [IBYX Pa3HBIX OJI0KaX OOJLIION MATPHILI. Tak Kak MpeaMeTHl B GOILIIOM
TMPOCTPAHCTBE MOXHO MEPECTABIATL, TO, PACCYXK AT HECTPOTO, MOXKHO HA-
IEeSATHCA, ITO DTOTO YXKE OKAKETCA AOCTATOTHO IS TONYIEHUS HEKOTOPOU
nHpOpMAIUK. ITO U COCTABIAET OCHOBY K-Teopum kKak meroma. Auanorus
Mexay K-Teopuen m Teopmern TOMOJOTHHA COCTOUT B TOM, UTO 00€ OHM ILITA-
OTCS U3BJIEYb JUHENHYIO WH(MOPMAIWIO U3 CJAOKHBIX HEIUHEWHBIX CATYAIUN.

B anreGpamteckon TeOMETPHUHU 3TY UEI0 BIEPBBHIE PA3BUI C 3aMEYUATENb-
HBIM ycrnexoM ['pOTeHJUK, B TECHOW CBA3U C TOJBKO 9TO 00CYXJABIIEACA
TEeMOU, & UMEHHO ¢ TEOPUEN MYyIKOB, U CO CBOMMHE paboTaMu mo Teopeme Pu-
mana — Poxa.

B Tononorun Xupte6pyx u A BOCIPUHAIA STU UEU U TPUMEHUIN UX B “IH-
CTO TOTOJOTUIECKOM KOHTEKCTE. B TOM CMBICTEe, B KAKOM paboTsl ['poTen iuka
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CBA3aHHI ¢ paboTaMu [ mabbepTa Mo CU3UTHUAM, HAIIN PE3YAbTATHI O0IBIIE CBI-
3aHbI ¢ pesyapraTamu Pumana m [lyankape mo roMomoruam, npu<deM BMECTO
MHOTOYIEHOB QUTYyPHUPYIOT HempepwiBHbe pyHKnwn. Hamum paboTel chirpaan
TAKXEe POJb B TEOPUU WHACKCA DLIUNTUIECKUX JUHENHLIX OMEPATOPOB.

C apyrow cTOpOHBI, anreOfpandecKuil ACIEeKT DTOU TEMBI ¢ MTOTEHIIUAIb-
HBEIMH NPWIOXKCHIAMHA K TEOPHM IUCET OBLT pasBuT Muanopom, KemwieroM
n ApyruMu apTopamu. Ha 3TOM HAIDABICHNMM BO3HHKJIO MHOI'O MHTEDPECHBIX
BOIIPOCOB.

B ¢yuxumonanbHOM aHammse Gaarogapsa paboTaM MHOTHX aBTOPOB, B
gacTHocTH Kacmaposa, HenpepbiBHas K-Teopus Obuia pacnpoCTpaHEHA HA
HekoMMmyTaTuBHbe C*-anre6pel. HenpepwiBabie (hyHKINU, ONpeAeIeHHBIE HA
BCEM MPOCTPAHCTBE, 00pPa3yloT KOMMYTATHUBHYIO aare6py OTHOCUTEILHO
YMHOXEHHUA, HO B APYTUX CATYAIMAX BOSHUKAIOT €€ HEKOMMYTATUBHLIE AHA-
Joru, M (PyHKIIMOHAJIHHBIN AHAIN3 OKA3BIBAETCS BECHMA €CTECTBEHHOU CPENIOn
[UIA BOIIPOCOB TAKOT'O POJa.

Urak, K-Teopus — 5T0 eme ogHa 00JACTb, e MEJBIA PAJ PABIAIHBIX
pa3/eJoB MATEMATUKYA HAXOAUT s ceba JOCTATOYHO MPOCTOU (POPMATIU3M,
XOTA B KaX[IOM CIydae MMEIOTCA BeChbMa TPYIHBIE TE€XHUYIECKUE BOIPOCHI,
creruuIHbIe IS JAHHOO TPEAMETa U CBA3AHHBIE C JPYTMMU €0 ACIEeKTa-
MH. ITOT UHCTPYMEHT HE YHUBEPCAJEH; CKOPEE DTO YHUBEDPCAILHAA CXEMa, C
AHATOTUAME U CXOACTBOM MEXIY PA3TUIHBIMU CJIYIASAMU.

Anen Konuec mepenec MHOTTE M3 5TUX PE3YJIbTATOB B ¢HEKOMMYTATHUBHY O
InddepeHnnalbHyI0 TeOMETPHRIO).

3acayXKUBAET BHUMAHUSA, 9TO COBCEM HelaBHO BuTTen B paboTax mo Teo-
pum cTpyH (HOBEMIIEMY HAITPABIEHUIO B TEOPETUYECKON (pU3MKe) 0GHAPY KUI
OYeHbL UHTEPECHBIE CIOCOOBI, KaK CAenaTh K-Teopuio eCTECTBEHHOU Cpemon
[ TAaK HA3BIBAEMBIX (COXPAHAOIINXCSA BeIUYIUH». Toraa Kak paHbIe CUUTa-
JOCh, 9TO €CTECTBEHHBLIM KOHTEKCTOM s HUX ABIAECTCA TEOPUsA TOMOJOIUHU,
Temeph NPeACTABIIeTCA, IT0 K-Teopus 0H6ecrnednBaeT JydIine Pe3yabTATHL.

I'pynner JIu. IIpyroe o6o6imatomiee mOHATHE, M OHO HE ABISETCA IUCTO TEX-
HUYeCKUM, — 9T0 rpynmsl Jlu. B rerom rpynne: Jlu, mox koToOpsIMEu B IEPBY O
odYepeab TOHUMATCA OPTOTOHATBHEIE, YHUTAPHBIE U CUMILIEK THUYeCKHE TPYII-
TIBI BMECTE C HEKOTOPBIME UCKIIOIUTENLHBIMEI, CHITPAIN OY€Hb BAXHYIO POJIb
B ucTOpuUM MaTeMaTHkKu XX Beka. Omarb-takym oHu usBecTHbI ¢ XIX Beka.
Kaxk mssectro, Codyc Jlu 6611 HOpBeXCKUM MaTeMaTukoM XIX cromeTus, u
on, @enukc Knenn u apyrue aBTOphl 3HAMATEILHO TPOABAHYIA «TEOPHUIO HE-
MPEPBIBHBIX IPYI, KaK OHA HasbiBaiack. [lns KiaenHa mepBOHAYAIBLHO 3TO
OBLI Iy Th K OOBEIUHEHNIO PA3IAIHBIX TUIIOB NEOMETPUN — €BKJIUJOBOU U HE-
eBKIANAOBON. XOTA 5Ta TeMa BO3HUKIA B NEBATHAIIATOM BEKe, OHA JOCTULIA
MOIMHHOTO 3aBEPIICHUS B ABAANATOM. /[BaIIATHIN BEK TPOIIET MO/ 3HAKOM
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IIOMIHOT'O TOCIOACTBA Teopnu Ipynn JIu Kak CBOero poja eJuHON CXEMEI IJd
M3yYEHUA MHOTHX BOIIPOCOB.

S yxe ormeruna poas ugen Kuaenna B reomerpun. Kiern noHuman reome-
TPpUK KaK OJHOPOAHLIE IPOCTPAHCTBA, B KOTOPLIX MOXHO IEpEMEIIaTh Ipe-
MeThl 0€3 MCKAXEHUsA, U MOTOMY FeOMETPUN ONPENENArTCS COOTBETCTBYIO-
IIUME TPYIIAMU ©30MeTPui. |’ pymina eBKINJOBBIX ABUXEHUN TAET €BKINIOBY
CeOMeTPHIO; TUNepOOINIecKas reOMeTPHA MOPOX JAeTCA APYTou rpynmnon Jlu.
Taxum o6paszoM, Kax gas OTHOPOLHAS T€OMETPUA COOTBETCTBYET MHON I'PYII-
e Jlu. Ho mocaenyromme aBToOphl, pa3BuBasg reoMeTputieckue paboTsr Puma-
Ha, CTAIu OOJbIIe 3aHNMATLCA HEOJHOPOAHEIMEA I€OMETPUAMH, I'le KPUBU3HA,
MEHAETCA OT TOYKH K TOUKE U MPOCTPAHCTBO HE MMeeT IMOOAILHLIX CHMMe-
Tpun. Tem He menee rpynnsl Jlu Bcé eme urpaiu GyHIAMEHTAIBHYIO POJb,
MTOCKOJIBKY OHU MOABAAIOTCA HA MHPUHUTEZUMATLHOM yPOBHE, 61arogaps To-
My 49TO B KACATEILHOM MPOCTPAHCTBE UMEIOTCA €BKINOBLI KOOP UHATEHL. [lo-
DTOMY B KACATEJLHOM MPOCTPAHCTBE TEOPUsA rpymnn Jlu BOZHUKAET CHOBA, B
6€CKOHEYHO MaJoOM MaciiTabe, HO TaK KaK HYXHO CONOCTABIATH Pa3JUTIHbLIE
TOYKHU B PA3IMIHLIX MECTaX, TO HYXHO MEePEMEIIATEL MIPeIMEeTEHl U IPU STOM
HCIONB30BATEL pasau<iabie rpynabl Jlu. CooTBETCTBYONIYIO TEOPHUIO PASBUI
Onu Kapras, u 0Ha CIyXUT OCHOBOU COBPEMEHHOU AuM HEpPEeHINaIbHON T'e0-
MeTpHUHU. JTa CXeMa OKa3aJach CYIIECTBEHHON W B TEOPHUU OTHOCHTEILHOCTH
JunmTenHa. Pazymeerca, Teopusa DUHIITENHA CATLHO CTUMYJIUPOBAIA Pa3-
BuTHE BCen nuddepeHnuaIbHON MreOMETPUH.

B xome aBagnaTOro CTONETHA YIOMAHYTHIA BHINIE TIOOAMBHBIN II0JXO0 [T
IpUBEI K U3ydennio rpynn Jlu u auddgepenmaiLnon reOMETPUAN Ha, TI00aIb-
HOM ypoBHe. Ero BaxHOe HamnpaBieHme, npeacTaBieHHoe paboTamu Bopems
u Xwupuebpyxa, JajJ0 WHPOPMAIUIO O TaK HA3HLIBAEMBIX (XaPAKTEPUCTHUIE-
CKFX KJIACCAX». JTO TOMOJOTUICCKUE WHBAPUAHTHI, KOTOPHIE CBABLIBAIOT TPHU
KIIOYEBLIX pas3geia MAaTeMATHKM: Ipymnnsl JIu, nuddepeHnualbHyio reoMe-
TPUIO U TOMOJOTHIO.

B mampapaenun, 6onee GIM3KOM K aHAIN3Y, MBI IOAYUIaeM, KaK Telephb
COBOPAT, HEKOMMY TATUBHLIA MapMOHNIecKuH aHaau3. OH 06006IIaeT TeOPHUIo
Dypre, B KOTOPOU pAALI U UHTErpaibl Dypbe M0 CymECTBY COOTBETCTBYIOT
KOMMYTATUBHBIM IpymnnaM JIu Ha OKPYXHOCTH U HA OpAMON. Ecan 3aMeHnTH
ux Gojee CIOXKHBIME I'PYyNHaM#u JIu, MBI MOIy<IaeM OYE€Hb KPACUBYIO M TOHKO
pa3spabOTaHHYIO TEOPUIO, KOTOPAsA CBA3BIBAET TEOPUIO MPEACTABIEHUN I'PYIIIT
JIr ¢ anaamzoM. IT0 OGBLUIO OCHOBHBIM JEJOM XU3HU Xapulll- Jaspol.

YTo KacaeTca TEOPHUH TIHCEN, TO BCA «IporpamMma JIsHraemgca», Kak ee
Ha3LIBAIOT, OyAyYM TECHO CBA3AHA C Teopuer Xapuil-daHapbl, pealn3yeTcs
B pamkax Teopum rpynn Jlu. Kaxgon rpynmne Jlu coorBeTcTByeT CBOS TEO-
pUSA YHCea M CBOA MporpaMma JIDHDJIEHCA, OCYIECTBICHHAS B TOU WA WHOU
CTeneHn. JTO HOBINAIO Ha MHOTHE PA0OTHI B aAre0panvdecKon TEOPUHN TNCel
BTODPOW TOJOBUHBI HAIIEr0 CTOJETHUSA. B DTy TEeMy BIUCHIBAETCS U M3y IECHUE
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MOAYAAPHLIX (HOPM, BKIIOTAA MOKAZATEILCTBO JHAPIO YAWI30M MOCACTHEN
Teopembl Pepma.

Mox#o 65110 6BI TOAYMATH, ITO TPYIOEHI JIU O-HACTOAIEMY BaXKHEI JIUIIH
B T€OMETPHUIECKOM KOHTEKCTE M3-33 HeOOXOAMMOCTH HENPEPHIBHOTO M3MeHe-
HUS, HO WX QHAJOTY HAJ KOHEIHBIMY MOAMA TPUABOAAT K KOHEIHBIM I'PYIIIaM,
¥ TAKUM TIYyTEM BO3HUKAET GOMBUIMHCTBO KOHEYHBIX rpynm. Takum oHpasom,
METOABI HEKOTOPLIX PA3[eI0B TeOpuu JIu mpuMEHUMBI 1aXe B IUCKPETHON
CUTYAINN — [ KOHEYHBIX WU JOKAJTBHBIX [MOJEeH. 31eCh MHOrO paboT, OTHO-
CAMMXCA K IUCTOU anrebpe; HanpuMmep, paboThl, CBI3aHHBIE ¢ MMeHeM ['eopra
JllocTura, rae m3yvaeTCsa TEOPHUA MPEACTABICHAN TAKUX KOHETHLIX T'PYIIN U
BCTPEYAOTCS AHAJOTM MHOTMX METOOB, YIOMSIHYTHIX BBIIIE.

KOHEYHBIE I'PYIIIBI. JTO MPUBOJAUT HAC K KOHEYHBIM I'PYIINAM ¥ HATIOMU-
HAaeT MHE: B CBA3U C KIACCU(PUKAIUEN KOHEIHBIX MPOCTHIX TPYII A JOJKEH
NpU3HATHCA B caegyiomeM. Heckoabko JeT Ha3am A [aa UHTEPBBIO; B TO Bpe-
MS KJIACCUPUKAIUA KOHEIHBIX TPOCTHIX TPYIN NOAXOAWIA K KOHILY, M MEHS
cupocuiu, 97O A 06 DTOM AyMao. Sl ONPOMETYUBO CKa3ad, YTO HE CUUTAIO €e
ocobenno Baxuou. IIpumumua cocTOATA B TOM, ITO, KAK MOKA3AJIA 3Ta KIAC-
cudukaiys, 6AMBUIYI0 YACTH TPOCTHIX TPYII MBI YK€ 3HAIW PAHBINE, U Tepe-
YEHBb MCKJIIOYEHUN ObLT HEBEJUK. B HEKOTOPOM CMBICIE DTO 3aBEPIIAJIO TEMY,
He OTKPBIBag 9Yero-To cyiiecTBeHHO HOBOro. Korga cdepa gesaTeasHOCTH 3a-
KPBIBAETCA, BMECTO TOTO YTOOBI PACHIAPATHCA, A1 HE OUE€HL MEPEXUBAIO, HO,
KOHEYHO, MHOT'ME MOU APYy3biA, paboTarlnue B >Tou 061acTH, ObUIM OY€Hb U
oveHb cepauThl. [locie 3TOoro MuE HaLO OBLIO HOCUTH HEYTO BPOJE IIyJEHE-
Ipo6GuBaEMOro Xuaera)

3/1eCh HAILIOCH CIACUTEIRHOE UCKIIYeHNe. B NeUCTBATEIEHOCTH A OTME-
TII, ITO B CIONUCKE TaK HA3LIBAEMBIX «CHOPAJUTIECKNX IPYIIy caMad OOIbLINas
noxytumaa uMa «MoucTpayr. fI cumrTaro, 9T0 mMeHHO OTKpHITHE 3TOor0o MoH-
CTPa ABUIOCH CAMBIM BIEYATIAIONNIM Pe3yabTaToM kaaccudukanuu. OKasbl-
BaeTca, MoOHCTp — KpaliHe MHTEPECHBIA 3BEPb, U €UIe HEe COBCEM IOHATHIN.
31ech 0OHAPYXKUBAIOTCA HEOXUIAHHBIE CBA3U C APYTUMU OOJBIIUMEU Pasje-
JAMU MATEMATUKA — C DJUIANTUIECKUMY MOAYJIAPHBIMU (PYHKIUAMA U AKE
C TEOPETUYECKON (PUBUKOU, HAIPUMEDP C KBAHTOBOU TEOPUEN MoaA. JTO OKa-
3aJ0Ch MHTEPECHBIM MOGOYHBIM clefAcTBueM Kiaaccupukarnuu. Camu mo cebe
KIACCU(PUKAINM, KAK A CKA3aJ, 3aKPHIBAIOT ABEPH; HO MOHCTD ee OTKPHLI.

BO3AENCTBUE OU3UKU

Tenepsb MO3BOABLTE IEPEUTH K JPYTOU TEME, & UMEHHO BO3JEUCTBUI (PU3H-
ku. Ha mporsxenunu BekoB pusuka ObLIa, CBA3AHA ¢ MATEMATUKOU, 1 OOMIUP-
HBIE pas3gelbl MATEMATHKHN, KAK HAIPUMEDP HUCUUCICHNE 0ECKOHEYHO MAJBIX,
Pa3BUBAANCE PAJVM pemeHna 3aaa4d ¢pusukn. BozaMoxHO, B cepeqnae XX BEKa,
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BTO CTAJO MEHee OUEBUAHBIM, MOCKOILKY OOMbINad 9acTh 9MCTON MATEMATH-
KM BECHbMa, YCIENHO PAa3BUBAJACH HE3ABUCUMO OT (PUBUKHU, HO B IOCIETHEN
YETBEPTH CTOJETUS TOJOKEHNE BEIIEH IPAMATHIECKYU u3MeHunock. C Banero
TMO3BOMIEHNA, S MOMPOOYI0 KPATKO OCBETUTH B3AUMOACUCTBUE PUIUKK C MATE-
MATUKOW, ¥ B YACTHOCTHU C TEOMETPUEN.

B XIX Beke ['aMuabTOH yCOBEPIIEHCTBOBAJ KJIACCUYECKYIO MEXAHUKY, BBE-
I B Hee (pOpMATU3M, HbIHE HA3LIBAEMBIA MaMUILTOHOBEIM. Kiaccutieckas Me-
XAHUKA TMOPOAWIA TO, ITO MBI HA3LIBAEM (CUMILUIEKTUIECKON TEOMETPUEH).
IJTa BETBb I'eOMETPUM MOTJIA Obl PA3BATHCA M MHOT'O PAaHbIIE, HO daKTH4e-
CKU €€ CEpPhe3H0E UCCAeTOBAHNE HAYAMOCh B TIOCAeHue NBa AecaTunetud. OHa
0Ka3aJach BeCbMa OOTATHIM IO COAEPXKAHUIO pasfaeioM reomerpuu. ['eome-
TPUS B TOM CMBICIE, B KAKOM A 371€Ch YyHOTPEOIAK DTO CIOBO, UMEET TPU
BETBU: PUMAHOBY I'€OMETPHUIO, KOMILIEKCHYIO ¥ CUMILIEK TUYECKYIO, COOTBET-
cTBeHHO TpeM Tunam rpynd Jlu. Cpenu HUX CUMILIEKTUYIECKAS TeOMETPUA —
Hambosiee HOBBIA Pasjie] W, BO3MOXKHO, B HEKOTOPOM CMBICIE Hauboaee WH-
TepecHbI. Bo BCAKOM caydae, OH YPE3BBIYAUHO TECHO CBA3AH C (PU3UKOU B
cury 06CTOATENLCTB CBOETO PA3BUTUA B CBA3U ¢ TAMUILTOHOBOM MEXAHUKOU,
a MO3JHEE — B CBA3M C KBAHTOBOU MEXAHUKOMU.

llanee, ypaBuenus Makceeana, yxe YIOMUHABIIUECA MHOU, OCHOBHBIE JIU-
HEUHBIE YPABHEHUA BJICKTPOMATHETH3MA, CTUMYIAPOBAIN PAOOTHI X0OMXKa TI0
TapMOHMYIECKUM (HOPMaAM W WX MPUIOKEHWE K arreGpamtecKon TeOMeTpHU.
ITa Teopus OKA3aJIaCh HEOOBIYAWHO TMJIOJOTBOPHOU W moABena hyHIAMEHT
IOJT MHOTO€ CAeTaHHOEe B reoMmeTpun HaumHad ¢ 1930-x romos.

A yxe rosopua 06 ofmien TeOpUH OTHOCUTEILHOCTH W pPaboTax OUH-
mrenHa. PazyMeercs, OrpOMHBIN BKJAJ BHECJAA KBAHTOBAA MEXAHUKA, HE
TOJBKO B CBA3M ¢ KOMMYTAIIMOHHBIMU COOTHOIIEHUAME, HO, 9TO Gojee Cy-
MIECTBEHHO, BHIABUB 3HAYECHUE TUILOEPTOBA MPOCTPAHCTBA W CIHEKTPAILHON
TEOPUMN.

Boaee KoHKpeTHOU ¥ 0YeBU HOU OBLIA, CBA3H KPUCTALIOTPpA(UY B €€ KJIAC-
CUYECKOM BHUJE C CAMMETPHUAMEU KPUCTAIAIECKUX CTPYKTYp. Komedrbie
TPYIINBGI CUMMETPUM, BOSHUKAIONINE HA TOYETHLIX MHOXECTBAX, U3YIAINCH B
MEPBYI0 0Yepelb W3-3a NMPUIOKEHUN B KpucTawiorpaduu. B HameM croserun
0Ka3aJ0Ch, YTO B (PU3UKE BO3MOXHBI U Gomee TiiyOOKME MPUIOKEHUs TEOPUN
rpynm. Y DAeMeHTAPHBIX 9aCTHI], U3 KOTOPHIX, KAK CIATAETCH, COCTOUT Ma-
Tepua, OOHAPYKUINCH CKPBITHIE CHMMETPHUN B CAMOM MAJOM MACIITale; TaMm
NPAYYTCS TPy JIu, BBl HE MOXETE UX BUAETH, HO DK U3YYEHUU PEATHLHOTO
MOBEJCHUS JACTUIL DTU CUMMETPUN CTAHOBATCA ABHBIMEU. U BHI hopMmyaupye-
Te MOJENb, B KOTOPOU CUMMETPUA UTPACT CYIECTBEHHYIO POIb; B PA3IUTHLIC
PACIIPOCTPAHEHHBIE CEMYAC TEOPUU B KAYECTBE M3HAYAILHBIX PYII CUMMeE-
TPUU BCTPOEHBI MIUPOKO u3BeCTHBIE Tpynnel Jlu Bpoge SU(2) umm SU (3). Ta-
KM 00pa30oM, 3THU TPYINLL JIu BRICTyaloT B KaMeCTBE CTPOUTEIBHBIX OJOKOB
MAaTEPUH.
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IIpm »TOoM moABAAIOTCA HE TOIHLKO KOMHAKTHHIe rpynndl Jlu. B ¢usuxe
BCTPEYAOTCS W ONPEAeJeHHbIE HEKOMIIAKTHBIE TPYIIbBI, HANPUMED, TPYMIIa
Jlopenna. Imenno dpu3uku nepBBIME HAYaIM U3Y4YaTh TEOPHIO IIPEACTaBIE-
HUAU HEKOMMAKTHBLIX TPy Jlu. OTU NpencTABICHAA JOMKHLI PEATn30BATHCA
B rmib0€pTOBOM IPOCTPAHCTBE, MOCKOABbKY HEIPWBOAVMMBIE ITPEACTABICHNA
KOMITAKTHBIX TPYII KOHETHOMEPHBI, 3 HEKOMIAKTHBIE TPyIIbl TpebyoT 6ec-
KOHEYTHOU Pa3MEPHOCTHU, ¥ UMEHHO (HUIUKU TEPBLIMEA BTO OCO3HAJIM.

B mocrenmen wersepTn XX BEKa, KOTOPYIO MBI TOILKO UTO 3aBEPIIAIN,
MPOU3OILIO HACTOANICE HAIIECTBAE HOBBIX WeHd m3 (UBUKU B MATEMATHKY.
BosMmox#o, 5T0 0400 U3 HARGOMEE 3AMETATEILHBIX COOBITAN BCETO CTOJETHU.
Hagpepnoe, emy cremoBajgo OBl MOCBATUTH OTAECABLHYIO JEKIWIO, HO TJABHOE
3/1eCh — BBIJAIONIECECS BIUAHUE KBAHTOBOW TEOPUU TIOIA W TEOPUM CTPYH,
IIOPO/IMBIIIEE HOBBIE PE3YJILTATHI, M€ M METOABI BO MHOIMX Pa3/elax MaTe-
MaTuku. S 31eck uMero B BUAY, 9TO PU3UKA CMOTIN TPEICKA3ATH HEKOTOPHIE
MaTeMaTuIecKue PakThl, OCHOBBIBAACH HA CBOEM MTOHMMAHUU (DUSUIECKON Te-
opuu. KoHewyHo, 5T0 He ObUIM CTPOrWE [OKA3ATEJIHLCTBA, HO OHU ONUPATUCH
HA OYEeHb MOIIHLIA (PYHIAMEHT U3 WHTYUIUH, TACTHBIX CIYUAeB U AHAIOTHUU.
OTHU Pe3yAbTATHL, TPEACKA3aHHbIE (PU3UKAMU, B CBOE BpeMs ObLIN BHOBL IIPO-
BepeHbl MATEMATUKAME 1 OKA3aJNCh 110 CYIIECTBY BEPHBIMHU, [aXKe HECMOTPS
Ha TO, 9TO MOKA3aTh WX TPYAHO U MHOTWE W3 HUX €lle He NOKA3AHBI IOJ-
HOCTBIO.

Wrak, B 5TOM HampaBJIeHUU 33 TOCAeAHUE 25 JeT MMEeTCsS OrPOMHOE TIPO-
OBUXEHUE. Pe3yibTaThl HOCAT OYeHb AeTATU3UPOBAHHBIA XapakTep. Puszuku
HE POCTO TOBOPAT: «BoT 3T0 momkHO 66ITH npaBuabHOy. OHE roBopat: «Bot
To4YHAA (POPMyJa, & BOT IEPBbIE JECATH CAYyIaeB (M€ BCTPEIAITCA dnucaa 60-
nee gem ¢ 12 smakavm)y. OHE JAIOT TOYHBIE OTBETHI HA CJIOXKHBIE BOMPOCHI, a
He KaKWe-TO JOTANKW; OTBETHI, KOTOPHIE MOXHO BBIYUCAATH TOJIHKO HA KOM-
nbioTepe. KBaHTOBasg Teopus MOAA OKA3aMach 3aMedIaTelbHBIM WHCTPYMEH-
TOM, OY€Hb TPYIHBIM B MATEMATUIECKOM CMBICIE, HO HEOXWAHHO IEHHBIM B
CMBICTE TPUIOKEHUAN. IDTO MEUCTBUTEILHO 3aXBATHIBAIOIIAA TEMA, MOCAETHUX
25 mer.

Bot sHekoTopHBIe cocTaBAMONIME STON TeMBL: PabOTHI JIOHATICOHA IO YeTHI-
pexMepHBIM MHOr006pa3uamM; paboTsl Bosra /[)KoHCca 10 MHBaApUAHTAM y3J0B;
3epKalbHAsA CAMMETPHUA, KBAHTOBLIE TPV, U AJA TOMHOTHI S YKE YIOMIHYJI
MomucTpa.

Kaxkos npeamer Bcero sroro? Kak s yxe ymomMunam, 1BaauaTH BEK yYBHA-
Je POCT SUCIA U3MEPEHUN, KOHIUBIIAUCA GECKOHETHOCTHI0. DU3UKU MONILTHA
Janbine. B KBAaHTOBOM Teopuu OHU (PAKTUUECKH THITAIOTCA BECHMA IOAPOOHO
ncCIe0BaTh GECKOHEYHOMEPHOE IPOCTPAHCTBO B riaybuny. Beckoneynomep-
HBIE NIPOCTPAHCTBA, C KOTOPHIMU OHU WMMEIT [€J0, — DTO OOBIYHO (YHK-
IMOHAJIBHBIE TPOCTPAHCTBA pasHoro poga. OHU OYEHL CIOXKHO YCTPOEHHI,
HE TOJBKO M3-3a OECKOHETHOW DPA3MEPHOCTH, HO CIOXKHA M mx aarebpa, a
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TaK¥Xe TeOMeTPHUd U TONOJOTHA, U C HUMU CBA3AHBI OOJbIINE Ipynnsl Jlm —
6eckonesHOMepHBIE rpynnel Jlu. I Tak xe kax Goablire pasgeisbl MATEMa-
TrKU XX BEKA CBA3AHBI C PA3BAUTUEM IE€OMETDPUH, TOMIOJOTWH, AAreOpul u
aHAIM3a Ha KOHETHOMEDHBLIX rpynmnax Jlu m MHOroo6pasuax, 3Ta IacTh Ppu-
3WKW CBSA33aHA, C AHAJOTMYHBIMU MCCJAETOBAHUAMMU B O0ECKOHEYHBIX Pa3MepHO-
CTAX; DTO, KOHEYHO, COBCEM APyrasd UCTOPUA, — HO C O'POMHBIMHU PE3YIHTA-
TaMU.

Ilo3BonbTE MOACHUTEL DTO UyTH HmoApoOHee. B KBAaHTOBLIX TEOpUAX IO-
JAg JeJI0 TPOUCXOAUT B TMPOCTPAHCTBE W BPEMEHUW; TPOCTPAHCTBO CUUTAETCA
B JEUCTBUTEILHOCTH TPEXMEPHBIM, HO CYIIECTBYIOT YIPOIIEHHBIE MOIEIH, B
KOTOPLIX PACCMATPHUBAETCA ONHO M3MepeHme. B 0IHOMEPHOM IPOCTPAHCTBE
W OJTHOMEPHOM BpeMeHU (M3UKKW OOBIYHO BCTPEYAIOTCA, TOBOPA MaTEMATH-
9eCKM, ¢ TAKUMU IpyHOIaMu, Kak rpynmna guddeoMopdu3MoB OKPYKHOCTHA
wiu rpynna auddepeHupyeMbIX 0TOOpaXeHIN OKPYKHOCTA B KOMIAKTHYIO
rpymnmy Jlu. /IBa 5Tux BaxHeWmux npuMepa G€CKOHEYHOMEpHBIX Tpynm Jlu
MOABJAAIOTCA B KBAHTOBBIX TEOPUAX TOJNA TPU PACCMOTPEHUM TAKUX PasMep-
HOCTEH, U HTO BIOIHE OCMBICICHHLIE MATEMATAYIECKIE OOHEKTHI, KOTOPBIE YKE
HEKOTOPOEe BpeEMs U3YIAIOTCA MATEMATUKAMU.

B Tmakux (141)-MepHBIX TEOPUAX MOXKHO B KA9eCTBE TIPOCTPAHCTBA-BPE-
MeHH! B3ATH PHUMAHOBY IOBEPXHOCTDL, W 3TO HPUBOAUT K HOBBLIM DPEe3yIbTa-
taMm. Hampumep, mpocTpaHCTBO MOAYJAEN PUMAHOBBIX MOBEPXHOCTEN TAHHO-
ro poja — 3TO KJIACCUYECKUU OOBEKT, BOCXOAAIIAA K JEBATHAIIATOMY
Beky. KBanTOBas Teopus moisi MpUBEJIa K HOBBIM PE3YJIbTATAM OTHOCATEIBHO
KOTOMOJIOTHYN 3TUX MPOCTPAHCTB Moayaen. [Ipyroe HOBOABHO MOXOXKEE MPO-
CTPAHCTBO MOJYJIEU CBA3AHO C MIOCKUMEU (G-PACCIAOCHUAME HAJ PUMAHOBOU
MMOBEPXHOCTHIO POJa ¢. ITU NPOCTPAHCTBA OYEHh WHTEPECHBI, U KBAHTOBASA
TeOpUsd MoJAd AAeT AJIA HUX TOTHBLIE PE3YALTATHI. B TacTHOCTH, MMEIOTCA 3a-
MedaTeabHble (POPMYJIABL a1 06HEMOB, I'le MCIOJAL3YIOTCA 3HAYEHUsA A3eTa-
pyHKIHA.

[lpyroe mpuioxeHne TAKUX TEOPUU CBA3AHO C MOACIYETOM KpuBHIX. [lomy-
CTHUM, BBl PACCMATPUBACTE MIOCKUE ANTeOPANTICCKUE KPUBLIE TAHHON CTENEHN
¥ JAHHOTO TUIA W, HATPUMED, XOTUTE 3HATH, CKOJBKO M3 HUX MPOXOJIAT depe3
TaKOEe-TO MHOXECTBO TO4YEK. 10Ta BBl CTAJIKUBAETECH C MEPEUUCIUTETbHBI-
MU IpobaeMaMu aareGpandeckol FreOMeTPUN, KOTOPLIE OLLIN KJAACCHTIECKIMI
B mpomnwioM Beke. OHu okeHb TpyAHbBL. OHU OBLTH PEIIEHBI ¢ TOMOUIBIO CO-
BPEMEHHOT'O alMapaTa, KOTOPBIA HA3BIBAETCA «KBAHTOBAA KOTOMOJOTHAY, U
BTO TOXKE YACTDb CIOXKETA, OEPYIIEro HAYAIO B KBAHTOBOU TeOpUH Moasd. Moxk-
HO pacCcMOTpeTh U Oolee TPYJHLIE BOIPOCH], OTHOCAMINECS K KPUBBHIM He HA
IIOCKOCTH, 3 HA UCKPUBJIEHHBIX MHOT000DA3UAX. DTO Apyras 3aMedaTelbHasd
UCTOPHUA C KOHKPETHBIMY PE3YAbTATaMM, M3BECTHAA TI0]] HA3BAHUEM 3€PKaJTh-
HOU cMMMeTpun. BeE 5TO BOZHUKAET U3 KBAHTOBOW TEOPHUU MOJA B PA3MEPHO-
ctm 1+ 1.
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Ecmu mo6aBuTh OQHO M3MepeHWe, MOAYUIUB IBYMEPHOE MPOCTPAHCTBO U
OJIHOMEPHOE BPEMSI, TO 3/1€Ch MOABIACTCA TEOPWSI WHBAPUAHTOB Y3JOB, MPH-
magexamasa Bosuy [Ixoucy. Ona nomydmia w3simHOe OOBACHEHUE — WIU
HUCTOJIKOBAHNE — B TEPMUHAX KBAHTOBOU TEOPHUU TOJA.

OTciofa Xe BO3HUKAIOT ¥ TAK HA3HLIBAEMBIE (KBAHTOBBIE IPYyNIbDh. B HEUX
0COGEHHO 3aHATHO HA3BaHME. JTO, 6ecCmopHo, He rpynnsl! Ecau Bol monpocu-
Te MEHS [ATh ONpeNeJeHNe KBAHTOBOU IPYIIBLI, MHE MOTPebyeTcs emnie moJ-
49aca. JTO CIOKHBIE OOBEKTHI, HO HET COMHEHUA, YTO OHU TayGOKO CBA3AHBI
¢ kBauTOBOU Teopuen. OHU BO3HUKIN U3 GUBUKY, & HBHIHE PEATHHO TPAMEHI-
OTCS JaXe CTPOrMME aarebpaucraMu, KOTOPhIE UCHIOIB3YIOT UX IIPHU ONpejie-
JIEHHBIX BBIYUCICHUSIX.

Eciu MBI cuenaem eme OfWH IIar, MepPeus K MOJHOPA3ZMEPHOU TEOPUU
(Tpu W3MepeHus ILIIOC OAHO), TO MUMEHHO €l COOTBETCTBYET TEOPHUA |e-
THIPEXMEPHBIX MHOT00Opasun [loHANACOHA, M UMEHHO TaKasd TEOPUd MOJIA
oKazaja HamboJblllee BO3AEUCTBHME HA MaTeMaTWky. Hanpumep, oHa mnpwu-
Besa 3enbepra m BuTTeHa K MOCTPOEHWIO ANbTEPHATUBHOW TEOPUHU, KOTO-
pasd OCHOBaHA Ha (PULICCKOU WHTYHUIUU, HO AT W BEIUKOJEITHBIE MATE-
MaTHYeCKNe Pe3yabTaThl. Bcé 5To — oTmenbHble mpuMephbl. ECTh m MHOTO
IPYTHX.

Eme ects Teopus cTpyH, u 3T0 yx)e npougenubi sran! Heobxogumo cka-
3aTh U 0 M-Teopun; oHa GoraTa COMEPKAHUEM U TAKKE MUMEET IEABIU DI
MaTeMaTuIecKux acuekToB. lloaydeHHble 3MeCh pe3yabTATHI €Ie A0 KOHIA
HE YCBOEHBI U JOJAT0 HE OCTABAT MATEMATUKOB 6e3 pabOTHI.

N CTOPUYECKOE PE3IOME

A Tenepb NO3BOJBTE IOABECTH KpaTKI/Iﬁ UTOr. HOSBOJIBTQ B3IVIAHYTH Ha
MCTOPUIO B OEJIOM: 9TO XK€ IIPpOU30ULIO B MaTeMaTI/IKe? He CTpeMACh K CTPO-
roctu, a 061 coeamama XVIII u XIX cromeTusa, HasBaB 3TO SPOU KIACCH-
YeCKOU MATEMATUKHU; B 3Ty 3MOXY, CBA3AHHYIO IId HAC ¢ JDWIepoM u layc-
COM, CO3/IaBaJaCh M Pa3BMBAJIACh BCA BEIMKAA KJIACCUYECKAA MaTEMATHUKA.
MoxHO 6BLIO TOAYMATL, UTO HACTYIAET KOHEI MaTeMaTuKu, HO XX BeK
0Ka3aJca, Ha060pOT, MO-HACTOAMEMY IOAOTBOPHBIM. 06 3TOM S U TOBOPWI
3/1€CH.

T'oBopsa HecTporo, XX BeK MOXHO pa3eluTh Ha ABe TOJOBUHBI. MHe TIpe-
CTABJAACTCA, YTO IepBad IMOJOBUHA IO NPEMMYHIECCTBY ABIAIACH, KaK g 3TO
HA3LIBAIO, (IMOXOU CIEIUATUIAMUNY . B 3Ty 310Xy OBLT OYEHb BAUATEICH TOM-
xon 'mabbepra: mbITaThCA BCE POPMAIM30BATH, AKKYPATHO OMNPENEIUTH, a
3aTeM MOCAENOBATENBLHO [IeJaTh B KAXA0U 00JaCTH BCE, ITO BO3MOXHO. C
DTOU TEHJEHIINEN, KaK i CKa3aJ, aCCOMUUPYeTCA uMa BypOaku; 31eCb BHUMA-
HUE COCPENOTOYEHO HA TOM, ITO BBl MOXETE CAETATh B JAHHOE BPEMI B paM-
KaX OnpenejJeHHbIX CUCTEM, a,JII’e6paI/I‘IeCKI/IX NJIN WHBIX. BTOpajI IIOJIOBUHA
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XX Beka B Topasmo OOJbIIEN Mepe CTala, KaK A Obl BRIPA3BWICA, (SIOXOU
00BEIMHEHNAY, KOT'/IA TPAHUIIBI HAPYIIAIOTCA, METOABI NEPEHOCATCA U3 OJHOU
00JaCTH B IPYTYIO M UJET KOJOCCAIbHOE CKpemrBanre. HasepHoe, 5T0 cBepx-
VIpOIIEeHWe, HO A AyMaio, ITO OHO KPATKO BHIPAKAET HEKOTOPHIE ACIEKTHI
PA3BUTHUA MATEMATUKHA B X X BEKE.

Yro xe MoxHO ckazaTh 0 X XI Beke? S yxe rosopui, aro XXI Bek MoxkeT
CTATDh DIOXOH KBAHTOBOM MAaTEMATHKU WK, €CAN YTOAHO, 6€CKOHETHOMEDPHON
MaTeMaTuKu. 1To 5To Morio 66l O3HAYATH! KBaHTOBAA MAaTEeMATHUKA O3HATA-
€T, B MUPOKOM CMBICJIE, ([TOMIMHHOE IOHUMAHUE AHAJIN3A, TEOMETPUM, TOMOJI0-
rum, aIreOphl B PA3IUTHBIX HETMHEHHBIX (PYHKIIMOHATLHEIX TPOCTPAHCTBAXY,
a (IMOIMHHOE MOHUMAHUE) M4 MEHA O3HAMAET, ITO HAUEHBI BIOJHE CTPOTHUE
JOKA3ATEIHLCTBA BCEX TEX 3aMeYaTeIbHBIX (PAKTOB, 0 KOTOPHIX PA3MBIIILIAIYA
dU3UKN.

Hamo cka3aTh, 9TO €Cau BB MOAXOAUTE K OECKOHETHOW PA3MEPHOCTH HA-
WBHO ¥ 33/1a€T€ HAUBHBIE BOMPOCHI, TO OOBIYHO BHI NOLYYa€TE HEBEPHBIE OTBE-
ThI, JUOO XK€ DTU OTBETHI OKAZBIBAIOTCA TAynbIMU. WHTYyUIINMS, IPUMEHEHUS U
MOTHUBUPOBKH, CBA3AHHLIE C (PU3UKOHU, TTO3BOMMIN (PU3UKAM 330aTh PA3YMHLIE
BOIIPOCHL 0 GECKOHEYHON PA3MEPHOCTH M CAETATH BECHMa TOHKHE BEIH, KO-
TOPBIE NPUBOOAM K OCMBICIEHHBIM OTBETaM. TaK 9TO 3TOT MyTh pa3pabOTKu
OECKOHETHOTO AHAMN3A OTHIOAL HE MPOCT. 3[4ECh HEOOXOAMMO AeMCTBOBATD
pasyMmmuO. Y HAC B PyKaX MHOXECTBO HUTeH. [lepen maMu JeXUT KapTa: BOT
9TO CIEAYET CAENATH, HO IYTh €IIe JOJOT.

Yro eme moxer npousouTu B XXI Beke? f 661 X0Te€a 0OTMETUTH HEKOM-
MyTaTuBHyI0 AuddepeHnuaIpHyo reoMmeTpuio Konneca. JTa BeIUKOIETHASA
ob6obmmaromas Teopusa cosgana Amenom Kommecom. 3pechk onsaTh coequHAET-
ca Bcé. Coenunserca aHanms, arreOpa, reOMeTPUs, TONOJIOr s, (PU3UKA, Te-
OpusA YUCEN, W BCE DTO BHOCAT CBOM BKJIAJM. JTa CXEMa TO3BOJAET AEIATh B
KOHTEKCTe HEKOMMYTATUBHOTO AHAIU3A TO, 9TO OOBIYHO AeafoT nuddepen-
IUaJbHBIE MEOMETPBI, BKAYAsA B3aUMOIEACTRUE ¢ Tomoaoruen. EcThb Beckue
OPUYUHEBL, ITOOBI XOTETh 3TO CAEMATH: NPUIOKEHUA (BO3MOXHBIC UIN HET) B
TEOPUU UUCEN, T€OMETPUH, TUCKPETHHIX I'PYNNAX W T.A., & TaKXke B pu3u-
ke. Cenyac Kak pas WMCCIEAYeTCS MHTEPECHAS B3aMMOCBA3L ¢ (pusmkoun. Kak
JAJIEKO DTO MOUJET, Yero yAacTCA TOCTUYb — DTO eIlle NPEJCTOUT YBUIETh.
A ompemeneHHO 0XMAAI0 3HAMATEILHOTO PA3BUTUA HTOU OOJACTHU TO Kpau-
HEU Mepe B NEPBOM JECATUICTUY CAEAYIOMEr0 CTOJIETHS; MOXET OBITh, 31€Ch
HNOABUTCA CBA3BL C TAK W HE NOCTPOEHHOW M0 CHUX TOP (CTPOrom) KBAHTOBOU
TeOpHuen MmoJ.

[Buraschs B APYyrOM HAOPABICHUU, MBI HAXOIUM TaK HA3BLIBAEMYIO «apud-
METUYECKYI0 T'€OMETPHUIO» WIM TeOMeTpUuio Apakemosa, KOTOpPas CTPEMUTCI
00BEIMHUTEL KAK MOXHO OOJbIIE U3 AIreOpamvdecKou TeOMEeTPUM M HEKOTO-
PBIX Pa3JeJoB TEOPHUHU UUCEN. DTO OY€Hb II0A0TBOpHAS Teopus. OHA XOPOIIO
HadYaaa, HO BIOEPEIU ele AOIrud myTh. KTo 3Haer?
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Komeuto, Bce 5Tu HampaBieHus COMPUKACAIOTCA. Sl oxugaro, 910 pusuxa
PACIIPOCTPAHUT CBOE BJAUAHUE MOBCIOAY, NAXKE B TEOPUIO YUCET; JHAPIO Y AWI3
HE COMMIACEH, W TOJHKO BPEMsA AACT OTBET.

BoT KOHTYpPBI, KOTOpBIE A4 MOT'Y PA3INYUThL B MPEACTOAIEM AeCATAICTAN,
HO €CTh M HEYTO TAKOe, UYTO A HA3BIBAK [XOKEPOM B KOJOME: CIIyCK B TeOMe-
TPUIO MAJIBIX Pa3MEPHOCTEn. PAmoM co Bcen GECKOHEYHOMEPHOU (PaHTACTH-
KOU TeOMETPUA MAIBIX PA3MEPHOCTEN MPUBOAUT B CMyIneHue. PazmepuocTn,
C KOTOPBIX Mbl HAUMHAIA, ¢ KOTOPHIX HAYMAHAIN HAIIA PEAIICCTBEHHUKN, BO
MHOIMX OTHOIIEHUAX OCTAIOTCA 3arajKou. MBI HA3BIBAEM (MAJBIMUY Pa3Mep-
moctu 2, 3 u 4. Bor mpumep: paGoTsl TEpcToOHA O TPEXMEPHOR T'€OMETPUR
HATPABIEHBI HA KIACCH(PUKAIIAIO TEOMETPUR, KOTOPHIE MOXHO PEATN30BATD
Ha TPEXMEPHBIX MHOT000pa3uAX. JTa TEOPHUsA IOpa3io riyOXke IBYMEDHOU.
[Mporpamma TépcTona ernie OTHIOAL HE 3aBEPIIEHA, U €€ OCYIIECTBICHUE, He-
COMHEHHO, CTAI0 OBl KPYMHENIIAM YCIEXOM.

llpyrou samevaTenbHBI TPEXMEDHBIM CIOXeT — 5T0 paboTel BooHa
JlxoHCca, 9bm ugen no cymectBy npuinun u3 ¢usuka. OHU IAI0T HOBYIO WH-
dopMaIuIio 0 TPEXMEPHOM CJAytae, TMOYUTH OPTOTOHAILHYIO K TOU, KOTOPad
cogepXUTCA B mporpamMme TépcTtoHa. Kak cBA3zaTh BMeEcTe 5TH IBa CHOXKe-
Ta — OCTAETCA TPYAHEUIIEN TPOGAEMON, HO HEJABHO TOABUINCH HAMEKN HA
BO3MOXHOCTBL MOCTa. Tak 9TO BCA 3Ta 06IaCTh, HE BLIXOAAIMIAA 33 TIPENeabl
MaJBIX PA3MEPHOCTER, TOXE MMEET CBA3U ¢ (PU3UKOU, HO TMPU STOM OCTACTCA
MMO-HACTOAIIEMY 3ara,0IHON.

Haxowner, s xoTrea 661 OTMETUTH, YTO B (PU3UKE BECHMA 3AMETHYIO POJb
UTPAIOT «IBOUCTBEHHOCTHY. DTHU ABOUCTBEHHOCTH, BOOOIIE TOBOPS, MOABJIA-
IOTCS TOT/A, KOT/JA KBAHTOBASA TEOPUS WMEET [BE pasHble PeaJusalluy B
KJIACCUIeCKOM caydae. [IpocTou mpumep — MABOUCTBEHHOCTH MEXIY IMOJO-
KEHUEM ¥ UMIYJILCOM B KIACCHIECKOU MexaHuke. [Ipm 5TOM mpOCTpPaHCTBO
3aMEHACTCA ABOUCTBEHHLIM K HEMY, W B JHUHEUHBLIX TEOPHUAX 3T IBOUCTBEH-
HOCTh — HE UTO WHOe, Kak npeobpasosanme Pypre. Ho 1yem 3amenuTs mpe-
ofpazopanne Pyphe B HEIUHEUHBIX TEOPUAX — TPyAHAA mpobiaema. Boib-
mue pasfenbl MATEMATUKU CBA3AHLI ¢ 06O0IMIeHMeM ABOUCTBEHHOCTEH HA
HeIWHenHbIe cuTyanun. [loxoxe, 9T0 QUBUKU 3aMeYATENHHO YMEIT 3TO Je-
JAaTh B TEOpPUAX CTPYyH U B M-Teopum. 3aech OAUH 32 APYIUM ITOABJIA-
IOTCA TPUMEPHI YAUBUTEILHLIX ABOUCTBEHHOCTEUW, KOTOPBLIE CIyXAT B
MIUPOKOM CMBICIE GECKOHETHOMEDHBIMY HETMHEMHBIMY BaPUAHTAMHE TPe0oOpa-
soBauuu Pypre u, moxoxke, paboraror. Ho moHmManme 5TUX HEJMHEUHBIX
JBOMCTBEHHOCTEN TaKXkKe MPENCTABIAETCA ONHOU M3 OOMLIIMX 3a4ad CIeIy-
IOMIero CTOMETH.

Haseproe, Mue caenyer 31eCh OCTAHOBATHCA. PaboOThEl MHOTO, U CTAPOMY
YENIOBEKY BPOJIe MEHSA 09€Hb NPUATHO FOBOPUTH 06 DTOM € MHOXECTBOM MOJIO-
IBIX IO MEU BPOIE BAC; OYMEHD MPUATHO, 9TO 1 MOT'Y CKa3aTh BAM: B CICAYIOMIEM
CTOJETUU A BAC HAUAETCA MHOTO PabOTHI!
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06 Ucaaxke Monceesuue frmome

B. A. Posendensn

Mos apyx6a ¢ Ucaakom fAraomom maganace B 1939 r., xorga oH y<uwmics
Ha 2 KypCe MEeXaHMKO-MATEeMAaTHIecKoro dakyiabrera MOCKOBCKOTO yHUBEP-
cUTeTa, a A ObBLI ACOUPAHTOM HEPBOrO roga o0yueHma Ha Kadenpe audde-
pennmanabaou reomerpun MI'Y.

N. M. fIrnom, kpome JeKnuy Ha MEXMATE, TIOCEMIAT TAKXKe JEKITUN HA (Pru3-
daxe MI'Y, rae yumiaca ero 6par-6ausuen Akusa.

Uca Armom pogmaca 6 mapta 1921 r. B XapbkoBe B ceMbe WHXeHeEpA.
Bckope cembsa nepeexana 8 Mocksy, rae U. M. mpoBea mouTu BCro )k u3Hb. Eie
B AeTcTBe 6paThsa BMECTE C OTIIOM peIIany 3a1a<u u3 kyprana «MaTemaTuka
B IIKOJe», a ¢ 1936 r. yJacTBOBAIU B MIKOIHLHBIX MATEMATHYIECKUX OJUMIINA 1AX
npu mexmare. Ha omumnmane 1938 r. 6paThsa motyduiu mepByO MPEMUIO U B
TOoM Xxe roay mocrynuiu B MI'Y.

Byayuu crymenTom, Mcs ak TUBHO y4acTBOBAT B Pa00TEe T€OMETPUIECKUX
CEMUHAPOB ME€XMaTa W PYKOBOAWJI MATEMATUYICCKUMU KDPYXKaMW IIPpU yHU-
BEepcurTeTe. K PYKOBOACTBY OJHUM W3 ITUX KPYXKOB OH HNPDUBJICK W MEHI.
BoapmmHCTBO 3aMa4, KOTOPHIE PEMIAJUCH, B HANINX KPYXKKax, ObLin reome-
TPUIECKUMU.

Uca okornuma yuusepcureT B 1942 r. B8 CBepAiioBCKe U MOCTYNMI B ACIIH-
paaTypy MI'Y, koTopuin Torga nmepeexan B Ceepmiosck. Yuebou Ucu B acmu-
panType pyKoBoAmI 3apedyoummi Kadenpon auddepennnalbHOl FeOMeTPIT
MTI'Y B. ®. Karas.

B kamgmparckou muccepranuu Vcu, koropyio o sammrua B MIY B
1945 r., m3ydansach TeOMETPHUI OKPYRHOCTEH HA €BKIUJOBOU W HEEBKJIUIO-
BBIX IIOCKOCTAX, a TaKXeE MOIEJIN 3TUX HﬂOCKOCTeﬁ, KOTOPBIC OH Ha3BIBAJI
«TAHTCHOUAJBbHBIMA MO ICJIAMNU HyaHKape»; ITU MOOean 6bIJII/I CBA3aHBI C
PA3IMYHBIMY BUAME KOMILIEKCHBIX Trcet. [locae 3ammThl KaH [uaTCKOR ANC-
cepramuu Wca paboTan B MaTeMaTHHIeCKOW pemakiuu V3gaTenbcTBa WHO-
CTPAHHOU JUTEPATYPHI. 3/€Ch M0 €r0 MHUIUATUBE ObLIN U3IaHbI PYCCKUE Ie-
pesoanl 1l Toma «BBegenus B HoBEIE MeTOALI AU depeHINATLHON I'€OME TP
A. A. Cxoyrena u [I. . Crpouka u cbopuuk craTten J. Kaprana «[eomerpus
rpynn Jlu u cumMmerpudeckume IPOCTPAHCTBAy. llepeBog<uKaMu DTUX KHUT
6611 MBI 004.

C 1948 r. . M. paboraa ma mexmare MI'Y u B 1949 r. monyuua 3Banue
JOIIEHTAa, HO BO BPEMS aHTUCEMUTCKOU KAMIIAHWUW, U3BECTHOU KakK «6opbba
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KOCMOIIOAATH3MOM», 0611 yBoaeH BMecTe ¢ U. M. I'ersdangom u U. C. I'pan-
mrrerroM. [locae saroro WM. M. pa6otan B OpexoBo-3yeBCKOM TefarornyecKoM
UHCTUTYTE, & 3aTEM B MOCKOBCKOM TOCyqapCTBEHHOM NIEeqarornIeCKOM WH-
ctutyTe. B 5370 Bpema U. M. npomonxan aKTUBHO 3aHUMATHCA UCCIETOBAHU-
AME B 00JACTH HEEBKJIUIOBOU MEOMETPUU W NMPUMEHEHUA K HEU Pa3IAUIHBIX
BU10B KOMILJICKCHBIX YHCEJI. OCO6€HHO €ro MHTEepEeCOBaAJIA KOMILICKCHBIC YHN-
ClIa C BLIPOXAEHHON (POPMOMI LT M MPOCTPAHCTBA C BLIPOX JEHHON METPUKOMU.
Ero ydenuna H. M. MakapoBa Hanuca/a OUKJI CTATEH IOM OOIIMM HA3BAHNEM
«['eomerpusa Nanmunes — HeroToHa», B KOTOPBIX M3y4anach MreOMETPHUs ILIOCKO-
CTH, HA3LIBAEMOU B HACTOAIIEE BPEM U30TPOMHON. S TakXKe 3aMHTEpeCcOBAICA
STUMHU TeOMeTpUAMU, U MBI ¢ Vcen Hammcaam COBMECTHYIO CTaThio «|'eome-
TPUM TPOCTEUNIUX AIrelpy.

Kadeapou reomerpun B OpexoBo-3yese zasenoBana A. H. [lepenenkuna.
M. M. samnTepecoBan ee Myxa, msBecTHOro reometrpa /[I. U. I[lepenenkuna,
crareen [I. M. FO. CommepBuiia «[IpoekTuBHBIE METPUKWY, B KOTOPOU Ha-
Medanack o0Ias TEOpUs MPOCTPAHCTE C BHIPOXKJAEHHOU MeTpukou. llepenen-
KNH IpeqIoxut csoen yuaenure . U, 2Kenesunon uccaeqosaTsh 5T IPOCTPAH-
CTBa.

Pa6orer Makaposon n 2KenesmHon mOCKyXuau HATAIOM OOJBIIOTO |-
caa uccaeposanuy M. M., MOUX ¥ HAIIUX YUEHUKOB, MOCBAMICHHLIX PA3IUT-
HBIM TPOCTPAHCTBAM € BBIPOXIEHHON METPUKOU. Pe3yabTarThl 3Tux paboT
OnLru w3goxkersl M. M. flrmomom u mMuOU B 0630pHON craThe «[IpoexkTuBHBIE
METPHUKI» B «YCIleXax MaTeMaTudecKnx Hayk» B 1964 r.

YacTe sTon cTaTeu, Hanucannasa M. M., BmecTe ¢ ero kuuroun «['eomerpu-
qeckre nmpeobpa3oBaHUA» U HEKOTOPBIMU JPYTUMU CTAThAMA, ObLIA 3aIIUIIE-
ua Vcen B TOM Xe 1oy B KAYECTBE TOKTOPCKOU AMCCEPTAIUH, MOCIE 9€r0 OH
TOILYYIWa 3BaHUE Ipodeccopa.

[ToMumo TeOpUU MPOEKTUBHLIX METPUK W UX UHTEPIPETAINN ¢ MOMOIIHIO
KOMTLIEKCHBIX dmcen, M. M. manucan psag pabot no auddepeHnmnaibHOl Teo-
METPHUH U [0 T€OMETPHUU CUMILIEK THYECKOT0 IPOCTPAHCTBA.

B 1968 r. mpodeccop U. M. flrmom 3a ydyacTHe B OPraHM3alNU IIOAMIUCA-
aua mucbMa B 3ammTy A. C. Ecenuna-Boasnuaa 66 ysosren ms MI'TIN. Tlo-
cie 3Toro oH paboran B BeuepHeMm Meramnyprudeckom nHCTUTYTEe B MOCKBe,
Apocaasckom yauBepcuTeTe M AKamgeMuu megarOruuecKuX HAYK.

BoasmumcTBy poccunickux u 3apy0eXHBIX MaTeMaTukoB WMcaak HArmom
6BIJI MU3BECTEH CBOMMU MNOMYJAAPDHBIMU KHUT'aAMW 110 T€EOMETPUN U IPDYTUM 06.71&-
CTAM MaTeMaTHUKH, OH CO3Jal cepuio «BubamoTeka MaTEMAaTHUIECKOT O KPY K-
Ka», rae ObLIM W3aHBI MHOTWE KHWUTH, B YACTHOCTH Takue Kak «/30panHbre
33,1491 ¥ TEOPEMBI DIeMEHTAPHON MaTeMaTukm (coBmecTHO ¢ [1. kmapckum
n H. YennosbiM, 5Ta KHUra HECKOMBKO pa3 Tepem3aaBatach), «l'eomerpmde-
ckue mpeoGpa3oBaHWsAy (BBIILIA B AHMJIMUCKOM IepeBofe), «Boimykiabie ¢u-

3

rypep (coBmectHo ¢ B.T. BoaTanckuMm, BbIIIA B HEMENKOM W AHIVIMACKOM
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nepesogax), «HesmemeHnTapHbIe 333U B DJIEMEHTAPHOM HM3IOXKEHUW» (CO-
BMECTHO ¢ GpPATOM, BBIIUIA B AHTIMUACKOM TiepeBoje). V3 apyrux momyJsap-
weix KaUT U. Argoma ormerum «[lpuanun ornocurenpuocTr [anumnes u He-
eBKJM0BA TeOMETpUsI» (BHIILIA B AHIVIMUCKOM mepesoge), «Vnem u mMeTonst
aPUEHON 1 TPOEKTUBHOU TeomeTpum (coBmecTHO ¢ B. I'. Amkwunyse), «a-
aykuusa B reomerpum (coBmecTro ¢ JI. . TomoBuHOM, BBIILIA B AHTIMACKOM U
HEMEIIKOM TepeBoax), « KoMImmekcHble qucia u ux IpUMeHeHNe K TeOMeTPUM»
(BBIILIA BO (PPAHIIY3CKOM UM aHTIMUACKOM mepeBojax), «Hosbie Hanpasienus B
maremaTuke» (Bbima B Mockse Ha dpannysckom aseike), «HeoObikHOBEHHAS
anrre6pay (BHIILIA B aHMIAUCKOM mepeBofe), «Konewunas anrebpa, KOHEUHAS
TeoMeTpHUsA W KOABD), a TaKXKe MONyAapHble HaydIHbIe 6uorpadun MaTeMaTh-
koB «Cepman Beitay, «Demuke Kaeitn u Coyc Ju!) (Bbimwra B pacumpenaom
AHTJIMACKOM TIEPEBOJIE).

B HEecKOMbKUX M3MaHUAX HA PYCCKOM, (PPAHIIY3CKOM, HEMEIIKOM U Y€IICKOM
a3bIKax Bunwia Kaura M. M. u A. M. Armomos «BepoaTHoCTS 1 mHGOpMATIAIY .

Boabmuucreo kuur . M. fArnoma 6bimm ony6ankoBansl B PusmaTruse
u m3gareascTBe «Haykas, Ho B 70-X rogax m3-3a aHTUCEMUTCKOU TOJATUKA
PEmaKIMOHHO-U3AATENLCKOTO coBeTa m3maTeabcTBa «Haykar »To m3gaTens-
cTBO mepecTano nybamkoBaTh ero kuuru. M. M. neuarancas 8 Mockse ToabKO
B m31aTenbcTBax «3HaHuey, «CoBeTckoe paamo» u AroMmsgar.

U. M. flrnom 6511 pyKOBOAUTENEM MHOTHX ACIUPAHTOB, OOMBIIMHCTBO U3
KOTOPBIX 33aHUMAJIUCH FEOMETPUEN, HO HEKOTOPHIE W3 HUX U3YYaIu APYyTUe
pasenbl MATEMATUKNA W WX MPUMEHEHUE K PA3JAUTHBIM BOIPOCAM €CTECTBO-
3HAHUA, a TaKXKe METOAWKY NPENOAaBAHUA MaTeMaTuku. U3 acmupanToB
U. M. Arnoma ormerum Camymia [lessmepa, KOTOPBIA ¢Tad TPOGECCOPOM B
Komcomonncke-ua-Amype, Anekcanapa [lagasaa — npodeccopa B Murcke u
Baamrena Bororuna — saseayiomero kageapon maTemaTnku B FOxmocaxa-
JIUHCKE.

Wurepecwr N. M. fAraoma BeIxoamIn najgexo 3a npegeisl MmaremaTuku. OH
OBLI YEJOBEKOM INMPOKOU AYIIM, BCErAa TOTOBBIM MPUUTHU HA, MOMOIIbL TEM,
KTO B HEW HYXKIAICA.

Ucaax MouceeBut 6bL1 OOMBINTUM JI0OUTEIEM UCKyccTBa. B ero xpapTupe
Buceau KapTunbl Mogunbsauau, Daibka v IPYrUX XYJ0XKHUKOB.

Boavimas TBOpUeckas, megarormdeckas u OOIMIECTBEHHAA NEeATEILHOCTD,
YACTHIE YBOJLHEHUSA, TPYAHOCTH ¢ paboToOn u m3ganmeM Kuur B Mockse,

DHcaak Monceesnd SIrmom GuL1 yaocroen Esponenckou npemun Cortina Ullis, Bergasae-
MOW pa3 B [Ba rofja 32 BKAAJ B HMOMYIAPU3AINN KAKOU-TO OJHOU HAYKMU.

IIpemus 3a monyaspu3anuo MaTeMAaTHKN BIepBble ObLIa OIpUCYX)aeHa B ceHTabpe 1989 r.
u 6B mofenena Mexay WM. Armomom (3a xamry “Felix Klein and Sophus Lie. Evolution of
the idea of Symmetry in the 19th century”, Birkhduser, Boston — Bazel, 1983) u M. Kauem
(3a xkuury “Enigmas of Chance. An autobiography”, Harper and Row, N.Y., 1985). K co-
X)aJeHno, 06a aBTOpa B TOT MOMEHT yiKe He ObLIN XUBHIL.
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60JIe3HL XeHbl W ChIHA mogopBatu 3x0poBbe Ucaaka Mowuceesuta, m 17 mas
1988 1. OH CKOHYAJCA OT MTHEBMOHWM.

[Mamsarur moero apyra Ucaaka Mowuceesutwa Armoma — 3amevdaTenbHOTO
reoMeTpa, OKA3ABIIEr0 WMCKIIOYUTENHHOE BIWAHUE HA MOE€ HAydIHOE TBOpTUe-
CTBO, S TIOCBATAI AHMIMUCKOE U3JAaHue MOen KHUru «VcTopus HeeBKIUI0BOU
reOMeTpPUM», KOTOPOE BHIILIO BCKOPE MOCHE €r0 CMEPTH.
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Ncaaxk Mounceesuu friaom —
BBI TAIOITUICA IIPOCBETUTEND

A. 1. Memmkuc

f1 mosuaxommica ¢ Ucaakom Mouceesuuem Slrmomom (Torga ero sce Ha-
seiBanu Vcen, a HuXe s 411 KpaTKocTH Oyay HasbiBaTh ero M. M.) B 1938 r.,
korjga o moctynua Ha mexmar MI'Y (s 6b1 HA Kype cTapme), a ero 6par-
6mmsuen; Axkusa Mowmceesna (om ke Kuka) — Ha dusmveckun daxyabTer.
CaMm g Torga yumica Ha MexMaTe. B Te TOAbI MEXMAT Pa3MEIIAJICT HA BEpX-
HEM DTaXe YHUBEPCUTETCKOrO 3AaHuA Ha MoxoBou yauie m BCe, KTO 37eCh
YUWICA, PEryasApHO BCTPeYanuchb aApyr ¢ apyroMm. CTymaeHTHI COCEIHUX Kyp-
COB, TIOCEMABIINE (PAKYIHTATUBHLIE JEKITAYA U CEMUAHAPHI, JEI'KO 3HAKOMUINCH
7 XWBO OOCYXIAJTU PA3NWIHBIE HAYYHBIE U HEHAYIHBIE BOIPOCHL. QOmuTe s
HBIA XapaKTep W MIUPOKUU KPYT MHTEPECOB npusiekaiu K V. M. maOrux mex-
MAaTOBIIEB. SHAJIU MBI U €ro 6para, Tak Kak 00a OHU (DPAKTUIECKU YUUIUCH
OJHOBPEMEHHO HA NBYX (PaKyIbTeTaX, CAaBasg DK3aMEHBI ¥ HAa MeXMaTe W Ha
dusdaxe.

Buemrae 6paTea Arimombr 66N TOPA3UTENBHO TMOXOXW W O HUX T'OBOPH-
JU, 9TO OHM TOPOU XONWJIW HA DK3aMEHBI W [NaXKe Ha CBUJAHUA APYD 33
opyra (OHH, mpaBAa, BCErAa >TO OTPUIAIN). Sl Tak W HE HAYIWICA WX Pas-
au<gaThk. BeTpewasdch ¢ OgHUM W3 HUX, S WIM NOBITAICA B XOAE Pa3roBOpa
yragaTh, ¢ KeM g TOBOPIO, WM TPOCTO copammBan: «A Tel k1o, Wcsa win
Kuka?y

C camoro vavana yaebut B MI'Y 0T4YeTIMBO BBIABAIUCH JBE OCHOBHBIE TIPU-
BaszanHocTH V. M. — X reoMeTpuu u K MaTeMaTHIeCKOMY obpasosanuio. UH-
Tepec K reOMeTPUr TPOABIICA B AKTUBHOM yuacTum B cemuuapax b. H. [le-
gone u B. d. Karana, MOCBAIIEHHBIX TE€OMETPUYECKOU TEMATHUKE. UTO Ka-
caeTcsAs MaTeMaTu4deckoro obpasosanms, To W. M. cpasy xe Bomen B Ipyn-
Iy DHTY3MACTOB, AYLIION KOTOPOW OBLI YYWBIIMKCA HAa KypC CTapIle MeH:
. O. Hlkaspckuii, Tparudecku MOruOIUA B TOABI BOUHBI. JTU DHTY3UACTHI
PYKOBOAWIN MATEMATHYECKUMHI KPYKKAMU A MIKOTHLHUKOB, WHTEDECOBAB-
MUXCA MATEMATUKOW, M TPAHUMAIA NEATEILHOE YIaCTHe B OPraHU3AIAU U
MIPOBEJCHUN €XErOIHBIX MATEMATUICCKUX OJUMIINA]] MOCKOBCKUX IIKOJIHHM-
x0B. JI1060Bb K diaeMeHTApPHO (POPMYIUPYEMBIM TPYIAHBIM 331a9aM OCTAJIACH
y .M. Ha BCIO XU3HBb U CHICPAIA BAXHYIO POJIb B €r0 MPOCBETUTEILCKOU
MeATENHHOCTH].
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22 wmioma 1941 roga BOWHA TpepBaJa HOPMAJLHBIM XON XU3HU CTPAHHI.
BpaTesa AraomMbr BMecTe ¢ rpynmon cTyaeHTOB MexmaTa u ¢usdaka MY
MOJAJMU TOTJA 3AABIEHUA C TPOCLOOU OTHPABUTH WX HA (PPOHT, HO BCE OHU
nonyumiu oTka3. Ocensio 1941 r. MHOTUX CTYAEHTOB 5TUX ABYX (PAKYJIbTETOB
MOOMAM30BAIM W HANpaBwian Ha y4ueOy B BOEHHBIE WHXEHEDHBIE AKaIEMUM,
0HAKO OpaThda ATJIOMBI B 5TH aKaAeMun HE TOTAJIN, TAK KAK ObLTU TPU3HAHBI
HETOJHBIMYM K BOGHHOU CIYXKO€ M3-33 CUILHOU OJU30PYKOCTH.

B oxTabpe 1941 r. oren 6paTheB ArmomMoB OBIT DBaKyMpOBAH BMECTE C
cemben Ha Ypaua B r. Ceepanosck (mbae Exarepuntypr). Tam Becnon 1942 r.
06a 6paTa OKOHYWIN MATEMATHYECKOE OT/eNeHNE (PU3NKO-MATEMATHIECKOTO
dakyaprTeTa CBEpAJIOBCKOTO YHUBEPCUTETA U MOCTYIAIN HA PAOOTy B JEHUH-
rpaackywo [nasayio reodmsmaeckyio ob6cepsaropuro (I'T'O), maxogusmyocs
Torga B Ceepioscke. Mos xena paboranaa smecte ¢ M. M. B oTgene qunaMu-
geckon MeTeoposoruu ['T'O, KOTOPHIM PYKOBOAWI U3BECTHLIN THAPOMEXAHUK
npod. U. A. Kubens. Ona pacckasbiBaga MHE, KaK TAxKea0 xKuau B 1942-43 rr.
oBakyupoBaHHbIE B CBEPMIOBCK MOCKBUYM W JEHUHIPAJMIIBI, COJOMABIIAE B
TIPAMOM CMBICIE DTOTO CIOBA.

B komme 1942 r. wacte MI'Y, sBakympoBannas mpexjae B Amxaban, me-
peexana B Ceepamosck u U. M. mocrynun B acnupauatypy MI'Y, rae ero py-
xoBomuTeaeM ctaa mpod. B. D. Karan. HemuOro mosxe s Toxe OKaszauca B
aCOUpaHType MexMmaTa, HO Tenepb yxe WM. M. 6bi1 Ha KypC cTapiie MeHs.
Bowna mogxonuia K KOHIY, U MBI 008 BMECTE C YIEIEBIIUMHU JPY3bAMUA —
YBBI, MHOI'ME MEXMATOBIILI TIOrUOIM HA BOUHE — C PAJOCTHIO MOTPY3UINACH B
Hay4HBIE 3aHATHA.

Jlerom 1945 r. Y. M. okoHuYmI acnmpaHTypy M YCIENIHO B3AIIUTHUI JHUC-
CEepTaIMi0 HA TEMY O MPOEKTUBHBIX MEPOONPENEIeHUAX HA MIOCKOCTH W WX
CBA3AX C HEKOTOPHIMU CHEIUAIHLHBIMEA CUCTEMAMU KOMILIEKCHBIX ducen. [locae
3amuTH gucceptTauu M. M. memoaro mpemogasant MaTeMaTuKy B MoCKOBCKOM
DHEPreTUYECKOM WMHCTHUTYTE, a 3areM mo npemioxenuto A. H. Kommoroposa
mepetesa Ha pabOTy B PEIAKINIO MATEMATHUKW BHOBBH co3maHHOTrO W3gaTens-
CTBA UHOCTPAHHOU JUTEPATYPHI.

C 1950 r. nHaumHaeTca auTeparypHasa aesTeabHocTs V. M. 3aTem oHa yxke
HEM3MEHHO 3aHUMAJA OYeHb OOAbIIOe MEeCTO B ero xuszau. Ol win xe ¢ co-
apropamu . M. manucan 6oree 40 mpeKpacHBIX NOMYJIAPHBIX KHUT IO MaTe-
MaTHKe PasHOro 06beMa u pazHoo6pasHoro cogepxanusa. OcoGeHHO ciaeayeT
0TMEeTUTh PAKTUIECKN CO3MAHHYIO UM cepuio «bubimoreka MaTeMaTUIeCKO-
0 KPYXKay, OOMBIIMHCTBO KHAT KOTOPOU HAMUCAHO TPHA €r0 YIACTUM.

Bosgencreune momyaapHbix Kuur V. M. ma MOJOALIX IO4ed, MHTEPECYIO-
[IUXCA HAYKOW, TPYAHO TEPEOneHnTh. Havas 4uTaTh JI00YH0 M3 DTUX KHWUT,
TPYIHO OT HEE OTOPBATHCA, HACTONBKO YBIEKAET CTUIb W3IOXKEHUA U HOBU3HA,
MaTepraia, TOYTH Beeraa Tpebyiomero HeCTaHIapTHHIX MOAX040B. Pemenue
MOYTHU KAXJOU U3 3334, PACCMATPUBAEMBIX B DTUX YHUKAIHHBIX KHUTAX, —
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DTO, [0 CYIIECTBY, HEOOJABIIOE MATEMATUYIECKOE OTKPBHITHUE, AOCTABJISIIOIICE
nIy6OKOe YYBCTBO YIOBICTBOPEHUS. Sl yBEpeH, 9TO DTW KHUTH W CEHdac He
MOTEPAIN AKTYAIBHOCTU U TPeOyIOT Nepens3 aHus.

B 1947 r. s yexam m3 MockBe u Mom koHTaxTHl ¢ W. M. Bpemenno
npepBaiuck. B 1964 r. oHm BO300HOBMAMCHL M cTaiaum eme O60jee TEeCHBI-
MU, TAK KaK, BEPHYBIINCH B CTOJUILYy, A TPUHAT ydacThe B pabOTe BO3-
rnasagemont A. H. Koamoroposeim komuccum AH CCCP mo matemaTtwmte-
cKOMy 00pa30BaHMIo, YIeHLIM cekpeTapeM koropom Owi1 WM. M. Komuccua
3aHHMAaJaCh pedOpMHUPOBAHUEM IIPENOAABAHAA MATEMATHUKM B IIKOIE, A
9ero mpexjae BCero HYXHO ObLIO W3MEHUTH OPOrpaMMbl U yuebHuKu. B
of6cyX meHuaX OOBLIYHO ydacTBOBaJao 5—6 wenoBek m WM. M. Bcerma 6bL1 of-
HUM U3 CaMbIX AKTHUBHBIX YYIaCTHUKOB BCEX AI/ICKyCCI/II‘/)I. MOI/I N ero B3IJd-
OBl Ha IIpenojaBaHME MaTEMAaTWUKHN B IIKOJE 6bIJII/I IOYTM OAWHAKOBBI: MBI
o6a cYMTamM, 9TO TNPENOAABAHUE MATEMATHUKH JOIKHO HUMETH OOIIEKYIb-
TYpHOE W OPUKIAAHOE (B CAMOM HIMPOKOM CMBICJIE DTOTO CJIOBA) 3HAYE-
HUWE ¥, KPOME€ TOT'0, PA3BUBATH MPOCTPAHCTBEHHOE BOOODAXEHWE W yMe-
nme paccyxkaaThb. C APYrom CTOPOHBI, MKOALHLIN KYpPC HAAO PasTPY3UTDH
OT BONIPOCOB, MOTEPABUIAX AKTYATbHOCTH. . M. 1106mn moBTOpATH adopusm
. K. ®agneesa: «B npenogaBanum JOMKHA OCYIIECTBIAATHCA TPE3YMIIIIUIL
BUHOBHOCTH», T.€. KaXJ0€ HOBOE MOHATHE M KAXABIA METOH HATO BBO-
OUTH, JUIIb €CIU €CTh YBEPEHHOCTH B TOM, YTO B HACTOSAIIEE BPEMs OHU
neobxonumbl. [Ipu Tom Mbl 06a cuuTanm, 9TO GOPMAIBHO JOTUIECKOE CO-
BEPIIEHCTBO W3JIOXKEHUA, TPebyioliee pPasBUTHUA MOCIETOBATEIHLHOIO AKCHO-
MAaTHUYECKOT0 TOAXO/a, HE MOJXKHO OBITH HIEATOM IIKOIBHOTO KypCa MaTe-
MATUKWA.

A. H. Kommoropos 6bl1 BBICOKOIO MHEHUA O HEAArOTUYECKOM AeATeabHO-
ctu U. M. m kak-To maxe cKasal MHE, 9TO CIEI0BAIO ObI IPUCYAUTH €My CTe-
[EeHb JOKTOPA MeJAarOruyuecKux Hayk 0e3 samuTel guccepramun. (U, M. umen
TOr/Ia TOJABKO CTENEHb KAHIMAATA (PU3NKO-MATEMATUIECKUX HayK.) S mepe-
naa U. M. cogepxanue HAIIEro pasroBOpa, HO OH HE BBHIPA3ZWI DHTY3UA3MA U
HECKOJBKO I03XKe MOJYYUI CTeNeHb NOKTopa (hu3.-MaT. HAYK 33 CBOU PAOOTHI
o reomerpuu. S HE CKIOHEH ymaJaTh 3Hadenume stux pabor M. M., Ho BCe
XKe yMaro, 9TO ero Iefaroruyeckas AeaTelbHOCTh ObLIa 60Jee BaXHOU He
TONBKO JJIA STUTATENEU €ro KHUAT, HO U JJIA HETO CaMOoro.

U. M. npunaamexan K peIKOMy CEHYIac TUMY SHIMKJIONEIACTOB-TPOCBETH-
Tenen. Kpyr ero mHTEpECOB 1 3HAHUY KAK CIEMUATBHBIX, TAK U OOMIEKYIbTYP-
HBIX, OBLI MOPA3UTENHHO MIUPOK. 2KWBONKUCH, TEATp, MOI3UA, KUHO, MY3bIKa,
HUCTOPHUA BCEX CTPAH U HAPOMOB, PUIOCODUI — ero HHTEPECOBAIO BCE HA CBe-
TE. OH 6]31.71 3aBCEraaTacM XynqOXECTBECHHBIX BBICTABOK, O(l)I/IHI/Ia,JH)HbIX n HEO-
(bHHI/Ia,JH)HbIX, HE IIPOIIyCKaJ HOBBIX IIOCTAHOBOK B Te€aTPaxX U CTYyAUAX, XOOWJI
HA MPOCMOTPHL (PUIBLMOB, HE MOMANAIONINX Ha MUPOKAN BKPaH. .. B pasroso-
pax ¢ HUM BAPYT BHIACHAIOCH, YTO OH ObLI 3HAKOM C [I. 3. Dpb3en, 6ecenoBa ¢
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Amnon AxmaToson, mepenucsiBaica ¢ M. dmepom. OT HEro a MHOTOE y3HAT O
COBpeMeHHOﬁ XKUBONIUCHU U 3allaJHOM KMHOUCKYCCTBE, OT HETr'O BIIEPBHBIEC YCJIbI-
man o necuax [anuda m Oxyaxasel, 0 pomanax HabokoBa u mpousBeeHUsax
IPYTHUX, TOTAa MaJjJo KOMY HM3BECTHBHIX aBTOpOB. B kBaptupe U. M. Bucern
KAaPTUHBI U M3BECTHBIX XYMNOXKHUKOB, 1 HAYUMHAIOIINX XKWBOMUCHIEB, HEKOTO-
pBIe W3 KOTOPBIX ObUIM MOMAPEHBI eMy WX CO3AaTeasaMu. Ha cToaax u moTKax
MOXHO OBIIO YBUAETEH CTUXH COBPEMEHHLIX AaBTOPOB CAMBIX PA3HBIX HAIIPABJIe-
Hui. BoraTcTso M pasHooOpasue ero 3HAHUUN MO3BOJAIO €My COMOCTABIATD,
Kas3aJoch Obl, famekre Apyr oT apyra (gaxkTol. S moMHO, HATpUMED, ero JeK-
IIHI0, BO BPeMsA KOTOPOU OH TPOBOAWI TIyOOKUE AHAJIOTUU MEXAY PA3BUTUEM
MY3BIKU U MATEMATUKU.

N. M. noxaepxuBan OTHOIIEHUA CO MHOTMMHU NUCCUICHTAMU, APYKWUI C
A. . CaxapoBBIM €O NIKOJBHBIX JeT. MHe OH 9acTO PAaCcCKa3bIBaAI O JUCCHUIEH-
TaxX W UX UeAX, JaBaJ IUTATL CAMU3IATCKYIO U TaMU3ATCKYIO JUTEPATYPY,
npexynpexas, 9To0Obl g HE TOKa3bIBaI ee mocroporruMm. M. M. e Bcerga co-
amaJJaca ¢ MHCHUAMU aBTOPOB 3TUX KHUT U CTaTefI, HO CYUTaJ OYE€HBb BaAXK-
HBEIM O3HAKOMJIEHUE JIOAEH ¢ PA3NUIHLIMEA TOUKAMM 3pEHUA. K IuHOMBICIHE,
JOTMATAIHOCTD OH CYIATAI OJHUM U3 OCHOBHBIX MOPOKOB HAINEW CUCTEMBI U
HUCKPEHHE PaJOBaJICA, KOTJa BUAECI XOTh KaKWE-TO TEHJCHINN, BeAYyIIue K ee
paspymenuio. MHe KaxeTcda, ITO OH JaXe NPEYBEINUWBAJI BaXXHOCTH OTMe-
YAEeMBIX UM TEHIEHIWU: OyAyHdM MO HATYpPE ONTUMHUCTOM, OH BEpHI B BO3-
MOXHOCTB CYIIECTBEHHBIX HSMeHeHHfI K Jy4dmeMy B CPDaBHUTEIBbHO HEIAJEKOM
Oy mymuiem.

Crpemiaenne Kk MmEOr006pas3uio B3raanos M. M. pacupocTpanant Takxe u Ha
MATEMATUYIECKYIO AUTePaTypy. Tak OH BHICKA3BIBAJICA 33 W3AHUE MEPEBO/A
OPUTUHANBHBIX MKOABHBIX yueOuumkoB ['. [Tanu, ocmoBamubix HA GypbakmcT-
CKOM IIOJXOMe K MaTeMaTHuKe, XOTd CaM KaTeTOPUYIECKH OTPHUIAI PAa3yMHOCTh
TMPENOAABAHNSA HA TAKOU OCHOBE.

He)KeJIaHI/Ie HpHCHOC&GJIHBaTBCH K IIOXEJNaHUAM HaYaJbCTBa CHUJIBHO
ocroxuaAno cryxebuyio kapbepy U. M. Kak yxe orMmeuanocs Brime, B 1949 1.
oH moTepAn paboTy B MOCKOBCKOM YHUBEDCUTETE IO IPUIUHAM, HE IMEIOITIM
OTHOHIICHUA K €0 JCJIOBBIM Kad9eCTBaM. TOJIBKO gepes roa C JUIMTHUM OH CyMes
HAUTHU HOBYIO MEAATOMMIECKYI0 PaboTy, HO He B MOCKBe, a B IIearornieckoM
uaCcTUTYTE Topoaka OpexoBo-3yeso B 90 kM 0T MOCKBEL.

Tl'ogwr pabotsr B OpexoBo-3yeBo ObLIK OYEHB IIOAOTBOPHBIMHA 4 €T0 M-
CATENBCKOU AEeATENLHOCTH, HO TPYAHBIMEA B OBITOBOM OTHOmeHWu. [1pomgos-
x®asg kKuTb B Mockse, . M. peryaapuo e3guia duTaTh Jekuuu B OpexoBo-
3yeso. Jlums B 1956 r. 0H cMOT, HAKOHEI, TOAYIUTH PaboTy B MOCKOBCKOM
rocyapCTBEHHOM megarormdeckoM muctuTyTe. Onuako B 1968 r. oH ObLI
yBoamer u3 MI'TIA onaThk-Takum 1o mpwdwHe, HE UMEIOIIEH OTHOIIEHUS K Ka-
YECTBY €ro MPenoAaBaTeIb-CKON PaboTH. ['HeB HAYAMLCTBA BHI3BAIO TIOJIUCA-
aue V. M. komnek TuBHOrO mnuchbMa, 99 MOCKOBCKIX MATEMATHUKOB C MPOTECTOM
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TMPOTUB 3aKIIOYEHNs B MCAXUATPUIECKYIO Oonbuuily maTematnka A. C. Ece-
uwHa-BoabnuHa 3a €ero TpaBO3ANUTHYIO AEATEILHOCTD.

Iocne sroro M. M. meckoabko set paboTan mpodeccopoM MATEMATHKY B
BedepHeM MeTamnrypruieckoM WHCTATYTE, & 3aTeM mepeliea Ha 6oiee mHTe-
pecHy, HO B 66ITOBOM cMBICHe Hoee TPy AHY0 paboTy mpodeccopa BHOBB CO-
spanroro fpocrasckoro yausepcurera. Onaako B 1983 roay ou 6bu1 yBOMEH
u u3 Apocnasckoro yausepcureTa. [lo cryxam, O IHON W3 TPUAYIAH YBOILHEHAA
OBLIO TO, YTO PYKOBOACTBO YHHUBEPCUTETA Y3HAJIO O HUKOTA WM HE CKPLIBA-
emou apyx6e ¢ onaabHbiM akanemukoMm A. JI. Caxaposwim. [locaemgaue rogbt
xu3uu U. M. paGoTan cTapmmM HAYYIHBIM COTPYIHUKOM AKageMum megaro-
rudeckux Hayk B Mockse.

Ckaxy Teneps HeMHOTO 0 xapakTepe V. M. OH 6bLI HECKOIBKO HE OT MU-
pa cero: mpoABIAA AKTUBHYIO 3a060Ty O MHOTHX JIOJAX, OH MAaJ0O 3a00THICA O
cebe caMOM. Y9IacTBYs BO MHOTHMX [A€aX, OH MOCTOAHHO OMA3LIBAMI, K IEMY
yXe BCE MPUBBIKIN, HO B KOHIIE KOHIIOB BCETa MOABJAICI CO CBOUM OT'POM-
HBIM TOpTQdereM, HAOUTHIM BCEBO3MOXHBIMU KHuUTamu u Oymaramu. [locie
OKOHYIAHUA AEIOBOU FACTHU OH CANUICA 33 Tele(OH U NPUHUMAICA 3BOHUTD,
JOTOBAPUBAACH O CAEAVIOIINX BCTpedax wminm 0OMEHWBAasch HOBOCTsAMU. Teme-
¢ OH 3aHUMAJ B €r0 XKU3HU CTOAb OOJBIIOE MECTO, ITO i AAKE YIAUBIICT, KAK
y HEr0O OCTAETCA BpeMs Ha MUCAHWE KHUT. 1acTo mocie 3aceanus OH IPUTTIA-
mana MeHsa K ceGe MOTOBOPUTL O TOM, O CEM 33 PIOMKOW KOHLAKA W TAITKOU
xode. Hamwm cembr TOXE OBLIM XOPOIIO 3HAKOMBI.

Bosepamascs k genoBeim korTakTam ¢ U. M., ormedy, ¥To xormga o pe-
JAKTUPOBAJ IEPEBO/ HHTEPECHOTO KyPCa MATEeMATUIeCKOro ananusa J1. Bep-
ca, g o6CyXagaml C HAM HEKOTOPBIE DAa3Jeibl PYKOIWCH W CAEHAT PAS 3a-
Mmedanuu. K coxaneHuro mociae BBIXOJAa MEepeBOJa BhIACHUIOCH, 4To JI. Bepc
(IPOBUHUICA TEpeN HAIIEH CTPAHOWY: Ha OYepeqHoM BCeMUPHOM Che3fe
MaTEMATUKOB OH COOMpAJ MOANKUCH [MOJ MUCHMOM B 3aIIUTY ABYX MOJOIBIX
MareMaTukos, nocaxeunubx 8 CCCP B ncuxuaTprdeckyo GOILHUILY 33, Tpa-
BO3AIIUTHYIO AeATelbHOCTD. [losToMy kuury JI. Bepca 6nimo 3ampelneno ymo-
MUHATE, a V. M., KOTOpBIN peIakTUPOBAI €€ TMEePeBO W HATUCAI XBaaeGHOe
NPeIuCIOBAE, UMEN KPYIHbIE HEIPAATHOCTH.

Nansuenmue Mou KOHTAKTH ¢ V. M. OBLIM CBA3AHBI C HAIIUM COTPYJHUAYE-
CTBOM CO 3HAMEHUTHIM (pusukoMm-TeopeTukoM f1. B. 3eapgosuuem. B magasue
BOCBMUAECATHIX T00B W. M. y4acTBOBAT B 3HAUMTEILHON TEPEepabOTKe WH-
Tepecion kuuru . B. «Bricumiag maremaTuka 18 HAYMHAIOIIAX U €€ TTPUIO-
xkenme K usmker. ITa KuuUra Owuia gomoanena M. M. mocae wero B 1982 r.
oHa BoImuTa Kak kaura fl. B. 3ersgosuda u U. M. Armoma «Boicmas maTema-
THUKA Ui HAYAHAIOMNX (PU3UKOB M TEXHUKOB». HECKOJBLKO paHbBINE s BMECTE
¢ J. B. ygacTBOBAN B HANUCAHWM KHUTY «DJEMEHTHI IPUKIATHOU MATEMATH-
xkm». Ilocae sToro . B. mpemioxun moATOTOBUTEL W3JaHue M30PAHHBIX TVIAB
00enx KHUT B BUJE KHUTH TPex aBTOpoB. V. M. u a cocTaBmau mpumMepHbBIT
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WIaH >TOTo u3gaHusd, HO fl. B. Torga yBaekcs Opyrumm geqaMu U OTKA3AJICA
ot ceoent ugeun. [Ipu srom on npegmoxmia, aTodber U. M. u 1 uzganu 3agyman-
HYIO UM KHUTY KaK KHATY AByX aBTOpoB ¢ npeauciaoBueMm f. B. Mur ¢ N. M.
0OCyIUIN ero TPEeAIOXeHNe U faXKe HAadaaud paboTaTh, XOTh W CIUTAINA, 9TO
6e3 yvactusa Sl. B. xkaura muoroe morepser. B pesyabraTe npemioxeHHBIT
A. B. mrar Tak u He 6BLT PEATN3OBAH.

Ha BpemeHHOM ymajeHUM CTAHOBATCS OCOOEHHO ACHBIMEU MACIITAOBI JUH-
moctu U. M. A cuacTaue, 9TO MHe BHIMAJNa yAatda APYXUTL C DTUM 3aMeda-
TEIBHBIM IEJT0BEKOM.
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Ouxawra Apcennesna OnenHUK

['. H. CmupHOBa

13 okTa6psa 2001 roga me cramo Oabru Apcenbeusl OIeUHUK — 3aMeta-
TEJHLHOT0 MaTEMATUKA, mpodeccopa MOCKOBCKOTO YHUBEPCHATETA, AKATEMUAKA,
Poccunickon akaneMun Hayk.

Ouawra Apcenberna Ounennuk pogmiack 2 miona 1925 roga B ceMbe cYeTO-
BOJa B MaleHLKOM ropoake Matycose Kmesckom oGaacTu. B Taxennie Bo-
€HHBIE TOABI OHA OKa3anach B llepmu, rae ydactue B ee cynbbe mpuHsIma
npodeccop Mockosckoro yausepcutera Codba Anekcanaposna JTHOBCKas —
YENIOBEK 3aMEYATEIbHBIX AymeBHBIX KadecTB. U3 [lepmu O. A. mepeexana B
MockBy, cTaza CTYIeHTKON MEXaHUKO-MATEMATHYIECKOTO dakyabrera MI'Y
7 HaYaJa 3aHUMATHCA moa pykoBoacTteom WU. I'. Tlerposckoro.

ITpuxox O. A. Onertnuk B HAYKY OBLI APKUM U CTPEMUTEILHLIM: 33 7 JEeT
OHa OPOoILIa IMIyTHh OT BBITYCKHUIBI MEXaHUKO-MATEMATUICCKOT'O (I)aKyJIBTeTa
1o mpodeccopa 3Toro GpakyabTeTa. ACIupanTKa, KAHAUAAT (PU3UKO-MATEMA-
TUYEeCKUX HAYK, ACCUCTEHT, AOIEHT, JOKTOD (PU3UKO-MATEMATUICCKUX HAYK,
npodeccop — HTO HE HPOCTO CTYIEHH ee MPO(eCcCHOHATHLHOTO POCTA, 3TO
My Th, MOJHBIA CAMOOTBEDKEHHOIO TPY/Ja U TBOPUYECKUX UCKAHUU, PEIICHUS
MHOXECTBA HAYYHBIX TpoOaeM u mpobaeM, KOTOphble HEYMOJIUMO CTABUT Iie-
pell IeI0BEKOM CaMa KU3Hb.

Bonee narugecaru ner Oabra ApcenbesHa padoTana Ha Kadeape audde-
PEHIIMATLHBEIX YPABHEHUN MEXAHUKO-MATEMATHIECKOro (axkyabreTa. [lowTn
TPUAUATE JET OHA 3aBEJ0BAIA DTOU Kadeapou.

Ee TROpUeckas cynbba HeoTaeaumMa oT Teopun qudepeHITuaIbHBIX YPaB-
HEHUU C YaCTHBIMU IPOU3BOAHBIMU. B HaCTOAIEe BpeMa DTa TEOPHUA MPE-
CcTaBaAeT COOOU MMUPOKO PA3BETBICHHYI OOJACTH COBPEMEHHOU MATEMATH-
KU, TECHO CBA3aHHYI0O CO MHOTMME €€ pasgeraMu (aare6pou, TOMOIOTHEN,
(OYHKIMOHATBHBIM AHAAW3OM, TEOpUEeH (QPYHKIWUA U APYTUMHU) U UMEIOILYIO
BaXHBIC IIPUJIOXKEHUA B €CTECTBO3HAHUU M TEXHUKE. prrHHO nepeoucHUTh
TOT BKJaJ, KOTOPLIM BHEC B (POPMUDOBAHEE COBPEMEHHON Teopuu gudde-
pennuaabubix ypasueuauu Usan [eopruesmt Ilerposckun. Ou OBLI HE TOMb-
KO HaydIHBIM pykKoBoauTenrem Oubru ApPCEHBEBHBI, HO U YEJOBEKOM, OKA3aAB-
UM OrPOMHOE€ BIWAHME Ha ee (POPMUPOBAHUE KAK YHUYEHOIO M YEJOBEKA.
Oabra ApcenbeBHa YCHEOIIHO MPOLOIKALA U PASBABAIA UCCACTOBAHUA CBOETO
y4auTend.
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[lna ee HAYYIHOTO TBOPYUECTBA XAPAKTEPHBLI GOMLIION MUANA30H HAYTHBIX
MHTEepeCcOoB W (PyHJAMEHTAJBHOCTE Pe3yabTaTOB, MOJYYEHHBIX €0 BO BCEX
006JaCTAX, KOTOPBIMU OHA 3AHUMAIACE.

OTaruanTensHon epTon Hay<THoro TBopuecTsa O. A. OMeUHUK ABIANCA ee
MPUCTAIBHBIN UHTEPEC K NPUKJIAIHBIM TpoOaeMaM. DTOT UHTEPEC OHA YHA-
cregoBaaa ot U. I'. TleTposckoro, KoTopsilt Beera, yaeast 60abIioe BHUMAHIE
Pa3BUTHUIO CBA3EH MATEMATUKH C MEXAHUKOM, PU3UKON, OMOJIOT NN, TEXHUKOMU.
BoasmmacTBO AaXe, Ka3aa0Ch ObI, YUCTO TEOPETUIECKUX Pe3yabTaToB Oabru
ApCGHbeBHbI nOayvaa IPUMEHEHU B €CTECTBEHHO-HAY YHBIX NCCACTOBAHUAX,
a MHOTHE €€ MCCISNOBAHUA MOXKHO MPOCTO OTHECTH K MATEMATHYIECKOUN hu-
3UKeE.

Ouabre ApceHbeBHE NPUHAIEKAT UCCACAOBAHUA M0 PUILTPAIAU KU KO-
CTEN W T'a30B B MOPUCTHIX CPEJaX, M0 YAAPHBIM BOJHAM B 330a9aX [a30BOU
OUHAMUKY, 10 000CHOBAHUIO U 0000MEHNAM BaXHOI'O B MeXaHWKe NPUHITUIA
Cen-Benana u . 1.

B rugponmnamuke pyHIaMEHTATHLHYIO POJb UTPAET 330384 O TOTPAHUY-
HOM CJIO€, T.€. O TMOBEJCHUN BA3KOU XUJAKOCTU B OKPECTHOCTHU T'PAHUILI 06-
TEKAeMOTO Tela WIN TPaHuIbl KaHata. B 1904 rony 3HAMEHUTHIN HEMEITKUN
yuennin JI. [Ipanaras BeiBen cucremy HeanHEeRHBIX TuddHEPEHITTATBHBIX YPaB-
HEHUU, OMUCHIBAIOMIX 3(PPeKT morpaunudHoro caos. C TON MOphI STOU TeMa-
TUKe OBLIU TOCBAIMEHBI AECATKU MOHOTpaduu u He ofHa coTHa cTraTen. On-
HAaKO IIPUHINNWAJIBHBIE BOIIPOCHI MaTEMaTUYICCKOTI'O XapaKTepa O IIOBEOICHUN
peHIeHHfI CUCTEMBI HpaHrZ[TJIH JOJTO0€ BpeMA — CBBIIIE TICECTUACCATH JeT ——
OCTABANIKUCH OTKPHITHIMU. MaTeMaTU4ecKyo TEOPHUIO MOTPAHTIHOTO CIOS J0-
Beaock noctpouts O. A. Onennuk.

Yxe w3 nepson mybaukanuu O. A. Onennuk (1949 r.) «O zanade Tupuxae
A YPABHEHUY BJTATTAYECKOTO TUTAY CTANO ACHO, ITO B 3TY 06JACTH BOIIET
APKUU MATEMATUICCKAN TATAHT. DTa paboTa U MOHBIHE MHOTO IMUTUPYETCT
B PA3JIMYIHBIX CTATBAX U MOHOFpa(i)I/IHX.

B acnupantckue roast Oasra Apcennesna smecTe ¢ Uamom ['eopruesn-
veM [leTpOBCKUM 3aHUMAIACH TPYAHBIME MPOOIEMAMU TOMOJIOTUHU [EUCTBHU-
TENBbHBIX AMre0pamIecKux MHOroo6pa3uin (3TOT KPyr BONMPOCOB CBA3aH C 16-1
npobaemon manGepra). PesyapraTsl uccaegoBanuil, Omy6GInMKOBAHHBIE B CO-
BMeCTHEIX paboTax IleTposckoro m OneWHUK, 0KA3aIU CAILHOE BIUAHUE HA
TMOCAEYIONEE PA3BUTHUE 3TOU 0OJACTH MATEMATUKHU. [loMydeHHbIe B 5TUX pa-
60Tax ONEHKMU DUIEPOBON XAPAKTEPUCTUKHE ANreO0pandecKoro MHOrooOpasusi,
HOCAT Ha3BaHUA HepaBeHCTB IleTpoBckoro-Onennuk.

B 1950 rogy O. A. Omeunnk sammTnia KaHIUAATCKYIO guccepTamumio «O
TOTOJOTUH [EUCTBUTENBHBIX AJreOpanvdecKnx KPUBBIX HA aarebpamdeCcKou
moBepxHOCTWY, a yxe B 1954 romy omHa 3amumiaeT AOKTOPCKYIO MUCCEPTa-
nuio «Kpaesbie 3aa4m I1d YPABHEHUN ¢ TACTHBIME TPOU3BOAHBIMYA ¢ MATBIM
mapaMeTpoM OPK CTAPIIMX IPOU3BOAHBIX M 3agada Komu nid HeIWHEeUHBIX
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ypaBHeHHE B 1eaoMy. B Te rogsi Oabpra ApceHbeBHa OLITA B STUCAE CAMBIX
MOJIOIBIX NOKTOPOB HAayK B Hamen crpade. B 1955 romy eu mpucsamBaeTcs
3BaHUe npodeccopa.

[Tepy Oabru Apcenbesunt Onennuk mpuHagiexuT Gomee 300 HAYIHBIX pa-
6ot. [Tomumo may4dunou gaesarenbaocTu Oabra ApceHbEBHA yAEIAIA MHOTO Bpe-
MEHU ¥ BHUMAHWUS Tefarorndeckon pabore. O6aagas negarorniecKuM 1apom,
OHa, PACCMATPUBAIA MPEMOJABAHUE B HEPASPHLIBHOM EIWHCTBE C HAYSHOU [e-
ATEILHOCTBIO, U OJHON W3 CBOUX TVIABHBIX 33039 BUAETA B MPUOOIICHUN CIIO-
cOGHOU MOMOAEXU K HAydHOMY TBOpuecTBY. OHA mOArOTOBMIA HD KaHIWIA-
TOB HAyK, U3 HUX 14 cTaam HoKTOpaMu HayK. Ke yuenux Apaen Muxanionud
Wnsun cran akagemukoMm PAH.

Heob6xomumo ckazaTh Takke 0 pasHOOOPA3HOU HAYIHO-OPTraHU3AIUOHHOU
neaTeasHOCTH, KoTopyio Bena Oubra Apcenvesna Ounernuk. OHa MHOTHE TO-
ObI OBLIA <WIeHOM mpaBieHus MOCKOBCKOTO MaTeMaTH9eCKOTo O0IIEeCTBA, 3a-
MECTUTENEM MIABHOTO PEIAKTOPA XKYPHAIA «YCHEXH MATEMATHIECKUX HAYKY,
MIABHBIM PegakTopoM « Ipyaos MOCKOBCKOrO MaTeMaTUIECKOTO OOIIECTBAY U
«Tpymos cemunapa um. U. I'. Ilerposckoros. C 1973 roma mHa MexmaTe CyIIec-
TByeT opranm3oBaHubin O. A. OIeUHUK HAYTHO-UCCICAOBATEILCKAN CEMUHAD
nm. W. T'. Tlerposckoro. Tlo ee mpeamoxennio ObLI OPraHU30BAHBI COBMECT-
HbIE 3acefanusa ceMuHapa uMmenu lleTposckoro u MockoBCKOTO MaTeMaTHrtde-
CKOTO 00IlecTBa, IpUypoUeHHbIe KO nHI0 poxaenusa U. I'. Ilerposckoro, mo
MaciTaly CpaBHUMBIE C KPYIHBIMU BCECOO3HBIMU KOH(DEPEHITUAMY.

Tropueckas gestenpHOCTH Oabru ApceHbEeBHBI OBLIA BHICOKO OIIEHEHA, B
HaIllen cTpame u 3a ee nmpepenamu. Ona 6bl1a n36paHa JeNCTBUTEILHBIM TLIe-
oM Poccuiickon akajgeMuum HAyK, WHOCTPAHHBIM WieHOM WTalbaAHCKOU
HAIMOHANBHOU akajemuu JluHdenm, WHOCTpaHHBIM wieHoM Akagemuu B [la-
JEePMO, MHOCTPAHHBIM *LIeHOM AxajgeMuy HayK u UCKyccTB B Mumame (uH-
crutyT JloMbapno), nHOCTpAHHBIM wieHOM CaKCOHCKOM aKaIeMUU HAYK, ie-
voMm EBponenckon Akanemun HayK, dyieHoM MexayHapoaHon AkaneMun HAyK
BeICIIen mKOABI. Oabre ApCeHbEBHE MPUCBOCHO 3BAHUE MOMETHOTO JOKTO-
pa (doctor honoris causa) Pumckoro yuumsepcurera. Ona ObLTa yAOCTOEHA
npemun umern H. I'. HYeGorapésa (1952) 3a uccaefoBaHus 10 SIIUITUICCKUAM
YPABHEHUAM C MAJBIM MAPAMETPOM TIPU CTAPIINX MPOU3BOJHBIX; TTPEMUY UME-
uu M. B. JlomonoCOBa 33 pabOTHI IO TEOPKU MOTPAHUTHOTO CIOS; IPEMUAY UMe-
uu U. T'. Tlerposckoro (1995) 3a uccaegoBanus aCUMITOTHYECKIX CBOUCTB Pe-
MIEHUN 3329 MaTeMaTu4IecKon dpusnku; ['0Cy 1apCTBEHHOU NPEMUM 32 IIAKJ
paboTt, onybankoBaHHLIX B 1959-1985 rr.

NMocaearme roabt xusau Oabry ApCeHLEBHBI OLLIA OMPATEHBI TAXKEION,
HEU3JIeIMMOU GOJE3HBIO. 34 YeThIpE THA [0 €€ CMEPTU CKOPOMOCTURKHO CKOH-
JaJICA ee eIUHCTBEHHBIN ChiH Jnma OenHuK.

28 wmiona 1984 rozma B mocoabcTBe Beamxobpuranuu B MockBe B TOpxke-
CTBEHHOU 0GCTAHOBKE B IPUCY TCTBUU MHOTUX BUIHBIX AesTenen Hayku Oubre
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ApcenneBre 6LLT BpY©UeH AUILIOM TOYMETHOTO LIeHA O AuHOyprekoro Kopomres-
ckoro obmecTra. Oabra ApceHbeBHA OYE€HB MOPAMIACH DTU CBOUM OTAUIUEM.
I auubyprcekoe Kopoaesckoe o61ecTBo GBLI0 OCHOBAHO B 1783 romgy ¢ meabio
BCEMEPHO COACUCTBOBATL PA3BUTHUIO HayKu, ¢purocopuu n uckyceTs. C 1820
mo 1832 rox npesugenTom obmecTsa 6b1 Baasrep CkoTT, B TedeHue aBa-
auaTu ogaoro roga O6imecTBo BO3rAaBaan Beaukun Gpusuk Jopja KennBuH.

O6paiasck K OPpUCYTCTBYIOIIUM HA IePEMOHUHU, T0CON BermkoOGpurtanuu
Cadepaang, B 9acTHOCTH, CKazal: «B cooTBeTcTBUE € ycTaBOM BTOTO HAyH-
HOT'O 00MIECTBA OCHOBHBIM KPUTEPUEM NpPK W3OPAHUU €r'0 MOYETHBIX WIEHOB
ABISIOTCA BBIJAIOUIAECA MOCTURKEHUA KAHAUAATA B 00MACTH HAYKW WUIW JUATE-
patypel. U TpymHO mpencTaBuTh cebe JyUIIyI0 KaHAUAATYPY, deM mpodec-
cop Ouennuky». I mamee 6bu1o ckasano, 9To uccaegoBanua OMeMHUK «OKA3AIN
GOJIBINIOE BO3JEUCTBUE HA PA3BUTHUE MATEMATUIECKOU HAYKYU HE TOILKO B Co-
BerckoMm Corose u BerukoOpuTanuu, HO u B OOJIBIIUHCTBE CTPAH 3ATATHOTO
MUPay.

Ha sTou ceeTnorn HOTE X04y 3aKOHYMTH CBOUM PACCKA3 O 3aMevaTelbHOU
KEHIUHE, BBIJAIOMEMCA YICHOM U yIUTENE.
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O Mex TyHApOIHOM IBUKEHUN TI0 PedOPMUPOBAHIIO
MaTeMaTUIECKOT0 0Opa30BaHUA
B HadajJe XX CTOJETUS

P. 3. I'ymens

[Ipobaembl pepOPMUPOBAHUA MATEMATUIECKOTO OOPA3OBAHUA HLIHE
OYEHBb MUPOKO OOCYXKTAITCA B CAMBIX PA3HBIX KPYraxX HAYIHOU U TIeJaro-
FUYECKOU O0MEeCTBEHHOCTH. [IpeacTaBaseTca nHTEPECHBIM 0030 HAYANDb-
HBIX YCWJIUH 10 YCOBEPIIEHCTBOBAHUIO MATEMATUIECKOTO 0OPA30OBAHUA B
HavaJe MPOILIOTO BeKa — M0 MEePBOU MUPOBOU BOWHEL. Toraa B 06CyX ae-
HUAX OPUHAIA y9aCTHE MHOTHME BLIIAIOMMECA YIeHbIe u negaroru. Huxe
TPEAIAraeTCAa KPATKUU OUE€PK 3TOTO MEXKAYHAPOTHOTO ABUKEHUA.

B. M. TuxomupoB

Hagano akTuBHBIM 06CYXAeHUAM TPOOJEM MATEMATHIECKOrO 006pa30oBa-
HUA B Mmpe (B OCHOBHOM B EBpone) momoxwmio cozganme MexpyHapomHOU
Komucenn no npenogasanuio maremaruxu (MKIIM). Dra koMmuccus Gbira co-
sgama secuon 1908 roga ma IV MexaynapomHoM MaTeMaTHIeCKOM KOHI'PEC-
ce B PuMme no mHUIMATUBE M3BECTHOrO amepukaHckoro negarora [[. Cmura.
[IpesugenTom xomuccun Obun u3bpan Deauke Krenn (Iepmamnus), Bume-mpe-
sugeaToM — [. I'punxwin (Anraws), remepansusiM cekperapeM — A. dep
(MTBeruapwus).

O6mas 3ama49a KOMUCCUU COCTOAJIA B AHKETUPOBAHWM COCTOSHUS MaTe-
MaTHUYeCKOT0 0Opa30BAHUA B PA3NUIHBIX CTPAHAX W COCTABJICHUH OTHUETA O
COBPEMCHHBIX HAIIPABJCHUAX B IIPENIOJaBaAHUN MaTEMaTUKW.

Komuccus ocennio 1908 roma omybamkoBaia TPOrPAMMHBIN JOKYMEHT.
BoT HekOTOpBIE U3 €r0 OCHOBHLIX MOJOXEHUN.

«/I3 pasIuvHBIX TPEAMETOB, KOTOPHIE MOMXHLI HAUTU MECTO B IIKOIb-
HOM IIPENOfaBaHUM, CIEAYeT yKas3aTh Ha AU@PEepEeHIUAIbHOe ¥ UHTErPAIb-
HOE UCYUCACHUE, HA AHATUTUIECKYIO T'eOMETPHUI0, HA HEKOTOPHIE HacTHU Ha-
“epTATEILHON U TMPOEKTUBHOU T€OMETPUM, a TaKXKe Ha M3ydeHue PU3NKW C
MaTeMaTH‘IeCKOﬁ TOYKU 3pEHUA.

... CrenoBano 6Bl BHIACHUTH, KAKOBBI PE3YJAbTATHI, KOTOPHIE TaeT MCUXO-
JIOTUA MO OTHOIICHUIO K TPENONABAHUI0 MATEMATHKYW, M B KAKOU Mepe OHI
TIOJIE3HBI W XKEJATENbHBI PpHU pedOpMe BTOrO MIPEOIaABAHUA.
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... C KaKoro MOMeHTa, MOIKHBLI TMOIYIATH MPeoOaagaioee 3HAMEHRE CO-
00paXeHUs YUCTO JOTMYECKOTO XaPAKTEpa, HANPUMED, TPU MPENOfaBAHUN
reoMeTpun uan 1ud@epeHnuaIbLHOr0 U HHTErPAABHOIO UCIUCAEHUS.

... B xakou Mepe OBLIO GBI BOZMOXHO CTEPETH YCIOBHBLIE TDAHUIILI, YCTa-
HOBUBIIUECA MEXIY PA3IAYHBIMEU OT/IEJAMA MATEMATHKN, HAIIPUMED, MEX Iy
anre6pou m reoMeTpuen, Mexay aire6pou um audPepeHnuaTbHBIM U UHTE-
CPAILHLIM MCUMCICHNEM, MEXIY €BKINAOBOM U AHAIUTHUYIECKON TeOMETPHUEN,
MEX Yy PeOMETPUEN U TPUTOHOMETPUEHN.

...BBUI0 OB XeraTenrbHO MO3HAKOMUTHCA C PE3YJIbTATAMU CJIEIYIOIIAX
MpeoOpas3oBaHUN, KOTOPHIN OLLIN MPEIOXEHBI WM CHOBA PACCMOTPEHBI B TIO-
CJEHUE TOMBL: &) MECTO, KOTOPOE MOXKET OBITH OTBEIEHO F€OMETPUYIECKUM [Ie-
MOHCTPAIUAM B anreOpe; B) CIUAHUE IIOCKOW TEOMETPHUH CO CTEPEOMETPUEN;
¢) 6onee TecHoe coeauHeHue AUMGGHEPEHINATLHOIO UCIUCICHAA ¢ HHTETDATb-
HBIM U TONBITKHU TPEANOCIATE HHTErPATLHOE UCHIUCAeHre nuddepenimanb-
HOMY.

... BEICKa3BIBANIOCH TTOXETAHUE, ITOOBI HEKOTOPOE BPEeMs OBLIO VAEIeHO
HCTOPUY PA3BUTHUA MATEMATHUKHU. B KaKOW Mepe 5TO BO3MOXHO W KEIATEIb-
HO?. . »Y)

Cepbesnoe BHUMaHTE yaeaeno B [IpeasapuTensHoM TOKIALE U TPOOIEMAM
MOATOTOBKHU yIUTENEN.

B Mexaynapoguyo KoMuccuo BONLIM M AKTUBHO B HEeW pabOTAIU HAIU-
OHAMBHBIE TIOMKOMUCCUYN MPAKTUIECKN BCEX CTPaH EBpOMBI, & TakXe APYTUX
koHTUHEHTOB. Co3aHNe TAKON KOMUCCUN ¥ 3aUHTEPECOBAHHOCTEL B €€ paboTe
MeJaroroB MHOTMX CTPAaH O0OBACHAIOTCA CleAyommMn npuanaavu. K cepenu-
e XIX cromeTus Bo mHOrmx crpanax Esponsr u CeBepHou AMepuky BIOJHE
CIOXUIACH CTPYKTYPA MYXKCKOU TMMHA3UM, KAK CPEIHEro y4eGHOTO 3aBefe-
HUS, JABABIIErO MPEUMYIIECTBEHHOE MPABO HA MPOAOIKEHNE 00Pa3OBAHUA B
yuuBepcureTe. B nenTpe 00ydYeHUA 37eCh CTOSIM NPEBHUE A3BLIKA U MaTe-
MaTHUKA, IPATIEM CPEIU TeIed TPEenoIaBaHnA MATEMATUKNA HA TEPBOE MECTO
CTABUIOCH PA36UMUE HOPMAALHO-A02UUECKO20 MbIULLEHUA 6 Yuwepl o6aade-
HUIO MAMEMAMUYECKUMY MEMOIAMU U NPUAOHCEHUAMY.

Onmnako, k¥ xoumy XIX cromeTus pasBUTHE TPOMBIINUIEHHOCTH NOTpebo-
BaJIO GOMBIIOTO THUCIA CHEIUATUCTOB ¢ TEXHUIECKUM U €CTECTBEHHOHAY THHIM
00pa3oBaHMEM, KaK BBHICHIM, TaK U cpegHuM. YV 5Ta moTpebHOCTH ABUIACH
OJHOW W3 TVIABHBLIX MPUYUH BO3SHUKHOBEHUA PedOPMATOPCKOTO NBUKEHUA B
06IacTH CpeaHero 06pa3soBaHUA, B TOM TUCIE, X MATEMATHYIECKOTO.

Pasubie cTpanbl umenn pasiuvdHble, HEPEAKO TPOTUBOMOJOXHBIE, TEH IEH-
A7 B MATEMATHIECKOM 06pa3sOBaAHUN.

1)MemquapogHaﬂ KoMmuccnsa mo mpemnogaBaHMIO MaTeMaTHKHU. lIpeaBapUTEIbHBIA IO-
xxag // 2KMHII, 1909, Ne3; MCk., 1909, T. 27, som. 1; BO®OM, 1909, Ned75-476; Kues.
Yums. Uss., 1909, Ne11; Maremaruaeckoe O6pasosanme, 2001, Ne3 (18).
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Anrmnuckun nmxenep [lx. [leppu cumTan, 9T0 MaTeMaTHKa, HOIKHA OLITE
CAVWHBIM IIpEAMETOM, 9TO reoMeTpua JOJXKHA OCHOBBIBATHCA Ha HATVIAAHOCTH,
a IeIYKTUBHOMY METOJY HEe MECTO B CPEIHEN IIKOJE.

Uranbannst e, Ha060pOT, AEPKAIACH NENYKTABHON CUCTEMHEI.

B ocnaoBe pedopmaropckoro asmxkenus B ['epmanum jexana TeHIEHIW
COMMKEHUSA MKOJIBHOTO KYPCa ¢ MATEMATUIECKOU HAYKOU TOrO BPEMEHW.

CymecTBeHHON KOMIOHEHTON (PPAHIY3CKOU pedOpMBI 0Opa3oBaHUA ObI-
na gpypxanusa (mpodunsHas auddepernnalusa) 06pa3oBaHusi, Pa3AeJeHIe ero
HA HECKOABbKO OTAEICHUUA T'YMAHUTAPHOTO U €CTECTBEHHOHAY YHOTO MPOQUIIS.

" B Poccun xonen XIX — magamo XX cTomeTus OLLIM OTMEYEHBI pedop-
MaMu u pepOpMATOPCKUME IPOTPAMMAMU B 06JACTH CPETHET0 MATeMaTHIe-
CKOro o6pa3oBaHUsI.

B 1900 roay no nanmuaruse MmuaUCTPa Hapoguoro npoceemenus H. I1. Bo-
romenosa B C.-IleTepOypre paboTana Buicouanime yupexaeHHas KOMACCAA TI0
BOMPOCY 06 yIYYNIEHUAX B CPEIHEN 00IE00Pa30BATEIBLHON IKOJIE.

B sTou komuccun Gb110 pazpaboTaHO MATEH TUMOB MYXCKUX CPEIHUX KO,
B TOM YHCJE: KAACCUIECKAsA TUMHABUA 0€3 TPEIeCKOro A3BIKA U eIWHASA IIKOIa
¢ pypkaumen B CTAPUIAX KIACCAX. DHLIO MPU3HAHO XETATEILHLIM BBEICHUE
JJIEMEHTOB aHa_III/ITI/ILIeCKOfI reoMeTpuun B IIPpOrpaMMBbI IIKOJ BCEX THUIIOB.

B To Bpemsa mpaBo Ha MOCTyIJIEHWE B YHUBEPCUTET [IABATA TOIBKO T'UM-
nasusa. Komuccus Boromenosa mputsaia pemenne NpeIoCTABATE U PEATUCTAM
MPaBO MOCTYILIEHUS B YHUBEPCUTET, HA, (PUBUKO-MATEMATHICCKUN U MEUITHAH-
ckuil PaKyJIbTETHI, IPU YCJIOBAU BBENEHUA B PEATBLHBIX YUMIUINAX TONOJHU-
TEILHOTO (BOCBMOIO) KIACCA.

Pemmenns 3Ton KoMuccny He OLLIM IPETBOPEHE B XU3HL, Tak Kak H. I1. Bo-
rosenioB B 1901 rogy 6pl1 y6uT, a ero NpeeMHUKN HE CTAJW HUYETO MEHATH B
cucTemMe cpefHero o6pa3oBaHU.

Ho Bompoc o gomycke peajucToB B YHUBEPCUATET He OBLI CHAT C IOBECTKHU
aus, u B 1907/1908 y4e6HOM roay B pealbHBIX YUWIMIIAX OBbLT BBEJEH A0-
MOMHUTEIbHBIA KAacc. [IporpaMmMa 1mo MaTeMaTHuKe, COCTABICHHAS [ DTO-
ro kmacca xkomuccmen Bo raase ¢ mpodeccopom C.-Ilerepbyprekoro ymum-
Bepcureta K. A.Tlocce, comepxkana GOJBIION O0OBEM CBEAECHUU TO AHAMUIY
0ECKOHEYHO MAJBIX UM AHAIUTUYECKOU TEOMETPUUM — TEOPUI0 TPE/eNoB,
TMOHATHE O HENPEPHIBHOCTU (QYHKIUM, 3JIeMEHTH AuddepeHIuaIbHOTO U
HHTETPATLHOTO UCUUCICHUA, TEOPUIO KOHUYIECKUX CEYeHWU W T.A. B cooT-
BETCTBUU C DTOU MPOrpPaMMON OBLIO HANUCAHO MHOIO YYeOHUKOB U METO-
OAYEeCKUX PYKOBOJACTB, B TOM YHCAE W TAKUMHU W3BECTHBIMU II€JATOTAMH,
kak A. fl. Kucenes, K. H. Pammesckuu, M. I'. [Tonpyxenko. [lo sToun mporpam-
Me peasbHbIe yumiuina paboranmu BmaoTh g0 1917 roga. B 1911 roxgy mpo-
rpaMMa, OJuU3Kad K DTOU, ObLIa BBENEHA M B KAJEeTCKUX KOpIycax. Bompoc
0 pedopMe TUMHA3UYECKOTO 06pPa30BAHUA AKTUBHO OOCYXKIAJACT HA PA3HBIX
YPOBHAX.
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WTakx, MBI BUAUM, ITO K HaYaay XX CTOJETHUSI BO MHOTUX CTpaHaX OBLIA
0CO3HAHA HEOOXOMMMOCTH MOUCKA HOBBIX (DOPM ¥ HOBOT'O COMEPKAHUI MATE-
MaTHYIECKOr0 0O6pa30BaHMs, a4 B HEKOTOPBIX CTPAHAX K pedopMaM yxke mpu-
crynuiu. U cospannas Mexayraponuas Komuccus noaxma ObLIa HAIPABIATH
W KOOPJWMHUPOBATEL DTy paboTy.

Ha xonrpecce 8 Pume MKIIM 65110 mopy«deHo 3aHATHCA BOMPOCAMU TIPe-
MOaBAHUA MATEMATUKA TOALKO B cCpefnuen mkone, Ho enrpansupin Komuter
3HAYUTEJIBLHO PACIIUPUI 3TY 33439y, PACIPOCTPAHUB €€ HA BCE CTYNEHUW Ma-
TEMATUYIECKOTO 00PA30BAHMUA OT HAYAIHHOTO [0 BBICIIETO, HE OTPAHUIUBAACH
0011e06pa30OBATEIbHBIMEI YIeOHBIMY 3aBEJEHUAMMT, HO W3y'as MPEenoaBaHue
MATEMATHUKA U B NPOPECCUOHAIBHBIX IKOIAX.

[IpeasapurenbHbn 1OKIaL OBLT PA30CIAH BCEM CTPAHAM-YYIACTHUIIAM, KO-
TOpBIX moHa4Yaay Obuto 18. Bce manmomasbHbIE O0TYETHI MOMKHBI OBLIN OBITH
npeacrasiensl A. @epy k magany 1911 roga, Ha OCHOBAHUM 3THUX OTIETOB K
V konrpeccy gomxkesn Obul ObITH OAroTOBIEH ¥ 06U oTdeT MKITM.

Honyuus [lpeasapuTeabHbIl JOKAAMI, BCE CTPAHBI-YIYACTHUIIH HAYAIN AK-
TUBHYIO PABGOTY MO CO3AAHUI0 HAIMOHAMLHBIX IO JKOMUCCUN U TOATOTOBKE OT-
<4eToB. BoarmaBuiau 5TU TOAKOMUCCUT U3BECTHBIE YIEHBIE-MATEMATUKH, B TOM
aucse: B lepmanun — D. Knenn, 8 Uranum — . Kacrensuyoso u ®. Dupuk-
Bec, B CIITA — /1. Cyut u /1. B. FOur, o @paunuu — 1. Annens u K. Jlezan
(B pafoTe dpanIysckon nogkoMuccuu yaactosaau Takxke ['. apby u 9. Bo-
pens). Pycckyro HAIMOHATBHYIO MOAKOMUCCHIO TIO TIEPCOHATBHOMY TIPHTIAIIE-
mno D. Knerna Bosraasun mpejgcegarens Ydenoro Komurera MunucrepcTsa
Hapoguoro mnpocsemenus, akagemuk H. . Commn (1849-1915). Om mpwu-
MIACUI K YyYaCTUi0 B pycckou peneranuu upodeccopa C.-Ilerepbyprexoro
TexHomorudeckoro nacturyTa B. M. Kosnosuya u gupexkropa 2-ro C.-Tlerep-
Oyprckoro peanbuoro yuminiia K. B. ®oxTa. [loszguee B cocTas pycckon gefe-
raruu somiu npogeccopa /1. M. Cunmos u K. A. [locce; mocaenuun BO3NIaBmI
pycckyro pereranuio nocae kouduna H. . Conuna.

Iocnmegnun mepen I muporon sounon cnesgq MKIIM cocroamca B Ilapu-
xe Becuon 1914 roma. Ha sTom cwesae cocras llenTparsuoro Komurera 6hin
yBeaudeH 10 cemu denosek. B wero sonum /I. Cmur, 2K. A namap, I'. Kacrens-
uyoBo u E. YyGep. Bompocamu, 06Cy X TaBUIMMUCA HA DTOM CHE3/€, CTAJM:
a) pe3yJabTATHI, JOCTUTHYTHIE B [eJe BBeJeHUsA Hadal guddepeHIuaIsHorO 1
MHTErPANTBLHOrO MCIMCACHUA B CTAPIIME KJIACCHI CPENHEN MKATBI; b) MECTO u
pOJIb MATEMATHKHK B BHICHIEM TexHU4YeCKOoM obpasoBanuu. C pokaagom «Co-
MIACOBAHME TPENONABAHNA MATEMATHKY B CPEIHEN IITKOJE ¢ TPOTPECCOM HAY-
KW BRICTYNIMJI Ha chesqe 3. bopers.

Ouepeguon cbezn MKIIM nomxen 6bu1 cocroaTsea B Mronxerne B 1915 ro-
ay. [Ipexnomarasocs 06CyX [eHre BONPOCOB MOATOTOBKY yuuTenen. Ho nada-
JACh BOWHA, M MEATEILHOCTH KOMUCCUE OBLIA IIPUOCTAHOBIEHA. B0306HOBH-
JACh OHA JWITh K KOHIY 20-X romoB, 6aaromapsa ycuamaM ee 6eCcCMEHHOTO
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resepanbHOro cexkperapsa A.depa (ocTaBaBlIerocsi Ha HTOM MOCTY B Te-
genne 44 mer), no Coserckas Poccusa B paboTe >TOM KOMHUCCHU HE ydIaCT-
BOBAJIA.

O6patuMmca Kk paboTe PYyCCKOU HAIMOHAJLHOU MOAKOMUCCHU. B MapTOB-
ckom HOMepe 2Kypuana Mwaucrepcrsa Hapomuoro Ilpocsemenus 3a 1909
roj OBLIO TTIOMEIIeHO OUINATHFHOE U3BEIIeHrne 06 OPraHu3aIuu KOMUCCUHA U O
HA3HAYTEHUU PYCCKOUW MENETallnd, TaM Xe Obul HamedaTan [IpeaBapuTensHbIn
noxaan. Axamemux H. fl. Conun ofpaTmiaca depes XKypHAT KO BCEM JUIAM,
KEIABIIUM MPUHATH YYACTUE B COCTABICHUM OTYETa, PYyCCKOU HAIMOHAIHLHOU
TMOJAKOMUCCHHT, ¢ TPOCLOON HANPABIATL HA €r0 WM CBOM 3aaBieHusa. Kpome
TOro, OH nmpuraacui Pu3mko-MaTeMaTuIecKne (PaKyJIbTETHl BCEX YHUBEDCH-
TETOB AEJErUPOBATEH CBOUX ITPEJACTABUTENEN B COCTAB PYCCKOU HAIMOHAILHOU
10 JTKOMUCCHM.

21 mos6ps 1909 roga B C.-IleTepOypre cocTOATOCH TEPBOE COBELIAHMUE PYC-
ckon noaxkoMmuccuu. Ha 3Tom coBemanuu ObLT COCTABICH OOMIUA ILIaH PAaOOTHI
7 OCYIIECTBJICHO PACIPEIEICHNE OTASIbHBIX BOIIPOCOB MEX Y €r0 YIACTHUKA-
mu. B 1910 rogy cocTas pycckon HATTMOHAILHOMN MOAKOMUCCHY OBLT yTBEPK JEH
opunmaabuo. B Hee Bouwtu 22 wenoBeka, cpeau Hux: B. @. Karamn, /. /1. Mop-
nyxau-Boarosckou, M. I'. Tlonpyxenko, K. A. ITocce, /1. M. Cusros.

Yxe B 1911 roay ma cwesge B Muname [I. M. Cunnos u B. M. Kosnosu,
BEICTYTABINEE C JOKIAIOM O paboTe PYCCKOR IO IKOMUCCUR, TTPEACTABUIA H OT-
4eToB, HA KOHrpecce B Kembpuaxke 66110 mpencrasiero 13 orderon. Bompo-
col, copmyaupoBanusie B [IpeasapuresbHoMm nokiaazie u Ha cbesgax MKIIM,
aKTUBHO O0OCYXJAIUCh M CPEIU NeNaroroB, W B MevYaTH, B IEPBYIO OvUepenb,
B TAKUX XYyPHAJIAX, KaK «BeCTHUK ONBITHOU (DU3UKU U DIEMEHTAPHOU Ma-
rematukm (Omecca), «[legarornveckunn c6opamk» m «MaTemaTuveckoe o6pa-
soBammey. OCOGEHHO MHOTO BHUMAHUA MATEPUATIAM 3TOU TEMATUKU YIEJAT
«BecTHHK. . . », TIABHBIM PEIAKTOPOM KOTOPOT'O GBI B T€ TOALI WIEH PYCCKOR
HAIMOHAIBHOU TOAKOMUCCUH, BOOCAeNCTBUN — npodeccop MockoBckoro yHu-
BepcuTeTa B. ®. Karam.

AxTusmo o6cyxgannch noguaTeie Mexgynapoanon KoMmuccuen BOmpocn
n Ha AByX Bcepoccmickmx che3fgax mpenogasaTenen marematuku B 1911 u
1913 romax.

B cTpane pazpabaTLIBaINCh HOBLIE IPOTPAMMEBL A CPETHUX YIeOHBIX 3a-
BEJICHUN PA3HBIX TUMOB, BKAIOUABIINE, B TOM THUCIE, BBECHUE DICMEHTOB aHA-
Jau3a GECKOHEYHO MAJBIX U AHAJIUTUIECKOU TeoMeTpun, PyPKAIUIO MIKOJIBI U
muoroe apyroe. Cobwurtusa 1917 roga octanoBunu 5Ty paboTy.

U cerogma MBI QOMXHBI M3yYaTh TPYALI NEAATOTOB IPOILIOrO HE TOIb-
KO JUiA TOro, 9TOOBI JUKBUIUPOBATH BO3HUKIIUU B COBETCKUU mEpmoj 06-
PBIB TIPEEMCTBEHHOU CBS3W MEX/Y IIKOJOU MPOILIOr0 W HACTOAIIETO, HO U
mOTOMY, 9TO MHOrMe HapaGoTku Hadana XX crometus (u gaxe Goree pas-
HEr0 BPEMEHM) CErOHA CHOBA CTAMNM HA MOBECTKY AHA. DTO OTHOCHTCA W K
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npobaeMe MOJEepHU3AINE 00pa30BAHNA, U K M3MEHEHUIO CTPYKTYPHI Cpeauen
IIKOJABI BBeJeHNEM (PYPKAIUU, W K YCUJIEHUIO POJU TICUXOJOTUM B IIPENOJa-
BaHWUM, W KO MHOTMM JPYI'MM BOTPOCAM, aKTyaJbHBIM U CErOJHA, U CTO JET
Ha3a1.

A mHOrme y4ueOHO-METOAUYECKHNE U3JAHUA TOTO BPEMEHU TOCTE HE3HAYHU-
TEIBLHOU IepepaboTKu MOrIK Obl OBITH MCIOJB30BAHBI KAK B CPEIHEH IIKOJE,
TaK ¥ TIPA MOATOTOBKE YIUTENI B By3e.



Tema HOMEepa: rpynnbl OTPaXKCHAN

Kanen1oCcKonbl 1 IPyIIbl OTPaKeHNN

2. b. Buntepr

Bcem m3sBecTHA AeTCKAaA UrPYIIKa KaaeugoCKon (9TO MO-IPEYeCcKr O3HA-
YaeT («CMOTPIO KPACHUBBLIM BH[)), B KOTOPOU PA3HOIBETHBIE KYCOUKHU CTEKIA,
MHOTOKPATHO OTPaXaiCh B TPEX 3€PKAIAX, CO3JAI0T KPACUBLIU y30P. 3epKa-
JIa, 3TU PACTIOJOXKEHBI KaK GOKOBBIE TPAHW MPABUILHON TPEyTOJBHON IPU3MHI,
o6pasys mexay cobon yriasi, pasable 7/3. Ecam 6b1 oTu yriast Gelim apyru-
MM, TO, KaK MPABUIO, OTPAXKEHUA HAKIAABIBAINCH OBl APYr Ha APYTra U HE
CO3/IABAIN CUMMETPUIHOrO y30pa. OMIHAKO UMEIOTCA UCKIIOIUTEABHBIE CIY-
9am, KOT/a, 3TOTO HE MPOUCXOANT. Bce OHM MOTYT OBITH JETKO HAWAEHBI, ITO
u OyZeT caeraHo B . 2.1 HACTOMAIIER CTATLH.

OnuCcAaHHBIT BBIME OOBITHBIA KAJEUJOCKOI TI0 CYIIECTBY ABYMEPEH, TaK
KaK MBI BUJUM B HEM ILIOCKHU y30p. MoxHO mpeacTaBuTh cebe Tpexmep-
HBEIT KaJEUJOCKON KAaK MHOTOTPAHHYIO KaMepy ¢ 3ePKAILHBIMA CTEHKAMH.
HabumiofaTens, TOMEIIEHHBIN B HEE, YBUAUT MHOTOKPATHBIE OTPAKEHUA BCEX
HAXOAAMMXCA B Heu npeameroB. Kak mpaswiao, >Ttu oTpaxeHus OyayT Iie-
PEKPBIBATHCA, HO MMEETCA HECKOABKO CaydaeB (Mbl mx onumeMm B m. 2.3),
KOTa OHU He TEPEKPBHIBAIOTCA U CO3JAI0T CUMMETPUYHBIA TPEXMEPHLIN
y30p.

OT6pocuB B CTOPOHY BO3MOXKHOCTH MPAKTUYECKOU PEATUIANUU, MOKHO
TOBOPUTHL W O MHOTOMEPHEIX KAJEHIOCKONAX, a TAKXKE O HEEeBKIMAOBLIX Ka-
e OCKOMAX, a MMEHHO, 0 KaJeHJoCKomax Ha cdepe u B mpocTpaucTse Jlo-
6a4eBCKOro. Kanenqockomnsl B €BKAMIOBOM IPOCTPAHCTBE U Ha cdepe a060u
pPasMepHOCTH OLLTM UCUYEPIBIBAIONIAM OOPA30M OMUCAHBI AHTIUUCKAM MATE-
matukoM X. C. M. Kokcrepom B 1934 r. (cM. crarsio [4] B 5TOM HOMEpE XKyp-
Hana). Ha o6moxke ero mepeBeeHHON HA PYCCKUU A3BIK TOIYJAPHOW KHU-
ru [1] m3o6paxeH OQMH U3 KaJEWAOCKOIOB Ha OOBIYHOM (ABYMepHOU) cdepe
(cm. pue. 9). Cheputieckue KaaengoOCKONBI TECHO CBA3AHBI C NPABAILHBIMU
MHOrorpanaukamu (cM. [5]).
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Kanengockomst Ha maockocTu JIo6adeBCKOTO NCMOIB30BAINACE CIIE B KOHIIE
XIX Beka @. Knennom u A. [lyankape B UX MCCIEJOBAHUAX 110 TEOPUU ABTO-
MOP(QHBIX PYHKIIUU KOMILIEKCHOTO nepemernHoro. B 1958—60 rr. romranackun
xymoxuuK M. J1ep co3aan HECKOIBKO CBOMX OPUTHMHAILHBIX KAPTHUH-Y30POB
Ha 6aze D>TUX Kaxengockonos (cMm. puc. 106).

Kanengockomsl B mpoctpaucTse Jlo6adeBcKoro craiu 06HEKTOM WHTEH-
CUBHBIX UCCICTOBAHUY HAUIMHAA ¢ 1965 I'. B CBA3M ¢ HEKOTOPBHIME TPOGIEMAMHA
Teopum Tpynn. Ux moaHoe onucanme B JOO60U Pa3MEPHOCTH €Ie AAJEKO OT
saBepmenus. Vmeercsa yauBUTENbHBIN Pe3yabTaT (NPUHANIEKAIIAN ABTOPY
CTATBU) O TOM, 9TO TpH 1 > 30 B n-MepHOM HIPOCTPaHCTBE JI06a<eBCKOrO BO-
obrre He cymecTByeT KaaenqockonoB. CKopee BCEro, 5Ta ONMEHKA HE ABIACTCHA
TOYHOU, TAK KAK MPUMEPHI U3BECTHBI JUIIb MPU 1 < 8.

[ToMuMo ykKe YIOMUHABIIUXCA TPUIOKEHUN KAJSHJOCKONOB B T€OMETPUN
(mpaBUABLHBIE MHOTOTDAHHUKH ), TEOPUE (DYHKIIUM KOMILIEKCHOT'O TIEPEMEHHO-
TO W TEOpHWH T'PYNI, UMEIOTCSA He MeHee Ba)XKHLIE WX IMPUWIOKEHUA B TEOPUU
wquces, Teopun aare6p Jlu, arre6panmtieckon reoOMeTpun, TOMOJIOTUA U IPYTUX
pa3jenax MaTeMaTUKH.

Caenyer, BOpoYeM, CKa3aTh, UTO B CEPHLE3HON MATEMATUIECKOU JUTE-
paType TEepMUH «KAJeuAOCKOI» He ymoTpebiaderca. BMecTo 3TOro roBopAT
«(mmckpeTHas) rpynna, MOPOXKAEHHAS OTPAKEHUAMUY, WIU MPOCTO (TPYTIIIA
OTpaxeHum» (XOTs FPYNIA COCTOUT HE TOJABKO U3 OTpaxkenui). CMBICA 5TOrO
TepMuHA OyaeT 0OBACHEH HUXKE.

Boaee moaubie cBefieHns 0 rpyInax OTPAKEHUN MOXHO HAUTH B 0030PHOU
crarbe 2] u B cTarhe [3] 3 HacTOAmEro COOPHUKA.

1. OBHIASI TEOPUA
1.1. OIHO 3EPKAJIO

Yo MBI BAAWM, DVIAAA B 3€PKAJI0! 3E€PKAIBLHBIM U300PAXKEHUEM TOIKU
A aBrgerca Touka A', cuMMeTpUYIHAA €I OTHOCUTEILHO IIOCKOCTH 3EPKAJIA.
IDTO 03HAMAET, ITO HE3ABUCUMO OM MOUKYU 3PEHUA, UCTOMHUAK CBETA, TTOME-
IIEHHBIN B TOYKY A, BUjIeH B 3epKaje TaK, KaK eCIu
6b1 oH Haxoamiaca B Touke A’ (cm. puc. 1, rae mzo-

A 4’ OpaxeHO cedeHEe MIOCKOCTHIO, MEPIEHANKYIAPHON
("~ t2**®  mrockocTu 3epkara m MPOXOAAIIEH Wepes TOUKy A

>~ u To4Ky 3penus O).
) [IpeoGpaszopamume s, KOTOPOE KaX IO TOUKE CTa-

BUT B COOTBETCTBHE TOYKY, CUMMETPUIHYIO €U
OTHOCHTENbHO wIockocTu I1, HaszpBaeTCaS ompasice-
wuem otaocuTenbuo II. Omo sBasfeTca KBUXKEHU-
Puc. 1. eM (M30MEeTpmer) MpOCTPAHCTBA, T.€. COXPAHAET
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paccToanusa Mexay Toukamu. Keau cumTaTrh maockocts 11 3epkamrom, To Mup
«3a3epKaJbiy MOIYYaeTCsa M3 PeaJbHOTO MUPAa, HAXOJAMIETOCA HEpel 3epKa-
JIOM, IPUMEHEHNEM OTPAXEHUA S U HAOOOPOT.

1.2. [IBA 3EPKAJIA

PaccmoTpum Tenepb, 9TO MOXHO YBHUJETH B cUCTEeMe u3 AByX 3epkan 1y
u Iy, orpanwuumBarmoumx asyrpanasil yroa P. Ilycts s; m s9 — oTpaxe-
Husa oruocureanuo 117 m Il coorseTcTBenHOY) . MNszo6paxenuem 3epkaaa Iy
B 3epkaJe 11 apasercsa nmonymrockocTs s1lls, a m3obpaxeHuaAMu TOYMEK, CUM-
METPUAIHBIX OTHOCUTENBHO 1y — TOYKM, CUMMETPUYIHBIE OTHOCUTEALHO S111o.
ITO 03HAYAET, 9TO B 3a3€PKAIBLHOM MuUpe (0THOCHTENBHO 1] ) moaymiockocTs
s11ly ABRIgETCA 3EpKATOM M300PAKEHNA OTPAKECHUS S9.

Boaee nonpo6HO, B pesyabTaTe IBOMHOIO OTPAXKEHUS JIyYa CBETA CHAYAIA
B Ily, a sarem B 111, ncTounmK cBeTa, MOMEIIEHHBIN B TOUYKY A € P, Bugu-
c1 HAM B TOUKe $1S9A, cummerpudnon Touke s1A orHocmTenbHo s1lls (cm.
puc. 2). Becb yron P B pesyapTaTe ABOMHOTO OTPAXKEHWA BUAUTCA HAM KAK

H1 Slp 81H2

$182 P

H2 SIA 51821_[1

818214

SQP
SQA

8182$1P

52114 518251115

Puc. 2.

yroa MeXIy moaymrocKocTbio s1lly m moaymmockocTsio s1s9lly, cummeTpud-
wou Iy orHOCUTENBHO $1115. B pesyabraTe Tpounoro orpaxenus yroax P su-
MATCSI KAK YTOJ MEX Iy TOJYILIOCKOCTBIO $152111 m moaymnockocTsio 515951119,
cummerpuiaon s11ly oTHOCHTERBHO $189111, u T. o. (Bece momymnockocTn 11y,
Iy, s11ly, s180oIlq, ...umeroT O6mMU Kpal; HA pUC. 2 M300PaXKEHO CEYCHUE
MIOCKOCTBIO, TEPIEH IUKYIAPHON 2TOMY KDParo. )

AmanorusubiM o6pasoM, raaaa B 3epkaiao Iy, MBI BUAUM M300paxkeHUT
89P, 8189P, 898182P, ... yraa P, npuMBIKaiomue K HeEMY ¢ APYTOM CTOPOHLL.

U,Z[onycxaﬂ BOJBHOCTH P€4YM, MBI IOBOPEM 00 OTPaXKEHUAX OTHOCUTEIHLHO IOJIYILIOCKO-
CTen, uMes B BUAY OTPAKEHUA OTHOCUTEIBHO COAEPKAIINX UX TIOCKOCTEH.
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Kaxmas Touka yraa P’, nporusononoxuoro P (orpaHm<eHHOr0 mpoao-
xeruamu noaymaockocren I1; m Ils), «Buarar kak B 3epkane I1;, Tak u B
sepkade Ils. Ilpu sToM nmeroTCs creayonme 1Be TPUHITNTHAILHO PA3HBIE BO3-
MOXHOCTH.

Ecmu mepa o yrna P He sBasgeTcsa nenou qacThI0?) T, TO, KaK TOKa33aHO
Ha puc. 3a, mzobpaxenus yria P, sugusre B 3epkanax [1y u Iy, 6yayT mepe-
KPBIBATLCA, TAK UTO B OAHOU TOUKe yraa P’ Mbl cMoxeM (mepememas TOUKY

3pEHUs) YBUIETh M300paXKEeHUsA PAsHLIX To4ek yraa P. Ecau xe a asasercs

II,

I, @\p 2 II,
"

N

(6

~

Puc. 3.

MEJOR IaCThI0 T, KAK, HAPUMED, Ha PHUC. 36, TO BTOT0 HE MPOUCXOJUT, T. €.
KApTUHA, KOTOPYIO MBI BUJUM, HE 3G6UCUMN OM MOUKY 3PEHUL, KAK eCau Obl
OHa, OBLIA PEATHHOU, a He CO3MAHHOM MHOTOKPATHBIM OTPAXEHUEM OTHOCH-
TEILHO 3€PKAI. ITO 7 €CTh 3PPEKT KATCUJOCKOTIA.

Iocrengree 06CTOATEALCTBO MOXET OBITH BHIPAXKEHO B TEPMUHAX YMHOXE-
Husa npeoGpasoBanuii. A umenHo, nyctb « = 7/k, rae k € Z, k > 2. Torga
onuuM u3 m3o6paxenunn Touku A € P B sepkane 11y Gyger Totuka

s18981... A€ P,
—_—
k MHEOXUTEICH

a OJHNUM U3 ee nm300paxeHuu B 3epkane Iy — Touka
8981892 ... AecP.
——

k MHOXUTeIeH

: . a
2)l'Io,z[ LeI0U YACTBIO TMCIA @ 3/€Ch NOHMMAEM IHMCIO BUXA L, TAe k — marypauabHOE
TUCJIO.
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HesaBucumocTh HAGMIOAEMON KAPTUHBL OT TOYKY 3PEHU O3HATAET, ITO

§$189281 ... = 898189... (1)
~— ~—
k mHOXuTeTen  k MHOXWTeIEHn

C y4eToMm TOro, UTO §7 = $3 = e (TOXAECTBeHHOE TIPe0Bpa3OBaHTE), PABEH-

cTBO (1) PaBHOCHMIBLHO PABEHCTBY
(s152)" = e, (2)

KOTOPO€, KOHEYHO, BEPHO, TaK KaK $1S9 €CTh NOBOPOT Ha 27 /k BOKPYyT pebpa
yria P.

Tax kak M300paXkeHus KaXIOU TOUKM He BLIXOAAT 33 MPEIebl TLIOCKO-
CTH, TEPTIEHANKYIAPHON O0IIEMy KPAIO BCEX 3ePKaJ, TO OOHAPYKEHHOE HAMMU
ABJIEHVE TI0 CyIIECTBY AByMepHO. MOXHO roBopuTh 06 OTpPaXKeHWM OTHOCH-
TeILHO TPAMOU HA TIOCKOCTH, W PUC. 3 NEMOHCTPUPYET, 9TO U300PAKEHUA,
TOMYI€HHBIE MHOTOKPATHBIMEA OTPAXKEHUAMY OTHOCUTEIHHO CTOPOH yIvia, He
NepEeKPBIBAIOTCA TOrJa W TOABKO TOT/A, KOIJa BEeIWIUHA (¢ DTOTO YA ABJIA-
eTCsA HeIon JacThio 7. Bonee Touno, eciu a = 7 /k, rae k > 2 — HaTypanbHOe
SUCI0, TO BCA IOCKOCTH OKA3BIBACTCA PasbuTON Ha 2k pABHBIX YIJIOB ¢ 06IIEen
BEPUINHON, B KAXK/IOM U3 KOTOPBIX MOJYYIAETCA OJHO M300paXkeHue BHYTPEH-
HOCTM MCXOMHOT'O yria. B TOJOBMHE M3 DTUX YIVIOB M300DaXKEHUA ABIAOTCI
3€pPKAIbLHO OOpAIIEHHLIMY, B APYTOU HOJOBHAHE, BKAIOTAIOIICH CAM HCXOIHLIN
yroa, — HeOOpalleHHBIMMA.

1.3. MHOI'O 3EPKA.I

IIpencrasum ceGe Tenepsb BHIMYKIBIM MHOTOYTOJbHUK (MHOTOTpaHHUK) P
C 3epKadbHBIMEM CTeHKamu. HazoBeM ero kaqetdockonom, ecam m3oGpaxe-
HUA €r0 BHYTPEHHOCTH, TOMYIAEMBIE MHOTOKPATHBIMU OTPAKEHUAMHA OTHO-
CUTEIBHO €r0 CTEHOK, He MEePEKPLIBAIOTCA WIN, WHAYTE TOBOPS, €CIU KAPTUHA,
KOTOPYI BUAUT HAOMIOAATENb, HAXOAAMMNACA BHyTpU P, HE 3aBUCAT OT €ro
TOJMOKEHUA. V3 mpeaniaymero caeqyeT, ITo Iad 3TOr0 HeOOX0AUMO, ITOOBI
BCe (OBYrpaHHBIE) YIVIBI MHOTOYLOJABHUKA (MHOTOTpaHHUKA) P ObLINM IIeabi-
MU F9acTaMu 7. MHOroyronbHuKy (MHOTOrNDAHHUKH ), 061 JAIOIINE TIOCAETHAM
CBOMCTBOM, HA3BIBAIOTCA MHO20Y20abHuKamu (muozozpannuranu) Koxemepa.
TakuM 06pa3oM, BCAKUM IBYMEDPHBIN (TPEXMEPHBIN) KAJCUJOCKON ABIACTCA
MHOTOyTOMLHUKOM (MHOTOTpanEnKoM) Kokcrepa.

I[Mpumepom muOTrOyromsumka Kokcrepa sBisercs paBHOCTOPOHHUU Tpe-
YyTOIBHUK (BCE yIVIBI KOTOpOro pasHbl 7/3). Ero sepkanbubie m3oOpakeHus
06pasyoT KapTUHY, TOKA3aHHY HA puc. 4. IMeHHO Takyo KapTUHY MBI BU-
UM, DISAIA B OOBIYHBIN KaJe JOCKOTI.

Jlerko mepevuucanTs Bce MHOTOYroabHUKE KokcTepa (MBI 5TO caeraeM B
n.2.1) u y6eauThesa, 9TO KaX bl U3 HUX ABIAETCA KATEWAOCKOIIOM B HALIEM
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LULLU
c <9 <5
AN AN
L <L VL L
Sec <S¢
N > A N < A
LV LL
c <9 =9
AN AN

Puc. 4.

cmbicae. OpHako 0oJee MHTEPECHO NaTh ANPUOPHOE NOKA3ATEIHCTBO DTOrO
daxTa, IpUTOTHOE U IS MHOTOTDAHHUKOB.

IIycts P — wmoroyroabuumk Kokcrepa, IIi,I1s,...,1I, — ero cropownsr,
$1,82,...,8, — COOTBETCTBYIOIINE OTpaXeHWs. MHOrOyroJibHUKHU BHIA
SiySiy -+ -85 P (B TOM [mcae m cam MHOTOYroabHuUK P) GyaeM Ha3bIBATH Ka-
MEP AMU.

BriscuumM, mzobpaxenue kakonm ToUku A € P MBI YBUAUM B 3aJaHHON
Touke C mirockocTu, ecau 6yaeM cMoTpeTh w3 Touku O € P. [Isurasces mo
orpe3ky OC, MBI CHauasIa HepecekaeM Kakyo-To cropony II; kameper P u
monagaeM B Kamepy P = s;, P, cumMmerprunyio P orHocuTensno I1; , 3aTem
mepecekaeM KakKyio-TO CTOpOHY s;,1l;, 5Tol kaMeprl u momajgaeM B KaMmepy
Py = s, 84, P, cummerpuanyio P orHOCHTENBHO S, I1;,, ¥ T. 4. B KOHIIE KOHIIOB
MBI TIOHAJAEM B KaKyio-TO Kamepy () = P, = s; 8, ...5;, P, cogepxamryio
touky C (cm. puc. 5). [Iycts A € P — Takas TodKa, 9TO

C = 841849 + - SilA;

torga orpe3ok OC (IpoXoAMMBbIE B 0OPATHOM HANPABICHUM) ABIAETCA Pas-
BEPTKOU TPACKTOPUM JIyta cBeTa, uaymero ms A wm momagatomero B O mo-
cie orpaxenui B croponax 1I;,, ..., I;,, II;, (B ykasanmom mopaake). Taxum
o6pasom, B Touke C MBI BUAUM n300paxenue Touku A.

Yro Gyger mpoucxoauTh npu nepememnienuu Todku 3penus O7 Ilo Tex
mop, moka orpe3ok OC He HATKHETCA Ha BEpPIIMHY OAHOU m3 Kamep P, Pp,
..., P_1, mocaemoBaTenbHOCTL Kamep Py, Pp, ..., P, u, TeM caMbIM, TOYKa
A 6ynyT ocraBaThCsa HemsMeHHbIMU. [Ipy mpoxoxgenum orpeska OC' depes
BepuuHy [ OMHOU U3 YKA3AHHBIX KaMep Mbl Ha HEKOTOPOM YYaCTKE HAIIETO
nyta u3 O B C OygeM HaKTAIECKU UMETL AEI0 ¢ CUCTEMON U3 IBYX 3EPKAT
(cM. pume. 6). Boree Touno, nycTs yron npu Bepmmee DD pasen w/k; Torma
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() = 525351835251 P

Puc. 5.

8598381835951 = 5951838515251

Puc. 6.

B MOCIENOBATEABHOCTA (i1,%9,...,%;) OyJeT NPUCYTCTBOBATH OTPE30K BUIA
(iy,4y...) mamHBL K, KOTOPBIA TOCIE TPOXOXACHUA BepUMHBI [ 3aMeHUTCA
HA OTPE30K (7,4, 7,...) TAKON XKe AJIWHBLL; HO TaK KAaK

3

5i8j8i... = 8j88j...
— —
k MHOXKHUTeTe  k MHOXHTeIEHn
TO HPOU3BENEHUE S;, Si, -..S;, a 3HAIAT, U Touka A He mamenarcsa. Takum
obpasom, P — KaneugoCcKoIl.

1

To4HO Tak e MOXHO AOKa3aTh, UTO IIPOU3BEJEHUE S; S, . .. S; HE U3Me-
HsgeTca npu nepemMerniennu ToYku C' BHYyTpHU Kamepsl (). DTO 03HAYAET, 9TO
un300paxenne, BUAAMOE BHY TP KaMePHI (), TOIYIaeTCA U3 BHYTPEHHOCTH Ka-
Mepel P mprMeHeHneM [BUXKEHNA S, S, . - . §j,. LaKuM 06pa3oM, BCA IIOCKOCTh
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OKAa3BIBACTCA PA3OUTON HA KAMEPHI, BHYTPY KaXA0U W3 KOTOPHIX MbI BHIUM
n306paxeHne BHYTPEHHOCTU Kamephl P.

ABAnOrUTHO TOKA3BBIBAETCA, UTO BCAKUU MHOTOTpaHHUK KokcTepa ABis-
ercsa KagzengockornoM. (Ilpw 5ToM KpUTHHUECKAMEU MOMEHTAMU SBIAOTCA Te,
xorga orpesok OC HaTeikaeTcs Ha pebpo oguoun u3 xkamep P, Py, ..., P_4.)

3 3

1.4. T'PYNIA, NIOPOXKAEHHAA OTPAYKEHUAMN

CoBoxkynuocTh (G ABUXKEHUU IIOCKOCTH (OPOCTPAHCTBA) HA3BIBACTCA
epynnod, ecan

1) mpoumssenenme mMOOLIX ABYX ABMXKeHUN u3 G Takke npuHALIEXKAT G
2) npBuxkenue, 06paTHOE MI060MY ABUKEHUIO U3 (G, TaKXKe IPUHALIEKUT G
3) TOXAECTBEHHOE ABUXKEHUE MpuHANIEXUT G.

3

OTPaXEHUsA OTHOCUTENBHO ero cTopoH (rpamen) Il Iy, ..., I1,. OueBuzHo,
9TO COBOKYHNHOCTH (i BCEBO3MOXKHBIX IPOU3BENCHUN S, Sj, . .. Sj, (HE TOIBKO
NOMy9E€HHBIX OMUCAHHBIM B 1. 3 CIOCOGOM) ABIACTCA TPYIION; B 9aCTHOCTH,
06paTHLIE BIEMEHTH B CIIY COOTHONICHUH S7 = e 3aJat0TcA hOpMyIoH

IIycts P — muOrOyroasuuk (Muororpanuuk) Kokcrepa u sq, 89, ..., Sy —

e =1 s
(8i18in -+ 8i)) " = Si; - SiySiy-

I'pynna G HasbBaeTCsa epynnot, noposrciennoti ompaicenuamy OTHOCUTEIHHO
CTE€HOK MHOTOYTOIbHUKA (MHOTOTDAHHUKA) P.

[IpowsBegenns s;, S, . . . Sj;, HOLy9aeMble OMUCAHHBIM B II. 3 CIOCOGOM (T. €.
COOTBETCTBYIOIINE PEATLHBIM TPACKTOPUAM Nyden cBeTa B kKamepe P), Oyaem
HA3LIBATE NPUEEICHHBIMU.

r[[OKa,)KeM, 9TO NPUBEACHHBIMHA IIPOU3BCACHUAMMU Ha CaMOM feJae MCHYCPITbI-
BaeTca BCA rpynma G, T.e. di060e TPOU3BENEHUE OTPAKEHUU 81,89, ..., Sm
PaBHO KAKOMY-TO IMPUBEIEHHOMY .

Paccyxpas no mHAYKINM, TOCTATOYHO IPOBEPHATD, ITO €CIH S;; Sjy -+ - Sj; ——
npuBejJeHHOe IPOM3BeJeHne, TO AId J000r0 j HPOM3BEACHHE Si S, ... S;5;
PaBHO KaKOMY-TO IIPABEJCHHOMY INPOU3BE/CHUIO.

Bymem mgns ompemeneHHOCTH TOBOPUTHL O ABYMEPHBIX KAJEHI0CKOTAX;
TPEXMEPHBIN CAYIAd HUYEM MPUAHIATAATLHO HE OTIMTACTCA.

3adukcupyem touky O € P um paccmorpum kamepy () = S;, S, ... 8, P.
Ilycre H — mpamas, Opoxojdliad tepe3 CTOPOHY S;, S;, . .. s;1l; xamepnr ().
BosMmoxHBI gBa caydad.

1) Kamepsr P u Q nexat no passble ¢cTOpoHBI OT npamon H (puc. 7a).
Torga Touka C' € () mMoxeT OBITH BHIOpaHA TaK, ITOOBI MPOJOMKEHUE OT-
peska OC mepecekano CTOPOHY S;, Sj, - .- 5;,11;. IIpuBenernoe npomsseenme
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Pwnc. 7a.

5§18y - - - 8j;, IOCTPOEHHOE 1O 0TPe3Ky OC OmMCAHHBIM B II. 3 cHOCO60M, paB-
HO S, 84, ... 8, TaK 9TO

(8i1Siy -+ Siy)Sj = 8115y - -+ 85,55
Ho oweBmano, 9TO S, S, ...555; — ITO IPUBEJEHHOE IIPOM3BEJCHUE, COOT-
BercTByiomee orpesky OD, rae D — mobas TO4YKa HA NPOAOIKEHUN OTPE3KA
OC, nexaiias BHYTPA KAMEPHI, CUMMETPUIHON () oTHOCUTEIbHO H.

2) Kamepwr P u Q mtexat mo ogay cTopony ot npamon H (puc. 76). Toraa
Touka C' € () MoxeT OBITH BHIOPaHa Tak, 9T00bI oTpe3ok OC' nepecekas cTo-
POHY S;, S, ... 5;,11;. IIlpuBegenHoe mpomsBegeHHe Sj 5j, ... 5j;, COOTBETCTBY-
fomee orpe3ky OC, PaBHO S;,S;, . .. S;; IPA 3TOM j; = j, TaK 9ITO

(8i1Sin -+ 8,)85 = Sj1Sjn - Sjy_1-

Puc. 76.
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Ho sj,5j,...5j,_, — 5TO IpUBeJEHHOE IIPOU3BEICHNE, COOTBETCTBYIOIEE OT-
pesky OD, rme D — mobas Touka orpeska OC, sexanas BHYTPU KaMEPHI,
cumMeTpudHOon () oTHOCUTEABHO H.

U3 mokasaHHOTO ClIEAyeT, B YaCTHOCTH, UTO COBOKYIHOCTL BCEX M300pa-
xeuuu Touku A € P coBnamaer ¢ ee opbumoti

GAE {gA: g€ G},

TaK ITO BCA KAPTUHA, KOTOPYIO MBI HAGTIOAaEM B HAIIEM KAJIeUJOCKOTe, WH-
BAPUAHTHA OTHOCUTEIBLHO rpyrnnsl G.

1.5. HEEBKJIU/JOBBI 1 MHOTOMEPHBIE KAJIEN/0CKOIIbI

WsnoxenHas BLIME TEOPHUA B NEMCTBATEALHOCTH HOCUT OOJMee OOMME Xa-
paKTep, TaK KaK OHA HE UCIOIb3YeT BCEX T€OMETPUIECKAX CBOUCTB €BKIUI0-
BOW MJIOCKOCTY WU (TPEXMEPHOIr0) MPOCTPAHCTBA. BaXHO MuIb TO, 9TO TpA-
Mas (IIOCKOCTH) pa3zbMBaeT IIOCKOCTH (IPOCTPAHCTBO) HA ABE CBA3HBIE KOM-
MOHEHTHI ¥ CYMIECTBYET OTPAXKEHUE OTHOCUTEIBLHO NPAMOU (IIOCKOCTH) —
JBYKEHWE, OCTABIAIOIIEE HA MECTE BCE TOYKY JAHHOU TPAMON (ILIOCKOCTH) U
[epeCcTaBIAIOINIEE CBA3HBIE KOMIIOHEHTHI AOMOMHEHUA. Bcé 510 mmeeT MecTo u
B IBYX ABOUCTBEHHBLIX APYT APYTY HEEBKIMAOBBIX T€OMETPHUAX: CEPAIECKON
reomerpun u reomerpun Jlobadesckoro. [Ipumepb HEEBKIMIOBBIX KAJEH 10~
CKOTIOB OyIyT NPUBENEHBI B CIENYIOIIEM maparpade.

NsnoxenHas TeOpusA MPAKTUIECKA 6€3 M3MEHEHUU MEPEHOCUTCA U HA €B-
KIUJOBBL (M HEEBKIUOBBI) IPOCTPAHCTBA JI000M PA3MEPHOCTH, €CIU O OT-
PaXeHNEM INOHUMATh OTPAXEHNE OTHOCUTECJIBHO I'MIEPIJIOCKOCTH. OAHaKO B
HACTOAIIEN CTATHE MBI P HATVIAIHOCTH OTPAHUIABAEMCA TPEMS U3MEPEHMU-
AMH.

2. KIIACCUD®UKALIUSA U NPUMEPHI

2.1. [IBYMEPHBIE KAJIEMIOCKOIIBI

Hangem Bce muoroyroapnuku Kokcrepa Ha eBKIMAOBOU IIOCKocTH. Kak
M3BECTHO, CYMMA YIVIOB €BKINAOBA N-yTOILHUKA PABHA (N —2), TaK ITO CPE-
Hee apudMeTndeckoe ero yriaos pasuo (1l — %) aTo npu . = 4 cocrasager
7/2. Ho Bce yrasl muoroyroasanka Kokcrepa, kKak ABCTBYeT U3 OLPeIeIeHNs,
He Goabiie, deM 7 /2. [losToMy equHCTBEeHHBIM YeTHIpexyroasHuKoM Kokcrepa
ABJACTCA NIPAMOYTOJBHUK, & MHOI'OYyT'OJBbHUKOB KOKCTepa C 66HBHII/IM IUCJIOM
CTOpPOH BOOOmIE He cymecTByeT. [lamee, Tak KakK CyMMa yIVIOB TPEYTOJIbHU-
Ka paBHa 7, TO mua Tpeyroabumka Kokcrepa ¢ yrmamu w/k, 7/l, 7/m Mot

noay<daeM Amo(aHTOBO ypaBHEHUE

1 1 1
z—i-?—i-a—l. (3)
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Puc. 8.

C ToYHOCTHIO [0 IepecTaHOBKHY ducea k, [, m OHO mMeeT CAeAyIolIne TPU pe-
menns: (3,3,3), (2,4,4), (2,3,6). Takum 06pa3soM, UMEETCA POBHO TPU Tpe-
yroapauka Kokcrepa: paBHOCTOPOHHUU, PABHOOENDEHHBIN TPAMOYTOJLHBIN
U IPAMOYTOJIBHBIA ¢ OCTPBIMEU yraamu 7/3 u 7/6. Pazbuenus miockoctu, co-
OTBETCTBYIONIAE TOCACTHAM ABYM TPEYTOILHUKAM, M300paXKEHBl HA PHUC. 8.
BMeCTe C IPpAMOYTOJBHUKOM MBI IIOJYIa€M 4 THUNA ABYMEPHBIX €BKJUOOBBIX
KaJIeH O CKOIIOB.

AnanoruysbiM 06pazsoM MOXKHO HAUTHU BCE CHEPUIECKUE MHOTOYTONLHU-
ku Kokcrepa. Cymma yraos cdepudeckoro TPeyroabHUKa OOAbIne, YeM T
(mpocToe MOKA3aTenbCTBO STOrO CM., Hampumep, B [1]) u, cregoBaTeabHO,
CyMMa yIIOB cepuyuecKoro n-yroibHuka Oosabmie, deMm 7(n — 2). Ilosto-
MYy B OTHOIOCHUN C(i)epI/I“IeCKI/IX MHOT'OYT'OJTBHUKOB KOKCTepa Hallll BBLIBO-
OBl O 9UCIe CTOPOH TOMBKO YCYTyOMAIOTCA, & MMEHHO, HEe CYNIECTBYET Cde-
PHUYUECKAIX MHOTOYTOABHUKOB KOKCTepa, OTAMYHBIX OT TpeyroabHumka. [lis
cdepuaeckoro Tpeyroasanka Kokcrepa ypasaenue (3) 3aMeHAETCA HEPABEH-
CTBOM

1 1 1
E+7+;>1’ (4)

umenmuM creayomue pemenna: (2,2, m), (2,3,3), (2,3,4), (2,3,5). llepsomy
13 DTHUX pEIIeHud OTBedaeT pasbmenme cdepbl Ha 4m (OUIPAMOYT OMLHEIX)
TPEYTrOAbHUKOB, OCYIIECTBAACMOE DKBATOPOM U 2177 PABHOOTCTOAIIMME APYT
ot apyra mepugumanavu. OCTajdbHBIE 3 DEMIEHUA CBA3AHBI ¢ MPABUILHBIMUI
mMHOrorpanaukamu (cum. [5]). Pas6uenue, orsevaromee pemenuio (2,3, 5), uso-
O6paxeHO Ha puc. 9.

Yro kacaeTcs MHOrOyroabHUKOB KokcTepa Ha mmockocTu JlobadeBckoro,
TO X ropasgo Oosabiie. Bce, 9T0 He MOXeT OBITH PEATM3OBAHO HA EBKJIU-
JOBOM ILIOCKOCTHW WM Ha cdepe, Pealu3yeTcs Ha ILIOCKOCTH Jlo6GateBcKoro.
A mMeHHO, cymMMa YIJIOB N-yroOJdbHUKE, HA MIOCKOCTH JI0BAY9EeBCKOTO MEHBIIE,
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Puc. 9.

geM 7(n — 2), U A JI00BIX HATYpPAIbHBIX uucen ki, ks, ..., ky, > 2, yaosie-
TBOPAIOIIAX HEPABEHCTBY

i‘i‘i"i‘ +i<n—2
k1 ko kn ’

Ha II0CKOCTH JIoGatweBckoro mMeeTca MHOTOYroabHMK KokcTepa ¢ yriamm
w/ky,w/ke, ..., 7/kn,

Ilpeabigyiee HEPABEHCTBO ABTOMATHYECKW BBITOJHAETCA Tipm 1 > 4, a
rakxke npu n = 4, ecim Tonsko (ky, ko, ks, ky) # (2,2,2,2). Ilpu n = 3 mMb
moAyvIaeM CAeyIollliee HEPABEHCTBO MIA Tpeyroabumka Kokcrepa ¢ yriamm
7 /k, 7/l /m:

+

+ =<1 (5)

~ |

1
m

=

Ero pemenunsavu spasioTcs Bce Tpouku (k, [, m), KpOMe Hepe-NCICHHBIX BBILIE
pewrenny ypasHenus (3) u HepaseHcTBa (4).

Hampuwmep, #a miockocTu JIo6a4eBcKOro mmMeeTcsa TpeyroabHbIN KAJEH 10~
ckon ¢ yraamu 7 /2, w/4,7/6. CoorBeTcTByMIOMEe pa3bueHue m300PaKEHO HA
puc. 10a. ITpu sToM mcnonb3oBana Momenb llyankape, B KOTOPOR TLIOCKOCTD
Jlo6a<eBCKOro m306paxaeTcs B BUe OTKPBITOTO KPyra, ee MpaMble — B BUIE
OUAMETPOB KPYra U AYT OKPYXKHOCTEH, TIEPIEH ANKYIAPHBIX TPAHUIE KPYTa, &
YTJIBI COBIAMAIOT C €BKAUAOBEIMUY. [Ipu mpubiuxennn K rpanuile Kpyra eBKJIn-
IOBBI Pa3MePHI TPEYTOTLHUKOB Pa3bMeHna CTPEMATCA K HYJIIO, HO UX Pa3MepPhI
B cmbicae reomeTpun JI06aIeBCKOr0, €CTECTBEHHO, OCTAIOTCA MOCTOSHHBIMUA.
Puc. 106 npencrasiaser kapTury-y3op M. dmepa «He6eca u agy, 0CHOBAHHYIO
HA DTOM pa3bueHunu.
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A’ﬂ\\‘\‘
QL

Puc. 10.

2.2. MoayiasdapPHAA reyanA KJIEVHA

MoXH0 pacCMATPUBATE TAK HA3LIBAEMEIE GCUMNIMOMUUECKUE MHO2OY204b-
HUKY HA TWIOCKOCTHA JI06ateBCKOT0O, ¥ KOTOPHIX ONHA WIM HECKOILKO BEPIIUH
ABJAAIOTCA OECKOHETHO yaaneHHBIMEU (T. €. B Mogenu [lyankape mexaT Ha Tpa-
HUIIE KPyTa). YTIBI IPKM TAKWX BEPIIMHAX CIEAYET CIATATH PABHBIME HYJIIO.
AcuMnTOoTHYECKUT MHOTOYTOMLHAK ABIAETCA KAJEHI0CKOIIOM TOTLA M TOMb-
KO TOrga, KOoraa BCe €ro yIJvibl IIpu OGI)I‘{HI)IX BEpHOIMHAX CYThH IIeJabIe YaCTU 7.
YCJIOBI/Ie CyIIeCTBOBAHUA BBITIAIUT TaK XK€, KaK W [ 06I)I‘IHI)IX MHOT'OyTr'Oab-
HUKOB.

B wacTHOCTH, Ha mIocKoCcTH JI06AMEBCKOTO CYIECTBYET TPEYTOMBHLIN Ka-
nengockon ¢ yraamm w/2,7/3 m w/oco. CoorBercrByomee pasbueHue u30-
6paxeno Ha puc. 1la. Ha pumc. 116 To xe pasbuenue mOKa3aHO B MOTe-
au [lyamkape B BEepXHEU MOIYILIOCKOCTH, KOTOPAd TMOMYTIACTCA U3 MOJEIU B
Kpyre koH(pOPMHBIM TpeobpasoBanumeM. Kak B Kpyre, Tak U B BEPXHEU I10-
JYIIOCKOCTHU MPsAMBIE TeoMeTpun JI06a<eBCKOTO m300paKa0OTCaA NHTEPBAIA-
MW €BKIUJOBBIX MPAMBIX W AYTaMU OKPYXHOCTEH, TMEepPIeHIUKYIAPHLIX I'Pa-
aune. (B cryvae BepxHEN MOLYNMIOCKOCTH TO BEPTUKANLHBIE MOSYIPAMBIE U
HNOMyOKPYXHOCTH C TEHTPOM Ha ocu abcnuec.) OTpaxeHus OTHOCUTENHLHO
MPAMBIX, U300PAKAEMEIX UHTEPBAIAME €BKIUAOBLIX MPAMBIX, COBIAJAIOT C
eBKAUJOBLIMU OTPAKEHUAMHA, & OTPAKEHUA OTHOCUTEILHO MPAMEBIX, H300pa-
KAEMBIX IYTaMU OKPYXKHOCTENR, — DTO WHBEPCUU OTHOCUTENBHO DTUX OKPY K-
HOCTEN.

Mogens B BepxHen MOJIYILIOCKOCTH YAOOHA TeM, 9TO B HEM OYUeHb MPOCTO
3aNUCBIBAOTCA OBUXEHUA IIJIOCKOCTHU JIOGa,‘ieBCKOI‘O. A MMEHHO, €CJU BBECTHU
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Puc. 11.

KOMILTEKCHY IO KOOPAMHATY 2z = Z+iy (TakK, 9TO BEPXHAA NOMYILIOCKOCTE Oy1eT
3a,1aBATHCA HEPABeHCTBOM Im z > (), TO NBUKEHUs, COXPAHAIOLUINE OPUEHTA-
IH1I0, — 3TO IpeoOpa30BaHUA BUIA

az+b
2 (a,b,c,d € R, ad —bec = 1),
a IBVKEHUA, MEHAIOIINE OPUEHTAINIO, — 3TO Mpeobpa3oBaHud BAIA
az+b
2 (a,b,c,d € R, ad — bc = —1).

Yucaa a, b, ¢, d onpeeneHbl ¢ TOIHOCTHIO 10 OJHOBPEMEHHOTO YMHOXEHUSI
Ha —1.
Jlerko mpoBepuUTh, ITO YMHOXEHUE ABUXKEHUN COOTBETCTBYET YMHOXECHUIO

a b
MAaTpHIL (c d)' (3amerum, 9T0 ad — bc — BTO He UTO MHOE, KAK ONPEACIn-

o a a b)
Tenh MaTpuisL | o ).

Opnun u3 TpeyronbHUKOB paszbuenus, moKazaHHOTO Ha puc. 116, 3agaeTcs
HEPABEHCTBAMU

0<Rez<%, |z| > 1.

O6Gosuauum ero gepes P. OTpaxeHnus OTHOCUTEIHHO €0 CTOPOH UMEIOT BHU[

_ _ 1
Z2—= —Z, 2= 1—2Z 22— —.
z
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Nwm cooTBeTCTBYIOT MaTPHUIIHI

(1) () (o) ©

Tak Kak 5T MATPUIBI HEIOYUCACHHEI (T. €. UMEIOT IEIbIe DJIeMEHTE), TO U BCe
UX TPOU3BEAEHUA IeaouncieHubl. Omupasch Ha aaropuTm EBKamma, MOXHO
npoBepuTh (MOMPOOGYUTE DTO CAENATH!), 9TO BCAKAA MEJOUUCICHHAA MATPUIA,
¢ ompeneauTeaeM +1 mpencTaBaseTCs B BUAe NpousBeseHus MaTpu (6).
Takum 06pa3oM, Tpy1Ia, MOPOX TEHHAA OTPAXKEHUAMYI OTHOCUTEIBHO CTO-

POH TpeyroapHuka P, — 5T0 rpymma Bcex npeoGpasoBaHuil BUAA
az+b B
z—— (@b deR, ad—be=1) )
n BUIA
Zr—>a2+b(a.b c,d €R, ad —bc = —1). (8)
cz+d ) y

[Ipeo6pasosanus suga (7) (T.e. cOXpaHIIOUIXE OPUEHTANNIO) OOPA3YIOT B HEN
TOATPYINY WHAEKCA 2, HABBIBAEMYIO M0dytapnot epynnoti Kaetina. Oma me-
KUT B OCHOBE OONBIION TEOPUH, HAXOAAIIEUCA HA CTHIKE Teopuu (YyHKIUU
KOMILIEKCHOTO TTEPEMEHHOT0, TEOPUM FHCEN Y TEOPUU TPEACTABICHUN.

2.3. TPEXMEPHBIE KAJIENIOCKOIIBI

Haxox nenue muororpamuukos KokcTepa 3aTpyAHAETCA TEM, UTO COOT-
HOIICHUA MEXAYy MABYI'DAHHBIMHU YTIVIAMU MHOT'OT'DAaHHUKA HE CTOJb OPOCTHI,
KaK COOTHOIIEHUE MEXIy yIJIaMu MHOTOYTOAbHUKA. TeM He MeHee, HEKOTO-
phIe TPOCThIE HEOOXOUMBIE YCIOBUA MOKHO YKa3aTh cpa3y. [Ipu nepecesenun
BBIMYKJIOI0 MHOTOTPAHHUKA, P ¢ MaJleHbKOU ¢Pepou ¢ IMEHTPOM B KAKOU-TU60
€ro BepimHe 00Pa3yeTCs BHIMYKILIN C(PEPUIECKUN MHOTOYTOJIBHUK, YIJIbI KO-
TOPOTO PABHBI ABYTPAHHBIM YIJaM MHOTOTPAHHUKA P MpH COOTBETCTBYIO-
mux pebpax. [looTomy, ecim u3 BepuimHbl BEIXOAUT ¢ pebep, TO CymMa IBY-
FPAHHBIX YIMIOB TpM >TuX pebpax Goawbme, wem 7(g — 2). Orcroga cregyer,
YTO €CIM BCE ABYTPAHHBIEC YIVIBI MHOTOTpaHHUKa P He mpeBocxomar 7/2 (Ha-
OpUMeEp, €CIU OH ABAAETCA MHOrorpaHHukoM KokcTepa), TO U3 KaxkIOU ero
BEPHIMHBI BBHIXOJAUT TOJTHKO 3 pebpa, IpuyYeM CyMMa ABYIPAHHBIX YIVIOB ITPH
HuxX Gombime 7. MHOTOTpAHHUKY, KaXAasd BEPUINHA KOTOPBIX MPUHAIIEKUT
TOABLKO 3 pebpaM (M, 3HAYUT, TOABKO 3 I'PAHAM), HA3BIBAIOTCA NPOCTHIMU.
Tak, TeTpasap u Kyb ABIAOTCA TPOCTBIMA MHOTOTPAHHUKAMMA, & OKTAdIAP —
HET.

YKazaHHBIMM IPOCTHIMEA HEPABEHCTBAMMU, OMHAKO, HE MCYEPIBIBAIOTCA CO-
OTHOLICHUA MEXNYy NBYI'DAHHBIMU YyIJIAMW BBINYKJIOI'O MHOT'OT'DAHHUKA. Pac—
CMOTPHUM NPOCTEUIINA CIydan, Korga P — Terpasap (He 06a3aTeIbHO Ipa-
BUJIBHBIN). 3aHYMepyeM Kak-1u00 ero rpaHy u O0O3HAYMM 9Yepes (yj = jj
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YyTOJI MEXAY i-0u U j-ou rpanamu. CpeacTBaMu TUHEHHOU aTreSphl JerKo 10~
Ka3bIBACTCdA, 9TO 9TU YIVIbI CBA3AHBI CJACAYIONIUM COOTHOIICHUEM!:

1 —CoS(1a —COS(13 — COS(i4
— COS (V12 1 —CoS3 —COSQud| 0 9
—CcosQi3 — COS (93 1 —cosass| (9)
—COSQi4 —COSQaq — COS(34 1

(Onpegenurensb, CTOANMA B JEBOU YaCTU PABEHCTBA, €CTh onpepeanTens [ pa-
Ma EJUHUYHBIX HOPMAaJAbHBIX BEKTOPOB I'PAaHEN TeTpasapa. Kro paBeHCTBO
HYJIIO BBITEKACT U3 JIUHEHHON 3aBUCUMOCTH STUX BEKTOPOB.)

3aMeTHUM, 9TO TOYHO TaK XK€ NOKA3BIBAETCH, ITO YT &, (3, Y TPEyroib-
HUKA CBA3AHBI COOTHOIIECHUEM

1 —cosy —cosf
— cos 7y 1 —cosal = 0.
—cosfl —cosa 1

OmHAKO 5TO COOTHONICHWE MPHU yCIOBAM, UTO CyMMa JIOOBIX ABYX W3 YTJIOB
a, (3, Y MeHbIIE T, OKA3BIBAECTCA PABHOCHILHBIM TOMY, 9TO « + 3 + 7 = .
(TlonpobGyuTe sT0 mokasars!). Uro kacaerca coornomenus (9), To oHO, K
COXAMCHWIO, He TIPUBOAUTCA K TAKOMY IPOCTOMY BHAIY.

Coorromenue (9) BMeCTE ¢ HEPABEHCTBAMMU

Q19 + 013 + g > 7
Q2] + Qo3 +Qgg > T
Q3] + 32 +Q3q > 7
041 + g + Qa3 >

ABAAETCA HEOOXOAMMBIM M AOCTATOYHLIM YCJIOBUEM AJId TOTO, ITOOBI B €B-
KIIJI0BOM IPOCTPAHCTBE CYIIECTBOBAT TETPA3AP C ABYTPAHHLIME YIIAMHA ;.
[Moab3aysack >TuUM, MOXHO HAUTH BCe TeTpadapbl Kokcrepa B eBKIMI0BOM TIPO-
crpancTee. Ux okaswiBaeTca Tpu. OHu u300paxeHs! Ha puc. 12, rae npuHATO
CIeyIOIee COTVIAIICHNe: MBYT'PAHHBIE VIVILI IPU HEIOMETIEHHBIX pebpax pas-
HBI 77/2, a npy pebpax, IepevepKHy THIX OJHOU WK AByMs depramMu, — 7/3 u
7 /4 coorBeTcTBeHHO. HeTpynHO 3aMeTUTh, 9TO NEPBHIN U3 TETPABAPOB IIOC-
KOCTBIO CUMMETDUM Pa3pe3aeTcsa Ha ABa TETPa’pa, MOToOHLIE BTOPOMY, U
TaK Xe TPETUU TETPAdAP HOJYIACTCA U3 BTOPOTO.

Kpowme 3Tux Tpex KamrengoCKONOB, B €BKINIOBOM MPOCTPAHCTBE UMEETCA
€Ille TOJBKO YeTHIPE KaJelOCKOMA, KOTOPBIE B ONPENEIEHHOM CMBICJIE CBO-
IATCSA K JBYMEPHBIM. OTO NPAMBIE MPU3MbI, B OCHOBAHUU KOTOPBIX JEXKUT
IBYMEDHLIN KAJEHI0CKOIL.

'pynmel oTpaxeHud B €BKAMJOBOM TPOCTPAHCTBE — 5T0 7 m3 219 Tak
HA3BIBAEMBIX KPUCMAAL02PAPUUECKUT 2pynn, OTUCHIBAIONIAX BO3MOXHbBIE THU-
bl CAMMETPUN KPUCTALINIECKUX CTPYKTYp. Hampumep, rpymnmna cumMmeTrpun



Kamengjockonsl u rpynnsl OTpaXeHAN 61

KPUCTAJINYIECKON CTPYKTYPHI TOBAPEHHON COMM €CTh T'PYIINa, TOPOXACHHAL
OTPAXKEHUAMU OTHOCUTEILHO T'PDAHEN BTOPOT'0 U3 TETPadApOB, M300paKeH-
weix Ha puc. 12. IlomecTwuB aTOMBI HATPUSA W XJIOPA B YKA3AHHBIX BEPIIN-
HAX DTOTO TETPadApa, Mbl YBUAUM B HAIIEM KAJeUTOCKONE KPUCTALIAYE-
CKYH0 CTPYKTYDPY HOBAPEHHOW COMU. AHAJOIMYHO, MOMECTUB B YKAZAHHBIX
IBYX BEPIIMHAX MEPBOTO TeTPadApa aTOMBI yIJIEPOAA, MBI YBUANM KPUCTAJI-
AWYECKYI0 CTPYKTYpPy aaMmasa (HO ee Ipynma CUMMETPHUM HECKOIBKO OOJb-
e, ©eM CPYINna, TOPOXICHHAS OTPAKEHUAMA OTHOCATEILHO TPAHEN 3TOTO
TeTpasapa).

HeTpyauo mauiTu Takxke BCe MHOTOTPAHHUKE KOKCTEpa HA TPEXMEPHOU
cdepe. Bece oHM saBasOTCS TeTpasdapaMm (CM. NOKa3aTelbCTBO BTOro B [5)).
Pasenctso (9) 3aMeHAETCA B HTOM CIydae HEPABEHCTBOM «GOJBIIE) MOLOOHO
TOMY, KaK TpH TEpexojie OT eBKIUJOBON ILIOCKOCTH K cdhepe CyMMa yIiIoB
TPEYTOJIbHUKA CTAHOBUTCA 6OJH)IHe .

B mpocrpanctse Jlo6adesckoro paBeHCTBO (9) 3aMEHACTCA HEPABEHCTBOM
«menbiey. Herpyauo nautu Bce Terpasapst Kokcrepa B npocrpancTse Jloba-
1eBckor0. OIHAKO B HTOM CIy€ae OHU COCTABAAIOT JHUIIL HUITOXHYIO TACTh
Bcex MHOrorpamHUKOB Kokctepa. Ilogo6no TOMy, Kak ma mmockoctu Jloba-
9EBCKOI'0 CYIIECTBYIOT MHOTOyTrOlbHUKU KOKCTEpa CO CKOJIb yroaHO GOIbITAM
SMUCIOM CTOPOH, B MPOCTPAHCTBE JI06ATEBCKOTO CYIIECTBYIOT MHOTOTDAHHUKY
Koxcrepa co ckonb yrogmo GoapimM ducaoM rpamen. Ho, B oTausiume oT MHO-
TOYTOJBHUKOB, OH MOT'YT UMETH BE€CbMa CJI0XKHOE KOM6HHaTOpHO€ CTpO€HueE.
HOSTOMY OOJYYIUTH UX IMOJHOEC ONMUCAHUE HEIPOCTO.

B Tou crenenu, B kKakou »TO BOOOIIE MPENCTABISIETCA BO3MOXHBIM, 3TO
ow10 caenano E. M. Auapeessim B 1970 r. On gokasan o6y Teopemy, OT-
HOCAIIYIOCA HEe TOALKO K MHOTOTpaHHUKAaM KokcTepa, HO M KO BCEM BBINYK-
JIBIM MHOTOI'DAHHUKAM, ABYTPAHHBIE YTVl KOTOPBIX He IpeBocxoaaT 7/2. Ta-
K€ MHOTOTPAHHUKY HA3BIBAIOTCA 0CMPOY20abHblMml (XOTA OHU MOT'YT UMETH
U npsAMble AByrpaHubie yrubl). Kak Mbl gokasamu Beime ([0KA3aTEILCTBO HE
U3MEHAETCA B CIy4Yae IPOCTPAHCTBA JI06adMeBCKOr0), BCAKAN OCTPOYTOMBHBIN
MHOTI'OTPaHHUK ABJAACTCA IIPOCTHBIM.

<

Puc. 12.
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Teopema AmgpeeBa gaeT HEOOXOAUMBIE W AOCTATOYHBIE YCJAOBUA CYIIE-
CTBOBaHWs B mpocTpancTBe JIo6a1eBCKOro 0CTPOyTroiIBHOTO IPOCTOTO MHOT'O-
I'PaHHUKA 33JaHHOTO KOMOMHATOPHOIO CTPOEHUA, OTINYHOIO OT TETPa3/Ipa,
C 33JaHHBIMU ABYTPAHHBIMA YIJIAMEU. JTHU YCAOBUS CYTh CJAEYIOIINE:

1) ecam xkaxkme-mu6O TPU rPAHU CXOAATCA B OJHOU BEPUIMHE, TO CyMMa yTJIOB
MeX Iy HUMU Goabine 7 (HeOGXOAMMOCTD DTOr0 yCIOBUA ObLIA JOKA3AHA
BBILIE);

2) ecam kakme-mGO TPU TPAHA MOMAPHO CMEXHBI, HO HE CXOAATCA B OJHOU
BepIINHE, TO CYMMa YIVIOB MEXIY HUMU MEHLIIE T;

3) ecam xkaxme-1uOO UETHIPE IPAHM CMEXKHBI «II0 KPYT'Y» (Kak GOKOBLIE I'pa-
HU 9eTHIPEXYTOAbHON IPU3MEI), TO HE BCE YIUIBL MEX [y HUMU PABHEL T /2;

4) ecaum MHOTOIDAHHUK ABIACTCA TPEYTOALHOU IPU3MOM, TO HE BCE YIUIEL
06pasyemMble OCHOBAHUAMU C GOKOBBIMY I'DAHAME, PABHBL 7 /2.

Teopema AHapEeBa B HEKOTOPOM CMBICIE AHAJOTWYHA 3HAMEHUTON TEope-
Me A. /. ArekcanapoBa O CyIIECTBOBAHUU €BKIUOBA MHOTOTDAHHUKA, C TAH-
Hou passepTKou. OMHAKO €€ TOYHOrO aHAIOTa, B eBKAUJOBON T€OMETPUN HET
(1 e MOXeT GBITH). DTO OfHA U3 cnenuduIecKkux Teopem reomerpun Jloba-
YEBCKOT0, MOA00OHO MPU3HAKY PABEHCTBA TPEYTOILHUKOB IO TPEM YTJIaM.

(a) (6)
Puc. 13.

C momombio TeopeMbl AHApeeBa HETPYAHO, HATIPUMED, MOKA3aTh CYIIe-
CTBOBaHUE B IIPOCTPAHCTBE ﬂ06aquCKOFO «(IPAMOYTOJBHBIX» MHOT'OI'DAHHU-
KOB (T. €. MHOTOTDAHHUKOB, BCE JBYT'PAHHBIE YIVIBI KOTOPBIX MPAMBIE) CO CKOJIb
YyTOOHO GOMBIIUM 9HCAOM Ipaner. Hampumep, u3 3TOM TEOPEMBI CIEAYET CyIIe-
CTBOBaHME MPAMOYTOIBHOTO noAeKasapa (cm. puc. 13a). 3amenus gBe poTH-
BOIIOJIOXKHBIE T'DAaHU NOOEKasApa N-yrOAbHUKAMU U COOTBETCTBEHHO M3MEHUB
YUCIO TMPUMBIKAOMIX K HAM OATAYTOJABHBIX TPaHer, Mbl moxyduMm (2n + 2)-
rpanauk (cM. puc 136, rae uzobpaxen cayqan n = 7). [lo Teopeme Augpeesa
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B mpocTpancTse JIo0ateBCKOro CyIIeCTBYEeT IPAMOYTOALHLIM MHOTOTDAHHIK
TAaKOr0 KOMOMHATOPHOI'O CTPOEHUs npu Jobom 1 > 5.

Hauunas ¢ konna XIX Beka, rpynmel oTpaxeHuu B npocrpaucTse Jloba-
9EBCKOI'0 MPUMEHAINCH K apudMETUKE KBAIPATHYIHEIX (JOPM, a B HOCIETHUE
20 seT OHUM TOJLYYWIU TTPUMEHEHUE B TPEXMEPHOU TOMOJOTHUH.
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['pynmel oTpaxkennt u rpynmnbl Kokcrepa

O. B. [lIsapmman

I'pynmoet oTpax)eHun, 0 KOTOPBIX TOBOPWIOCH B cTaThe O. b. Bun6epra [3],
IOy CcKaroT nBa onmucanus. OIHO U3 HUX — I'eOMETPUYECKOe, KAK T'PYIII IBU-
KEHUU, TOPOXKAEHHLIX OTpaxeHuamu. [Ipyroe — aarebpamtdeckoe, Kak ad-
CTPAKTHBIX TPYII C OOPa3yoIUMA U MOPOX JAIOUIIMEA COOTHOIIeHuAMu. B
DTOU CTATHE CHAYANA, JOKA3BIBAETCA PABHOCWIBHOCTH DTUX OMUCAHUU, 3 3a-
TeM pacckasbiBaeTcsa 06 anropurme 2K. Turca, KoTopwiu pemaeT npobaemy
TOXECTBA CIOB A TPYII OTPAXKEHUN.

YAacTs 1. T'Pynnbl OTPAXKEHUN KAK TPyNIbl KOKCTEPA

1. 3BAIAHUE I'PYIIBI OBPA3YIOMUMY U ONPEAEJAIOMIMUA
COOTHOMIIEHUAMH [4, 5]

3

1.1. ycrs S = {s1,..., Sy} — HEKOTOPOE (/s IPOCTOTHI) KOHEIHOE MHO-
XKECTBO 21eMeHTOB u3 rpynmsl G. PaccmoTpum andasut Han MHOXECTBOM S,
COCTOAMMI 3 21 GYKB» {S1,...,80,8] *;...,85  }, I BCCBO3MOXHEIC KOHET-

e(l)

HBIE CIOBA BUAA W = (sfl(l),...,s ), e (1) = =£1, cocraBrennnie u3 GyKB

il
Hamero andgasuta. depes W (S) 0603HAUMM MHOXKECTBO BCEX TAaKUX CIOB,

BKIIOYUAA U IyCTOE CJIOBO, He cofepxaimee Oyks. Kaxmnoe cioso w € W (5)
OpPECTABIAET IEMEHT [w] = sfl(l) e sfl(l) rpynnel G. [loroBopmmcs, 9TO 1Iy-
CTO€ CJIOBO MPEACTABIAECT €UHUILYy IPYIOBL JaeMeHTH Buga [w]|, w € W (.S5)

o6pasyioT moarpynmy B rpynmne (G, KOTOpas Ha3bIBAETCA HMOATPYIIION, IOPO-
KAEHHOU MHOXecTBOM S, u o6o3Havaercs (5).

3AIAYA 1. [okaxuTe, 9T0 moagMHOXeCTBO {[w] : w € W (S)} asaserca
noarpynmnou B G.

[TPuMEP. Ecim mMHOXecTBO S cocTOMT M3 OAHOTO dremeHTa S, TO (S) —
OTO NUKJINYIECKaAA HOAprHHa, DOPOX I€HHAA 3JEMEHTOM S.

Ecin (S) = G, To roBopsaT, 9T0 S ABIAETCI MHONCECTNBOM 00PA3YOUUT
epynnvi G mwim wT0 S nopoxcdaem G.

3AnAYA 2. (Tpynner gusapa D, u Dy). llycrs muOXeEcTBO S cocTouT
73 ABYX 1eMeHTOB: S = (t, s), mpudem t? =52 = 1, a mopazok saemMeHTa tS B
rpynne G KOHeYeH u paseH m. [lokaxure, 9TO TOrAa
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a) rpynna (S) HOpoXAaeTCA DIEMEHTAMU T = tS U t;

6) (r) — nukauveckas noarpynna B (S) nmopsaaka m;

B) (z) — HOpManbHas noArpynna mHAekca 2. B acrHOCTH, nopsagok (S) pa-
BEH 2m;

r) (S) = {1,x, Lt N ,xmflt}.

Ecin xe ts — paeMeHT GECKOHEUHOrO MOPsAKA, TO (¥) — GeCKOHedHas
HOpMAaJbHAA HOATPyHIa uHAeKca 2 B (S).
Ipynna (S) masweiBaeTcs rpynmon gusapa Dy, m =1,2,..., cc.

1.2. Ilycte G=(S). Hazosewm gBa croBa w u w' us W (.S) sxeusasenmubimu
(w ~ w'), ecin OHE WPEACTABIAIOT OAWH ¥ TOT Xe dIeMeHT rpynnsl G, T.e.
[w]=[w'].

Ecau r — memycToe CI0OBO, IpeNCTABIAIONIEE €IUHUITY TPYIOLI, TO MEI
roBopuM, 4TO B rpymnne (G Mexay o6pasyomumu S BHIIOIHAETCA COOTHO-
menme 1. VIMEHHO HaAW<ue COOTHOUIEHUH MeX Iy OOPa3yIOMMMU TTPUBOAUAT K
TOMY, ITO OAWH M TOT XK€ DIEMEHT I'DYIILI MOXEeT OBITEH IPEeCTABICH PA3HBI-
mu caoBamu u3 W (S). @ukcupyeMm HEKOTOPOE MHOXKECTBO R COOTHOIICHUT U
HA30BEM CJIOBA W U W DKBUBAJCHTHBIMHU B CUIy COOTHOmeHU R (umu R-s>kxBu-
BAJEHTHBIMH ), €CJIU OTHO U3 DTUX CIOB MOXKHO TIEPEBECTH B IPYTOE C HOMOIIBIO
MOCAEI0BATEALHOCTH SIEMEHTAPHBIX TPEOOPA3OBAHUNA OMHOTO U3 CJAETYIONNX
TUTIOB U OOPATHBIX K HUM IIPEOOPa30BAHUN:

Lwv), se8

r € R.

(YT0651 MOy IUTH OGpATHOE IPEOOpPa30BaHKe, HYKHO B KaX IOM CTPOKE 00pa-
TUTH HANPABIEHUE CTPEIKMU. )

MuoxecTBo R HA3BLIBACTCA cucmemoti onpedeasouus coommoutenut, ecan
MI00BIE [BA SKBUBAJCHTHBLIX CJI0BA 3KBUBAJICHTHBI B CHTy cooTHOmeHuu R. /s
rpynnsl G ¢ MHOXECTBOM 00pasymomux S W COOTHOImEeHn R ucrnoab3yores
0003HaeHNuA

w=(u,v) — w = (u,8,8"

3

w= (u,v) — w = (u,r,v)

G=(SIR)={(S1,...,8n|T1,72,...)
wimt G = (s1,...,sp|[r1] =1,[r2] =1,...).

3AIAYA 3. HokazaTh, 9To cooTHomenme x¢ = 1 ABAgETCS Ompenensio-
UM s OAKIAIeCKOU TPYINLI (X) TOPAIKA q.

3AJTAYA 4. [lokazars, uro D, = <t,3 |12 =1,52=1,(ts)" = 1> (ecam
m = 00, TO Dy, = <t,s|t2 =1,s>= 1>)

IIPuMEP. PaccMoTpuM Ha €BKAMAOBOU ILIOCKOCTH B3 OTPAXKEHWA | U S,
3epKaJja KOTOPBIX Iepecekaorcsa B Touke O, o6pasys yroa m/m. [Ipoussene-

Hue t ¥ s (B M060M MOpALKE) NpeAcTaBIAeT U3 ceba moBopoT BOKpYr O (mo
VIV TIPOTUB YACOBOM CTPEJKHU) Ha yroa 2m/m (upu m = 00 HyXKHO CIUTATh,
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YTO 3epKajia OTPaXeHWH mapamienbnsl). CaegoBaTensho, B rpynne G = (¢, s)
BBITIONTHEHB! cooTHOmeHns: 12 = 1, 52 =1, (ts)™ = 1.
IMocrennee COOTHOMEHME B CUY TIEPBBIX ABYX MOXHO TEPENUCATh B CUM-
MeTPUYIHOM Buje {st... = sts... (mouemy?). Hanpumep, npu m = 3 5710
p me tst.., = ,( y?) pumep, Tp

m m
COOTHONICHWE BBIMVIAAAT TaK: 1St = sts.

Konmpoavubiii 60npoc: KAKUM TBUKEHUEM ILIOCKOCTHU ABIACTCA TPOU3BE-
nenue ts (st) mpu m = oco?
[lanpie HAMAHAETCA (ATPa B CIOBa» MO CACAYIONIAM MPABAIAM: 33 OJWH
Xo[ paspemaeTcs: a) ambo dparment (t,s,t,s...) 3aMEeHUTH (GPATMEHTOM
~——

m
(s,t,s,t...) (nmm HAOGOPOT); 6) IMOO BEIYEPKHYTH B CIOBE JIOOYIO TAPY PALOM
~————

CTO&II_:_IHI/IX OJWHAKOBLIX OYKB Mau, HA060pOT, BCTABUTHL TAKyIO Mapy B CI0BO. B
oponecce urpbl MBI BCE BpeMsA 6y,qu TO0JaYy9IaTh CJI0BA, SKBUBAJCHTHBIC MCXO/1-
HOMY CJOBY B CUJIY BBINIWCAHHBIX BbITIE COOTHOIHGHI/II‘/)I. HeJIb UTPHBI — MOJNYYIUTH
SKBUBAJEHTHOE CJIOBO MUHUMAJLHOU [IAHEI.

Hanpuwmep, ectu m = 3, To gasa mcxoguoro caosa (t, s, t, s, t) urpa 3akas-
YMBAETCS MOCHE TPeX XOnoB: (¢, 8,t,8,t) — (s,t,8,8,t) — (s,t,t) — (s).

3AIAYA 5. IlokaxuTe, 9TO:
a) Wrpasd mo IpaBwWiaM, J000€ CIOBO MOXKHO HmpuBecTH K Buay (t,s,t,...),
~—
p
0<p<mum (s,t,8,...), 0 < qg<m.
~—

N
q
6) MCXOMA U3 TEOMETPHUIECKUX COOOPAKEHUN, TOKAKUTE, ITO 2171 CIOB TAKOTO

BUIA TMPEACTABIAIOT PA3HBIE DIEMEHTHI IPYNIEL (¢, S).

Acuo, ITO eciu ucxomHOE CIOBO OBLIO COOTHOUIEHWEM, TO B KOHIIE MBI TIO-
JAy<IUM IyCTOe CIOBO, a 3TO 3HAMHT, ITO COOTHomeHms t2 = 1, s> = 1 m
(ts)™ = 1 apastorca onpegeasonmmu. [logBeseM UTOT: IPyTNa AUdAPa AOMYC-
KaeT reOMEeTPUYECKYIO PEATU3AINI0 B BU/IE IPYIIILI OTPAXKEHUN HA, €BKJIWI0-
BOHU IJIOCKOCTHU (PEKOMEHAYeM ellle Pa3 BEPHYTHCA K pacckasy «/IBa 3epkamay

B [3]).

1.3. Adauna saemenma epynnsi.

[ycts B rpynmne G Buibpana cucrema obpasyommx S. Aaunot caoea w €
W (S) masbiBaeTCA YUCIO BXOMAIIAX B €ro 3amuch OykB. [l nauHBl C10Ba
BeiOepeM obosHadenue [ (w). Aauny l(g) saemenma g € G ompemerum Kak
MVWHUMYM [OJWH BCEBO3MOXHBIX CJIOB, €0 NPEACTABAAOIONX, T. €.

l(g) = w:n[ﬂi}l} l(w).

Jlto6oe ca0BO w, HA KOTOPOM ODTOT MHUHUMYM JOCTHATAETCA, HA3HIBAETCA
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Kpamualiwum cA060M, TPENCTABIAOMIAM SIEMEHT ¢, WIX IPOCTO KpaTdan-
UM CIOBOM (X MOXeT ObITh HECKOIBKO).

I[IPUMEP. a) B umkamteckou rpymme TpeTwhero mopsagka Zs = (r) cIoBo
(z,z) He sBaAeTca KpardaummM, Tak kKak (1] = [z7!]. Taxum o6pasom,
| (2?) = 1.

6) B rpynne D3 = (t,s) sneMenT g = tSt IPEACTABICH ABYMA KPATYAUIINMU
croBamu (t,s,t) u (s,t,s). 3gecs [ (g) = 3.

3AMAYA 6. IIposepbre caeayromme cBoucTsa pyHkumm amusbl [ (g) HA

9192) < 1(g1) +1(g2);
4) L (g195") = |1 (g1) — L (g2)].

Hama Gaumxannias neab — yKa3aTh €CTECTBEHHYIO CUCTEMY 06pa3yomumx
U ONPEAeNAONNX COOTHOIMIEHNN [AA JUCKPETHON IPYIINLI OTPAXKEHUH.

2. KOKCTEPOBCKOE IIPE/JCTABJIEHUE IUCKPETHOW I'PYIIIIHI
OTPAXKEHUU

CyTs mena pacckasana B [3]. A BOT Kak 5TO BEIIVIAIAT Ha CJIOBAX.

2.1. llycte G — guckpeTHas rpynna OTPaXEHUH, TeUCTBYIONAS B JIOOOM
73 Tpex MpOocTPAHCTB X: CHEePUIECKOM, €BKINJIOBOM WU TUIEDOOITTECKOM.
Yepes 7 (r) ZOroBOopmMCsa 0003HAYATEH 3€PKAJI0 OTPAXKEHWs T U3 rpynnsl G.
CemencTBO 3epKal BCeX OTPaXKEHUU, BXoAAuwx B rpyuny (G, pa3buBaeT mpo-
cTpaHCcTBO X HA BBINYKJIBIE MHOTOrpaHHUKU KoOKcTepa, KOTOpBIE MBI Oy 1eM
HA3BIBATE KaMepamu, a ux (n — 1)-MepHbIE TPAHE — CMENKAMU.

[lBe KaMephI HABBIBAIOTCA CMEHCHbIMU, €CTH Y HUX €CTh o0mas crerka. U
TaK KaK IMIEPIUVIOCKOCTD, CO/AepXKamias obIIy0 CTEHKY, ABIAETCA 3€PKaJoM
oTpaxeHus u3 rpynnsl (G, TO CMEXHBIE KAMEPBI MOXKHO MEPECTABUTEL C TO-
MOLILI0 3TOro oTpaxenus. OTciofa, B JaCTHOCTH, CIEAYET, UTO I00LIE ABE
KaMepBI OIMHAKOBBI B TOM CMBIC/E, ITO OJHY U3 HUX MOXKHO TIEPEBECTH B JIPY-
Iyt aBuxkeHmeM u3 rpynnbl G. [/Ijis 5TOro coeIMHNM UX TENOYKON CMEXHBIX
xamep u OyeM OBUTATHCA BAOIb EMOYKHA, IEPEXOAd U3 KAMEDHI B COCEIHIOI0
KaMepy C IOMOINBI0 OTPaXeHuu u3 rpynnsl G.

Dukcupyem kakyio-uubynbp kamepy Py Haiiero paszbueHns.

3AIAYA 7. [okaxwure, 9TO a) ecau s € G — OTpaxkeHWe B 3epKaie T,
To gsg~! — oTpaxenme B 3epkane gr. 6) Jlo6oe oTpaxenue m3 rpynmsl G
COTIPSKEHO OJTHOMY M3 OTPAXKEHWU B CTEHKAX Kamephl Fj.

Ilycts v xamepwsl Py umeeTca n cTeHOK. [IpucBomM MM TPOU3BOILHBIM
obpazoMm HOMEpa 1,...,n, ¥ IyCTh §; — OTPaXKEHWE B CTEHKE C HOMEPOM ¢,
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a S ={s1,...,8,}. Ecim cTenku ¢ HOMepamu i u j 06pPA3yIOT ABYTDAHHBIN

yrom m/mj;, To moarpynna (s, s;j) ABAAETCA TPYTHON amdApa Dy, ;. B wact-
HOCTH, BBIIOMHAETCA COOTHOmEHmE ($;5;)"'Y = 1 nim B cuMMeTpPUIHOM BUAe

5i8j...=8j8;.... (cM. pasger «O6masa Teopus B [3]).
—_— =

TEOPEMA 1. I'pynna ompaxcenuti G nopoxcdaemes mmoxcecmeom S ¢
onpedeastowumu coommowenuamu s; =1,4=1,...,n, (sis5)™ = 1.

Takas cucTeMa 00pa3yoOIMUX U ONPEAETAINNAX COOTHOUIEHUN, MEJUKOM
ompejenseMas KOMOMHATOPHBIM THUIIOM MHOTOrpaHHuUKa Fj, HaswpBaeTcs
Kokcmeposckum npedcmasaenuem rpynmst G.

[loka3aTeaLCTBO 3TOM TeOpeMbl TpeOyeT HEMAILIX IPUTOTOBICHN]. Brpo-
€M, BCE XJOMOTHI CBA3AHLI C MIPOCTON M KPACHBOU T'€OMETPHUEH.

2.2. Caosa u uenu xamep.
[MocaepoBarensuocts kKamep (Py, Py, ..., P)) HAa3BIBAeTCA 4enbio, €CIU Ka-

mepst Py u Py cvexabl. Ilycrs w = (84,,...,$;,) IPOU3BOIBHOE CIOBO U3
W (S). llocTaBum emy B COOTBETCTBHE LENb KAMED

(PU, P1 = SZ‘IPQ, PQ = 5i15i2P07 f)l = 5i1 A SilPU) (1)

BoT menee popmanbroe onucanme nenwm (1): B kamepe Py Haxoamm cTeHKY
C HOMEDOM ] ¥ C IIOMOIIBIO OTPAXEHUS §;, IEPEXOIUM B KaMepy Pj, CMeXHYIO
¢ Py o sTon crenke. [lanee B kamepe P| HAXOAUM CTEHKY ¢ HOMEPOM 4. IJTa
CTEHKA JeXUT Ha 3epKajle OTPaXeHud r;, = 5i15i25¢_11 = 84, 8iy8i,. C IOMOIIBIO
DTOr0 OTPAXKEHUS IEPEXONUM B CMEXHYI0 Kamepy Po u T. 1. fAcHo, wT0 Kamepa
P, momyuaercsa w3 Fy ¢ moMounio sreMeHTa g = 14,73, u3 rpynnsl (. Ho
g = TiyTi, = 8i,SiySi18i, = Si; iy, T-€. Py = 54,5, .

AHAIOTUYHO BBHITIAAUT TPOIECC MOCAEAOBATEILHOTO MOCTPOCHUA TIEMH 1
Ha Jiobom mare k: kamepa P, moaywaercs m3 kamepsr Py ¢ MOMOIIBIO OT-
paxenus

T, = Siy - Sip 1 SipSip_ 1 - -~ Sits

T. €.
P, = (si1 e Sip 180y Sip g - sil) (Si15i2 ... sik_ng) = (si1 .. .sik_lsikPg) .

(cm. pue. 1).

O6paTuTe BHIMaHNE HA ACCONUMPOBAHHYIO C Tenbio Kamep (1) mocaenosa-
TEIBHOCTD OTPAXKEHHH T, , Tiy, - - - , T, POPMAIBLHO 3T OTPAKEHAA OFHO3HAT-
HO OIIPEJEIATC ANreOPANIECKUMIY YCAOBIAMIA: Sj Siy « -« Sip = T Ty -« Tip -
Ho nmosesnee 3amoMHEUTE X TEOMETPUYIECKUT CMBICT: KaMepa Py cMexHa, ¢ Ka-
Mepon P}, IO CTeHKe, COAepKalllelcsa B 3epKale OTpaxeHus 4, (cM. puc. 1).

WTak, KaXgoMy CIOBy COOTBETCTBYeT Iemb Kamep. IlycTh, HA0OG0pOT,
sagana menb xkamep (FPy,..., F;). MoxHO a1 mo menm kamep BOCCTAHOBUTH
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Puc. 1.

cooTBeTCcTBYyIOmEE i CIoBO? OKA3LIBAETCA, ITO MOKHO W TPATOM OJHO3HAM-
uvo. [leraercsa »To Tak: mycTh Kamepa P momy4aerca w3 Py ¢ mOMOMIBIO OT-

paxeHus ri, = S;, Kamepa Py — m3 kaMmepsl P; ¢ HOMOIIBIO OTPAXKEHU
Ti, = Si;SipSi;, & B O0OIEM clIydae — KaMepa P, IOIy<YaeTcs U3 KaMepbl
P;, | € NOMOWIBIO OTPAXEHUA Tj, = S, ...Siy_,Si,Sip_y---Si- Torga w =
= (Siyy...,8j;) — HCKOMOE CJIOBO.

Korwmpoavuwili 6onpoc: Kakas Nelb COOTBETCTBYET MYCTOMY CJIOBY !

flcro, 4TO WmCIO KaMep B IeNM HA €IMHUIYY OOJbIIE AIMHBL CIOBA, CO-
OTBETCTBYIONIETO DTOU IMENU. XHUTPEE BOMPOC O TOM, KAK (YBUJETH) JIUHY
sIeMeHTa g = [w].

2.3. IIpunyun wemmnocmau.

flcHo, 9TO HEnmb KaMep, aCCONUAPOBAHHAA C JIOOBIM CIOBOM W = (Si;,. . .,
$i,), OpeAcTaBIAIOMMM daeMeHT g € G, coeguuser kamepy Py ¢ kamepoun gP
(cm. pue. 1).

PaccmoTpuM mocieoBaTeIbHOCTE OTPAXEHUR T, Ty, . - - , T, ¥, BHIODAB
ao6oe oTpaxenue r u3 rpynnst (7, 3a7aUM BOTIPOC: CKOJIBKO Pa3 BXOIUT 7' B
HOCIEe0BATENBHOCTD T, ..., OTBET reoMeTpUYecKr OYeBU/EH: CTOMBKO
pa3, CKOIBKO PACCMATpPUBAEMas LEMb KAMep MePeCceKaeT 3epKauao 7 (r). ITo
HaTIATHOE COOOpaXKeHNe MPUBOAUT K BAXXHOMY BBIBOIY: YETHOCTH UMCIA BXO-
KJEHUH ' B IOCIEJOBATENBHOCTD T, . . . , T, ONPEJENAETCA TOMBKO 3EPKAIOM T
7 CAMUM DJIEMEHTOM ¢ ¥ He 3aBUCUAT OT HPECTABICHUA ¢ depe3 o6pa3yoime.
A wmmenHO, BLITTOTHAETCA

[TPUHIIMT YETHOCTU. Fcau zepraqo 7 (r) pazdeasem wamepor P u gP,
Mo 4uca0 6ToAcIenutl r 6 NOCAeA08AMEALHOCMb (Tiy, Tiy, . .., Ti)) HEUEMHO, @
ecau me pazdessem — mo Uemmo.
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24. Jlemma o kpamuatwem caose.

Ca060 w = (S,,...,8i) Mo20a U MOALKO M0O2da ABAAEMNCA KPAMUAQL-
wum, Ko2da 6 Nocaedo6amesbHOCNY OMPAHCEHUL Ty, , ..., Tj, 6CE IACMEHMbL
DABAULHDL.

B [3] xpaTuaimue cioBa HA3BIBAIOTCA IPUBEIEHHBIMUA U MHTEPIPETUDY-
OTCA KaK «peaJbHBIC TPACKTOPUU CBETOBBIX JIy“IefI».

Hoxaszameavcmeo. IlycTh B yKazsaHHON MOCAENOBATEILHOCTH OTPAKEHHAN
BCTPEYAIOTCA OWHAKOBEIE. ByfeM cauTaTh Aa MPOCTOTHL, ITO Ty = T4, TO
€CThb Sj; = Sy - Siy_18iySig_y - - - Siy- HO TOTAA

g =S8 ...8; = (3i1 AP Siq—lsiq) Siq+1 c.a 8 =

= 8iy8ig + Sig_1Sigpr Sy = 8iySin - Big -+ 8
(kpBImedka HAJ OyKBOW O3HAYAET €€ OTCYTCTBUE B 3ANNUCH), M HAM yAATOCH
YMEHBIIUTE [JJIUHY CJIOBA, MPEACTABIAONEro saemedT ¢. CiaemqoBaTeabHO, y
KpaTYIauIIero ¢JI0Ba MOBTOPEHUU B MOCAELOBATEALHOCTA OTPAXEHUH T, . . . ,

r;, He OpIBaeT. MBI oKa3amm HEOOXOMMOCTE YCJIOBUA JEMMEL.

3ANAYA 8. [IpoBepbTe, 9TO g = Si; - .. 8j, - .. 8i, - - - 8j), €CIU T, = T;_.

[Mpogomxum moxazaTeabCcTBO. IlycTh BCE OTPaXEHUs B MOCICLOBATENb-
HOCTH 7%, ,...,7T; pasam4sel. [lo npurnumy derHocru Bce 3epkana 7 (ri,),
t =1,...,1, pasgensor xkamepsr Py u gPy. [lostomy, ecim gepes R (g) o6o-

BHATATH MHOXECTBO TeX oTpaxeHuld r m3 (G, 3epKala KOTOPBLIX Pa3IelaioT
kamepsl Py u gFPy, o [(9) < | < |R(g)| (moaemy?). C mpyrou CTOPOHEL,
[(g) > |R(g)|, Tax xak m06as nens kamep, coequnsomas Py u gPy, obs3ana
xoTa OBl pa3 mepeceds kKaxnoe zepkano u3 R (g). CremoBaTenbHo, CI0BO w
ABIAETCA KPATIANIINM, & LIXHA dIeMeHTa g = [w] paBHa |R (g) |.

JlemMa, TOMHOCTBIO JOKA3AHA.

A 3aogHO MOMyYeHA MOJME3HAA TEOMETPUYICCKaas MHMPOPMAIUA, KOTOPAA W
MO3BOJAET «yBUAETHy aauny [ (g) saementa g € G:

Aauna 1(g) saemenma g pasna wucay sepras ompaxcenuti us epynnvt G,
pazdeasrowus xamepvr Py u gFy.

2.5. ITpaeu.ao ebluepruBaHUA.

ITyemo 1 (gs) =1(g) — 1 das nexomopozo saemenma g € G u nexomopozo
s € S. Toeda kpamuatiuiee CA080 IAEMERMA S NOAYUAEMCEA U3 KPAMUATULE20
CAOBG IAEMEHTNA § BHIYEPKUBAHUEM KAKOU-MO 00HOT OYKEbL.

Hokazano [9], 9ro 5TO cBOMCTBO BHIAemseT rpynnsl Kokcrepa cpeau
TpYII, TOPOX JEHHBIX MHBOMIOIUAME.

Konmpoavnorii eonpoc: a 6GwiBaer am tak, daro a) |l(gs) —1(g)| > 1,
6) 1(gs) =1(g)?
Aoxaszameavcmso. IlycTs g = s, ... $;, — KpaTHalliad 3alACH DIEMEHTA

g [gepes obpasyomue. Torjga B HOCACOBATEABHOCTH T, . . . ,T;; HET IOBTOPA-
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fommxca oTpaxenni. Ham gaso, 910 €10BO (Si),...,S8i,,S) YK€ He ABIAETCA
KPATHYaUIIUM, TO €CTh B TOCICSOBATEIBHOCTH T, .. ., T, T, €CTh MOBTOpPe-
HuA. SICHO, YTO MOBTOPUTHCA MOXET TOIBKO OTpaxeHme 7, . A Torja, Kax
MBI yxKe Bugenn B 1. 2.4. (3agada 8), gs = s, ... 8, ... Si,.

3ATAYA 9. JlokaxuTe, 9TO MPABWIO BBIYEPKUBAHUA PAOOTAET U B TOM
caydae, korga [ (sg) =1 (g) — 1.

2.6. ITpumep cummempuueckot pynnot Sy,.

OTa rpynna geuctsyer B K" nepecTaHOBKAME KOOPIUHAT BEKTOPA I =
= (z1,...,%y,). Ppynnma S, mopoxaaeTca CMeXHBIMA TPAHCIO3ULAAME S =
(1,2), s2 =(2,3), ..., 8p—1 = (n—1,n), nepecTaBALIMMEA COOTBETCTBEH-
HO TEPBYIO ¥ BTOPYIO KOOPJAMHATHI, BTOPYIO W TPEThIO, u T.nA. llpm sTOM
OTpaxeHusa B S, — BTO B TOYHOCTU TPAHCIO3UIMA. MOXHO MPOBEPUTDH BHI-
monmenue cooTHomenuu Kokcrepa: 312 = 1, $;8i4+18; = S;4+15;Si41 WIK
(SZ'SZ'+1)3 =1, s5;8; = 5554, ecam |i — j| > 1.

Xopomo m3BecTHO, 9TO namHA [ (g) mepecTaHoBKu g € S, paBHA HUUCLY
uaBepcun (6ecnopaakos) cpeau kKoopamaaT BekTopa ¢ (1,2,...,n). IIpasumo
BLIMEPKWBAHUA WHTEPIPETUPYETCA [JIA 3TOU PYNHBLI TAaK: MyCTh ¢ MPUHAI-
aexutT Sy, a § — Takad cMexHad TpaHcmozunusa, 9To [(sg) < [(g). Taxoe

ObIBAET, TOALKO €CIM TPAHCIO3WIUA § mepecTasaseT B BekTope ¢(1,...,n)

3

mapy CMeXHBIX CHMBOJIOB ¢ U j, o6pa3ytommx naBepcuoo. Ho Takasa napa mo-
XKET MOABUTHCA TOABKO 33 CIET TOTO, ITO OJHA U3 CMEXHBIX TPAHCIO3UIUN,
BXOMANINX B KPATIAWNIYIO 3AIUCH ¢, TIOMEHANA MECTaMU CUMBOJIEL ¢ U j. Vc-
KJIIOYWUB HTY TPAHCTIO3UINIO, MBI TTOJYYMM KPATIANIIYIO 3aIUCH DIEMEHTA S¢.

2.7. Joxazameabcmeo meopembdt 1.
[lokazaTenLCTBO OMUPAETCA Ha OLHO UHTEPECHOE TeOMETPUIECKOe HAOIIO-
JIeHne.

JIEMMA. IIycmo 1 (gs;) < 1(g9) w l(gs;) < l(g). Toeda l(gsisj...) =
k

= |k —mj| +1(9) — msj (na puc. 2 npedcmaesaen epadur daunvt saemenma
(gsisj...) sax Pynwyuu om k, 0 < k < 2my;.)
~——

k

Aokazameavcmeo. [Jnuna l(g) saementa g € G pasua aucay |R(g)| sepkau,
ot nensomux kamepy Py ot xkamepnt gPy. Ilycts s € S. Kamepst (gs) Py u gP
CMEXHBI TI0 CTEHKe, IPUHAIeKAIeH 3epKany m(r) oTpaxenua r = gsg !, u

7(r) — eAMHCTBEHHOE W3 3e€pPKaJi, Pa3[ejsaiollee dTU CMeXHbIe KaMmephl. [lo-
9TOMY BEpHO clefylolllee yTBEpXK IeHue:

YTBEPXKAEHUE. /auna saemenma gs wa eounuyy menvwe (6oavwe) dau-
Hbi g mo20da u Moavko mozda, kozda 3eprano (r) ompaxcenus gsg—' pazde-
asem (ne pazdeasem) wamepvr Py u gPp.
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Puc. 2.

< B camom pnene, B sToM cayuae kamepsl Py u (gs)Py oHO yxe He pasnenseT
(pasmenseT), W, TEM CAMBIM, 9YHCIO 3€PKAl B MHOXeCTBe R(gs) yMeHbIIaeTCsa

3

(yBenmumBaeTCs) Ha eIVHUILY N0 CPABHEHUIO ¢ MX 4mcioM B R(g). »

B mamen cuTyanum cKazsaHHOE O3HAYAET, ITO KaK 3epKajo 7(r;) oTpaxe-
HUA T; = ¢S;g |, Tak u 3epkano m(r;) OTpaXeHua r; = gsjg | oTAEAOT
kamepy Py ot xkamepsr gFPy (cM. puc. 3, rge neno IpoucXoquT Ha IIOCKOCTH).
Ho B TakoMm caydae 3epkaia 3TUX OTPAXEHWH MOMKHLI IEpECeKaThCA, 9ITO,
PaBHOCUIBLHO CMEXHOCTHU COOTBETCTBYIOIMX CTEHOK MHOrorpanuuka gPy [1].
[IByrpaHHBIN yroa Mex1y HAMHU paBeH m/m;;. Teneps ACHO, YTO BMecCTe C
sepxanamu 7(r;) u m(r;) Kamepsl Py u gF pasgerdioT Bce 3epKania, IPOXO-
aampye depe3 rpasb O = 7(r;) N w(rj) N Py. Uncno Takux 3epkax paBHO 1my;;
(movemy?).
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Hanee, mens xkamep 9P, (gsi)Po, (95i55)Fo, ..., (9 sisj .. .) Py obpasyer 06-
~——
2m;j—1

xo4 BOKpyr rpanu O B npocrpancTBe X. B cuay Hanmero yTeepxgeHus mpu

ABIDKEHUH 10 5>Tok nenu dyukima | (k) = [(g s;s...) 6ygeT ¢ pocToMm k MOHO-
~——

TOHHO YMEHBIIATHLCA [0 TEX IOP, TOKA MBI HE A](%CTHPHeM KaMepHI, TPOTUBO-
nomoxHOU ucxonHon kamepe g(Fy) (ma puc. 3 sTa kamepa 3amTpuxosana). C
BTOr0 MOMEHTA [IJIUHA HATHET CHOBA PACTHU, JOCTUTHYB HAYAILHOTO 3HATCHUS
opu k = 2m;;. YTBepxkeHne JeMMbl JOKa3aHO.

Teneps Bce roToBO Aasg TOrO, YTOOBI JOKA3aTh, ITO JTIOO0E COOTHOIICHUE
B I'PyINe OTPAXKEHUU €CTh CAENCTBUE KOKCTEPOBCKUX COOTHOUIEHUN.

Pacemorpum aro60e coorHomenue r = (q1,...,qn), ¢ € S. Ecan B caose
7 BCTPEYAETCA MApa PANOM CTOANIAX OJUHAKOBBIX OYKB, TO MX MOXHO CO-
KPATATH B CUILYy COOTHONIEHUA BUIa (S, s). [loBTopas »Ty omepanuio HyXHOE
YUCIAO Pa3, MOLYIUM SKBUBAJIEHTHOE CIOBO (COOTHOILIEHUE), yKe He COmepkKa-
mee pAJOM CTOANUX OJMHAKOBBIX OyKB. [I0DTOMY MOXHO ¢ CAMOTO HAYATA
caurare r Takum. CaoBy r = (q1,...¢,) OTBEYAET 3aMKHYTad IENb KaMeEp
Po, 1 B0, 192P0, - -, q1g2 - - - gn—1 . yers g5 = ¢1 ... ¢5. PacemoTpum dynk-
o gmse [ (8) =1 (gs). Ecam cioso r me mycTo, TO 5Ta GyHKIMA 4OCTUrAET
MaKCUMyMa, paBHOro U, I1A HEKOTOPOro 3HAa4YeHUA § = ¢ (BO3BMOXKHO, Ta-
KX 3HaYeHUN HecKoabKo). 1o onpenenenuio makcumyma [ (grqr) < 1(g:) = U
1l (gtgi11) < l(g9¢) = U. llpuMeHuM K CIOBY 7 PA3PEIICHHOE DIEMEHTAPHOE
mpeoOpa3oBaHUE «BCTABKUY:

(q17 s Qi 1, - qn) - (q17 <o q QG415 Gty - - - Gt 1, i1, - - - qn)

HOXYTAM HOBOE CIOBO (q1y .-+ Qt—15Qtt1ls -« -Gty §t425 - - - s n), KOTOPOE TO IO-
KA33aHHOU JeMMe 00Ia1aeT TAKAM CBOUCTBOM: ¥ HErO HUMCJIO TEX 3HATCHUH S,
rae GYHKIUA NIUHBL TOCTUTraeT 3HadeHus U, Ha eJMHUIy MEHbIIe, YeM Y WC-
xoguoro. Ecin ke ¢ caMoro Hadana CymecTBOBATA €IUHCTBEHHAA TOTKA MAaK-
CUMYMa, TO B MOJYYEHHOM CJOBE CAMO 3HAUEHWE MAKCHMYMa [JIWHBI OyaeT
MEHBINE TI0 KpauHen Mepe Ha eamHuIly. [I[pomoaxkas AelcTBOBATH B TOM XK€
ayXe, T.e. TOCIeAOBATEILHO («CPE3AThY MAKCUMYMBI, MBI B UTOT'€ HETTPEMEHHO

IOy <IUM IIYCTOE CJIOBO.

Y Halen oneparuu «yHAITOXEHUA» MAKCUMYMa, €CTh MPOCTON TeOMETPH-
YECKHUU CMBICA. A WMEHHO, B M300paXEHHOM Ha puc. 4 ciaydae 4bacThb Ie-
ma (...,9:9:P, 9iPo, 9iqis1 Py, ...) MBI 3aMeHAEM «0OBE3NOMY BOKPYT TDAHU
O mo menu Kamep, OTMEYMEHHOU TYHKTUPOM, & 3aTeM U30ABIAEMCA OT TeX
«OYHKTHDPHBIXY KaMEpP, KOTOPBbIE Y€ BXOAWJIN B HAILy HAYAILHYIO Ienb. B
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Fo

12
7 N N N

Puc. 4. Ilokasano «cuarue ¢ reozgsr O avkayTou nenmy kamep (0,1,
2,...,13). Pesyabrar — mens (0,1,2,3,4,5,6,14,10,11,12,13)

3

pe3yabTaTe, MBI CHUMAEM I€Mb C OYEepPEeNHOTO «TBO3Ady (J, CTPEMACH «CTH-
HYTbH» €€ B €IUHCTBEHHYIO KaMepy Fy.

YACTL 2. TEOPEMA TUTCA O PA3PEIUINMOCTHU IIPOBJIEMBI CJIOB

1. ABCTPAKTHAA I'PYNIIA KOKCTEPA U IIPOBJEMA CJIOB

1.1. O6o3uadum 4depes I KOHEIHOE MHOXECTBO WHIEKCOB, U mycTh M —
MATPHUIA € dIEMEHTAMHA M;j, 1, € I, KOTOpble IPHHAMAIOT 3HAYEHUA B MHO-
xectse {1,2,...,00}, mpuaem my; = 1, m m;j = mj; > 2 114 BCex i # j.

I'pynna G ¢ muHOXecTBOM o6pasytoumx S = {s; : i € I} n MHOXecTBOM
ompegensaonmx cootHouenur R = {(s;s;)™7 =1:4,j € I, m;j < oo} HasbI-
BaeTcsa aberpakTHOU rpynnon Kokcrepa tuna (S, M). 910 03HaaET, 9TO JII0-
6011 aneMeHT g rpynnsl G 3anuceiBaeTcA Yepe3 obpasytomme S: g = S;, ... Sj;,
", eCIA Sj; ... S5, = 1 — M000e COOTHOImEHne MeX Jy 00pa3yommMu, TO CIO-
BO (Sj,,..-,58j,) PKBUBAICHTHO B CHIy COOTHOomeHu: R mycToMy cioBy (cM.
n. 1.2 gacru I).



I'pynnor orpaxenun u rpynnsr KokcTepa 75

1.2. l'osopsT, uto B rpynne G = (s1,...,8, | 71,...,Tn) paspemnmMa npo6-
JeMa, CJIOB, €CIM MOXKHO YKa3aTh alrOPUTM, KOTOPBIU paGoTaeT C IMPOU3BOIb-
HBIM cioBoM w € W (S) u nocae konevnoro Yucaa maros rosoput «/lay, ecan
[w] = 1, T.e. cn0BO w mpexacTaBaseT eauuuny B rpynne G, uin «Her», ecan
w] £ 1.

HeTpyano coo6pas3uTh, KaK ¢ IOMOIIBI0 TAKOTO aATOPATMA PEIIaeTCA BO-
IpPOC O TOM, HPEACTABIAIOT JU ABA CJIOBA U W ¥ OOUH U TOT XK€ DJIEMEHT
rpymnmnsr G

I'pynnot KokcTepa, kKak OyfeT BCKOpe NOKA3aHO, MOMAJAI0T B KOMIIAHUIO
IPYII ¢ pas3pemuMon npobaemon cioB. Cpeau «CYaACTINBIYAKOBY BCTPEIAIOT-
CS yXKe BHAKOMBIE YUTATENAM DTOr0 COOpPHUMKA (DyHJIAMEHTAIBHBIE IPYIIBI
OOTIOMHEHUN K y3JaM B TpexMepHou cdepe, pyHIaMeHTaIbHbIe TPYINLL 3a-
MKHYTBHIX [TOBEPXHOCTEN M I'PYyHObl KOC. MHOroneTHre HAOIIOMEHU TTOKA3bI-
BaIOT, YTO M B APYIAX FEOMETPUYECKM UHTEPECHBIX IPYIIaX, HEACTBYOMIMAX
HA WHTEPECHBIX T€OMETPUIECKAX 00BEKTaX, TPoOIeMa CIOB Pa3pelmMa.

CyumecTBoBaHME TPYII C OTPUIATEILHBIM PEIeHneM MPOOJIEMBI CIOB CO-
cTaBageT cogepxanue sHamenunTon Teopemsl II. C. HoBukosa [6].

2. IIPEACTABJIEHUE TUTCA

2.1. I'pynna Koxcmepa Kak 2pynna omparicenuts

IIycts G — rpynmna Kokcrepa tuna (S, M). PaccMoTpuM kKoHEUIHOMEpPHOE
BEIIECTBEHHOE BEKTOPHOE MPOCTPAHCTBO V' ¢ 6asucom {e; : i € I}. 3agagum
B V ckamapuoe npoumssegenue (-,-): V X V — R no popmy.e

(Zwiei,zyjej) = —sz‘yj cos (m/my;) ()
1€l Jjel
(ecmm m;j = oo, To cos(m/my;) = 1).

[last mpoCTOTHI Oy IEM CIMTATE, 9TO CKAIAPHOE MPOU3BEAEHME (*) HEBBIPO-
xaenHo. [lnsa 1060ro 6a3uCHOrO BEKTOPA €; CKATAPHBIN KBAAPAT (€, €;) paBeH
1 u (e;,ej) = — cos m/m;;. Yepes l; 0603HAYUMM OTpaKEHNE B MUNEPILIOCKOCTH
7 (l;j) ={v € V| (v,e;) =0}, T.e. Takoe a1unHerHOE NpeoGpasoBanue, KOTOPOE
COXPAHAET CKAIAPHOE MPOU3BEICHUE, MCUCTBYET TOXIECTBEHHO HA 3EPKATE
7 (I;) m ymHOX)aeT BekTOp ¢; HA —1. Jlerko mposepuTsh, ITO

li(v) =v—2(v,€) e (2)
B CUIYy HEBBIDOXACHHOCTU CKAJAPHOT'O MPOU3BEACHUA 3aMKHYTHIE TIOJIYy-
npocrparctsa ;7 = {v € V| (v,e;) > 0} nawoT B mepeceveRWA 3aMKHYTHIA

BHIYKABIN N-rparnbi koryc C. Yepes C' oGosmasnm (memycToe) MHOXECT-
BO €ro BHYTpeHHEX To¥ek. [lamee, 0603HaIMM [epes L Tpynmy JUHEMHBIX
npeoGpa3oBaHuy TPOCTPAHCTBA V, HOPOX IEHHYIO OTpaXeHuamu [;, t € I, u
paccMOTPUM eCTeCTBeHHOEe oToOpaxenue ¢: S — L muoXkecTBa S B rpymnmy
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L: ¢ (s;) = l;. llpamoe Borvmcaenue ¢ ucmonb3osanumeM (Gopmyas (2) moxa-
3BIBAET, YTO JUHEUHBIC PEe0OPA30BAHUA [; yJOBICTBOPAIOT TEM XKe KOKCTe-
poBckum cootnomenmam: [2 = 1, (1;1;)™9 = 1. CaegoBaTeasno, oTo6paxe-
Hue ¢: S — L MOXHO IpOgoIXUTL 00 romomopdusma rpymnnsl Kokcrepa G
B JWHEWHYIO I'PYNNY OTPaX)eHWd L, M, MOAB3YSICh DTUM, YCTAHOBUTH TAKOU
BaXHBIN (PAKT.

JIEMMA. Iopadox saemenma s;s; 6 epynne Koxcmepa G pasen m;;.

Jokazameavcmeo. Tlopagok srementa l;l; B rpynne L pasen m;; (mode-
my?). Ho ¢ (s;s5) = l;l;, a, ¢ Apyrou cTOPOHBI, mpy rOMOMOPMU3ME TOPALOK
obpa3a aeauT MOpAAOK IpooOpasa.

K. Turc [2,11] orkpbir ropasgo Goaee TIyboKre CBOMCTBA 0TOOPAXKEHUS
(o u rpynnsl L.

TEOPEMA (TPyInA KOKCTEPA — TPYIIIA OTPAXKEHUI).
a) omoopaxcenue @ (00m03nauNn0) Npodoaxcaemes do 2omomopPusma @: G —
L ¢ mpusuasvrvim a0pom.
6) epynna L deticmeyem 6 svinykaom xonyce D = | l(CO') (konyc Tumca)

lel
Kax QUCKpemMas 2pynna ompancenut.

3AMEYAHME. [I11 npOM3BOILHOIO CKAIAPHOIO IPOUM3BEEHUA (*) KOHYC
Turca «nepeesx)aeTy B JBOUCTBEHHOE IPOCTPAHCTBO V™, a TeopeMa Mo-npex-
HeMy yTBepXaaeT, 9T0 y abcTpakTHoN rpynnsl Kokcrepa G mMmeercsa TOYHOE
auHenHOe npexcrasirenue ¢: G — GL(V*) (upexcraenenume Turca) m 4To0
¢ (G) — mMCKpeTHas rpynna OTPAXEHWA B HEKOTOPOM BBHIMYKJIOM KOHYCE
D C V* ¢, BooGume roBopda, BeCbMa 3aMbBICIOBATOM T€OMETPHUEU I'DAHUIILL

3AIAYA 10. Joxasats Teopemy Turca s rpynnet G tuna (S, M) ¢ ue-
BBIPOXKJAEHHOU MaTpuien M BTOPOro mopsaaka.

2.2. I'eomempuueckoe pewenue npobaemwvr caos 8 zpynne Kox-
cmepa

Paccmorpum snemenT g € (G u ero 3anuck depes obpasyomue ¢ = Sj,. . . S, .
3adukcupyeM BeKTOp vg U3 BHyTpeHHOCTH KOoHyca C.

[IpumenuM k BEKTODPY v AuHEeIHOE mpeobpasosanue p(g) = l;, ... 1;,. Ecan
B pe3yabTaTe OKaxercsa, 9To ¢(g)vg = vg, To ¢ = 1. B mporuBrOM carydae
g # 1 (mouemy?).

[lna anreGpancTa TPEIIOKEHHBIA AITOPUTM BHITVAJAT HEMPAKTUTHO, HE
TOBOPSA YK€ O TOM, 9TO OH OCHOBAH HA HEMPOCTOW TEOpeMe, KOTOPYIO MBI He
cobmpaeMca TOKA3BIBATH.

HagmeeMcsa, 9T0 creayommmn airOpuTM, yXe yAOBIETBOPUT aareGpaniecKn
HACTPOEHHOT'O YMTATE/s, TPUBLIKIIET0 UTPATH B CJIOBA.
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2.3. IIpasuao 6bIUEPKUBAHUA U €20 BAHCHBIE KOMOUHAMOPHBLE
caedcmeun

[Ipasuio BerYepkuBaHUsa — permaromiee cBoucTso rpynn Kokcrepa. /loka-
3BIBasA €ro A Tpynn orpaxenun (cM. 9. ), MBI omumpamuch aumb Ha Teo-
METPUIECKOE TIOHATHUE «PA3AEAATHY U Ha COOOPAKEHUE O TOM, UTO OTPAKe-
HUE C «Pa3geadrommmM» 3€PKaJ0OM BXOAUT B IIOCJAECAOBATEIBHOCTH OTpa)KeHI/Iﬁ
{riy,.... 7}, accomUUPOBAHHYIO CO CIOBOM (S, , ..., S, ), HEUETHOE YHUCIO PA3.
Ecau BoCmonb30BaThCA MpencTaBienneM TUTca, TO T€OMETPUAYIECKOE NOKA3a-
TEIHLCTBO MPABMIA BBHIMEPKUBAHWA MOXHO npoBecTu u B koHyce Twmrca. Ho
€CThb U ApYyrou myTh: caeaysa uiaee H. Byp6aku, momHOCTBIO M3rHATEH TeoMe-
TPHUIO U3 TOKA3aTEALCTBA (CMOTPHU LUKJ 321349 B KOHIIE CTATHH).

WTak, BOOPYXUBIIACH MPABWIOM BLIYEDKUBAHUA, 3aMMEMCA MOLYICHUEM
HYXHBIX HaM KOMOMHATOPHBIX CBOUCTB rpynmnst (.

s mo6wix 4, § € I, Takux, 910 m;; < 00, 0603HAYMM depes (i, ) CIOBO
(8iy85,...). fcHO, ITO B cMIy KOKCTEPOBCKMX COOTHONICHHHU, CIOBA 7(i,j) H
H—/

7(4,1) IPEICTABIAIOT OAUH U TOT XK€ HIEMEHT I'DYIIIEL

HazoBeM aBa cl1oBa wi WM wWg 20MOMONKHbIMU, W OyoeM MUCATH Wi ~ Wa,
€Cin OJHO W3 HUX MOXEeT GBITB ONOJAYYIE€HO M3 APYroro C mOMOIIBIO IIOCJIe-
JNOBATEILHOCTU NPeOOPA30BAHUN TAKOTO BUAA: B CI0Be ur(i,j)v dpparment
7(i,7) 3amenserca Ha r(j,¢) (uium Haobopot). B pesyabrare momydaercs cio-
BO ur(j,1)v.

3A1A4YA 11. IIposepwTe, uTo B rpynne Kokcrepa
2 2 9 3 3 2
G = Sy=(s1,52,83 | s7 =85 =355 =1,(s182)° =1, (s253)” = 1,(s183)" = 1)
CACAYIOIIAE YeTHIPE CIOBA MOMAPHO FOMOTOIHEL

(315 52,51, 53, 52, 31)5 (315 52,53, 51, 52, 31):
(315 52, 53,52, 51, 32)5 (325 83,51, 52, 53, 31)‘

OT™MeTHM OYeBUIHLIE CBOUCTBA TOMOTOIUN:
a) TOMOTOITHBIE CJIOBA MPEACTABIAIOT OJWH W TOT XKe DJIEMEHT rpynmns G;
6) TOMOTONHBIE CJIOBA MMEKT OJNHAKOBYIO [IUHY;
B) TOMOTOIHBIE CJIOBA COCTOAT W3 OJHUX M TEX XK€ OyKB, HO IPHU 3TOM MOTYT
OTINYIATHECA KPATHOCTBHIO UX BXOX TCHUA.

TEOPEMA (2K. Turc [11]). IIyemv g € G, a w1 u wy — dsa Kpamuai-
wuz caosa, npedcmasasowus aasemenm g. Toeda cao6a wy u wy 20MOMONHDL.

Hoxazameavcmeo. llpuMeHnM MHIYKIWIO 0 JJUHE KPATYAUIIETO CAOBA.
PaccmoTpuM aBa Kpardaummx C1oBa wi = (P1,...,Pp) 1 W2 = (G1,---,qn)
IUIAHEL 7, TPEACTABIAONMX 3AeMeHT §. HbBIMU cioBaMu, €CTh ABe KPATIal-
e 3a0uch pi . .. Pp=g=qj . . . ¢n DIEMeHTa ¢ Yepe3 obpasyrommue. [Ipu sTom
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MOXHO CIMTATh, 9TO p1 # q1 (mouemy?). flcuo, aro l(p1g) < I(g), T.e. caoBo

BaHUA
PIGL- QG =G n ()
Paccmorpum gBa ciyaaa [ < nu |l = n.
Ecam | < n, To mocie yMHOXEHUA PABEHCTBA (#*) HA Py MOIYIAeM
qr---qqi+1---9n = P1491 - - - q1—-19141 - - - Gn;
T.€. q1---q = P1q1 - - - q—1- O6e 3anucy ABIAIOTCA KPATIAUIIUMEA, U, TIO UH-
AYKTUBHOMY TIPEAION0KEHNIO,
(pla qi, - - - aQI—l) ~ (Ch: s :ql)'
Ho Torga m
(pl'/ql'/""/(jl"'uqn) ~ ((ha/Qn)
C apyrou CTOPOHBL, P11 -Gl ---Gn =G = D1 .- - DPn-
YMmuOxas1 06€ JacTH HA P] ¥ TPUMEHAA MTPEATONOKECHUE WHYKIINU, UMEEM
(qli“‘iq/\l“‘ﬂqyl) ~ (p??“‘?pn)‘

Ho B TakoMm cay4ae u

(pli“‘ﬂpn) N(plana“‘anl“‘7QTl) N(ql""iqn)'

Urax, Mbr gokasamu, 910 npu | < n, (p1,...,pn) ~ (q1,---,qn)-

Bo BTopom cayuae, korga | = n, IpaBWIO BEINEPKABAHUA AACT P1q] - - - @ =
=q1...qp—1. [loOMeHAB poOMsIMU P ¥ ¢ B TPEABIAYIIEM PACCYyXICHUU, MOXKHO
CIATATh, YTO W 371€Ch MBI CTOJIKHYJUCh C TPYAHBIM CIyYaeM, KOraa | = n,
T.€. KOTAA G1P1 « - Pp = P1 - -+ Pn—1. ITOOLI IPOAOIKUATE NOKA3ATEALCTBO, 3a-
METUM, ITO ¢10Ba (q1,...,qn) ¥ (¢1,P1,- .., Pn—1) TOMOTONHEL B camoMm gexe,

3

1Pt ---Pn =P1--.Pp_1 00 NpaBuiay BerdepkuBauusa. C Ipyrod CTOPOHHL,

pPr.-.Pn—1=q@pP1-.-Pn=4q1q1---4n = q2...4n,

" B CUIY NPEANOJOXEHUA WHNYKIUN

(q27 v /qn) ~ (ph v 7pn71)-

Crenosatensuo, (q1,G2,---,qn) ~ (q1,P1, -, Pn—1). TOUHO Tak ke MOKa3LIBA-
erca, 910 (P1,...,Pn) ~ (P1,G15---,Gn—1). 3AMEHUM WMCXOAHBIE KPATYAUIINE
3AMMCH DJIEMEHTA ¢ Ha HOBBIC, MM TOMOTOITHBIC, & WMEHHO

qp1---Pn—1 =9 =P1491---Gn—1-

K 5Tum HOBBIM KpaTdYaWiuM 3a0uCAM TPUMEHUM BCE PACCYXKJIEHUS Tep-
Boro mara. Torma B JydmreM caydae MBI TOJIYYIUM YTBEPKJIEHUE TEOPEMBI IO
OPEANONOKEHWI0 WHIYKINY, OKA3aB, ITO CI0BO (q1,P1,...,Pp—1) TOMOTOI-
HO CI0BY (P1,G1s---,Gn—1), & B XyJIIEM — CHOBA TIOAY9IUM [BE KPATYIAUIINE
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3alucu BUIA

q1p191 - - -4n—2 = g = P1491P1 - - - Pn—2,
N—— N——
3 3
TOMOTOITHOCTH KOTOPBIX BCE eIlle HesACHA. [Ipogojaxkenne >TOro mpormecca He-
MI/IHyeMO HpI/IBe,LLeT HAaC Ha KAKOM-TO IIare K paBeHCTBy

apiqi---(-..)=g=pigp1...(...), (rge m — MOPAKOK BIEMEHTA P1q1).
—— SN——
m m
B cmny mEAYKTHBHOrO MpeANONOXEHH, IACTH CIOB, CTOAMNE B CKOOKAX,
CIIpaBa M CJleBa, TOMOTONHBL. A TOra Mo ONpPeAeJeHUI0 TOMOTOMHBI W CAMM
CIOBA.
Teopema 2K. Tutca moxasama.

Konmpoavnvili sonpoc: Ilouemy mam mpomecc He MOXET 3aKOHUUTLCA

3AlUCBIO BUAA, 1Pl ... =g = P1q1-.., upu k < m?
—— —
k k

2.3. Auzopumm

TEOPEMA. Cuo80o w mozda u moavko mozda npedcmasasem edunuyy 6
epynne Kokemepa G, K020a €20 MONCHO NPUBECTNU K NYCNOMY CAOBY C NOMO-
Wb NOCALAOBAMEALHOCTIY 20MOMONUT U BLIUEPKUBANUT IBYL PAIOM CTNOA-
WUL 00UNAKOBBIL OYKS.

Hoxaszamesvcmeso. B omHy cTopoHy Bee sacHo. [nd mokasaTenbcTBa HEOO-
XOAMMOCTH PACCMOTPUM MPOU3BOALHOE CIOBO [ W OymeM €ro «ympoIaThy C
HNOMOIIBLIO ABYX THUIIOB MPEOOPA30BAHNN, YKAZAHHBIX B (DOPMYJUPOBKE TEOPE-
mbL. Yepes Z(f) 0603HAMMM MHOXKECTBO BCEX CIOB, KOTOPBIE MOXHO MONYIATH
73 UCXOJAHOTO MENOYKON TAKUX YIPOIIeHuH. Tak KaK Ha KaXIOM IIare IJuHA
CJIOBA HE YBEJIWYUBAETCA (HE U3MEHAETCA MPU FOMOTONHAX W YMEHBIIAETCA
npu BbIYEPKUBaHUAX), TO B Z(f) maugerca cioso f' = (t1,...,1;) MuEUMATE-
HOU IJaWHBI. MBI yTBEpXKAaeM, 9TO CI0BO (t1,...,%) ABIAETCA KPATIAUIINM
CJIOBOM, TPECTABIAIOIIAM daeMeHT g = [f] B rpynme G.

B camom mene, mycts (i1, ...,1;) HE ABIACTCA KPATYAUIIUM CJIOBOM, TIPE/I-
CTABIAIOMNM DIEMEHT ¢. Tak kak (f1) — KpaTdaunee CI0BO, TPENCTABIIAI-
mee daeMEHT t1, To Haugerca takoe m € {l,...01— 1}, aro (t1,...,tm) —
KpaTHauIee CI0BO, IPeACTABIAIIIEE JIEMEHT IPynnsl ¢’ =t ... ty,, a CIOBO
(t1y. -y tm, tma1) yXke Takum cBoECTBOM HE ob6manaer. Ho Torga mo mpasmry
BLITePKUBAHUA ¢ = t1...1p...tm 1, W DTO KpATIANIIAA 3ATIUCH DACMEHTa g .
I[To Teopeme TuTca ABA KpATYAUIINX CIOBA, IPEACTABIAIIIAX §', TOMOTOIHEL.
B mamewm caysae (t1,...,tm) ~ (t1...&p...tm41). Ho Torma cioso (t,...,%)
TOMOTOTHO CHOBY (t1,---Lpy .oy b1, tmt1s - - - 11), W (TIOCTE COKpAITEHMA ABYX
PALOM CTOAUINX OYKB ¢y, 4 1) IEpe] HaMu ¢I0BO u3 Z (f), KOTOpoe KOpote cIoBa
f'. Tlporusopeune.
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PaceMoTpuM aaropuTM, KOTOPHIM HA KaXKOM IIare Ju00 3aMEHAET CIOBO
W €My TOMOTOITHBIM, JU00 BHIYEPKUBAET B HEM JIBE PANOM CTOAIINE OTUHAKO-
Bhle OykBbI. Uepes KOHEYHOE YMCJO MIAT0B HAII AATOPATM HIPUBOIAUT K KPAT-
YaNIIeN 3aluCy IeMeHTa rpynnsl ¢ = [w]. Ecan noay<enHoe ¢10BO He mMycTO,

To g # 1!

3. UBrHAHME 'EOMETPUU (LIKKJ 3A0AY) [2,7]

Crauana 3apukcupyeM 0003HAYMEHUA BCEX HYXHBIX HAM O0BEKTOB:

G — rpynna Kokcrepa Tuna (S, M).

T — MHOXECTBO BCEX SJEMEHTOB I'DYIIIbI G, CONIPAXEHHBIX KaKOMY-HU-
Oy b DaeMeHTy u3 S.

u3 T, accouumMpoBaHHAA CO CIOBOM W = (8;,,...,S;). Hamomuanm, aro r;, =
Sgp oS _1SipSip_q - - Siy-

[na mo6oro snementa t € T 4gepes N(w,t) 0603HAYAM TUCIO BXOXJECHAN
B HOCIEIOBATENBHOCTD (T, ... 7).

3

3AIAYA 12. [JokaxmTe, 9TO €CIN CIOBA w X w' MOPEACTABIAIOT OLUH U
TOT € DIEMEHT TPynmsl, T. €. [w|=[w'], To
N(w',t) = N(w,t) (mod 2) gua moboro t € T
(mpoBepbTe, YTO YeTHOCTH HE MEHAETCA [IPU DJIEMEHTAPHOM NPe0Opa3OBaHUU
CII0BA).
3A1A4A 13. Tlycrs [w] = g. Jokaxwure, 4To
l{g)={teT| Nw,t) =1 (mod 2)}|.

3AIAYA 14. [okaxuTe TPABUIO BHIMEPKUBAHWUS AJA rpynnsl KokcTepa
G:ecmu s €5, 8, ...8;; — KpaTdaulasd 3alUCh DJIEMEHTa g depe3 06pasyo-
mme, u [(sg) < I(g), TO y smemMeHTa $¢ CymEeCTBYET KPATYaUIIAs 3aIKUCh BALA
Siy - v Bip . Sip
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Kraccudukanma MHOTOrpaHHIKOB KokcTepa

B. O. Byraenko

Mmuororpanauku KokcTepa — 3T0 MHOTOTDAHHUKY, BCE IBYT'DAHHBIE YTUIBI
KOTODBIX ABIAIOTCA Heabivu dacTamu’) 7. Kak GBLI0 06BACHEHO B CTATHE [5],
5TU MHOTOTDAHHWKY CBA3AHBLI ¢ AUCKPETHLIME TPYIIAME OTPAXEHUUN, KOTO-
pBI€ UT'PAIOT BAXKHYIO POJIb B PA3AUYIHBIX 061acTAX MaTemMaTuku. HacTosmas
CTAThA MOCBAMIEHA KIACCU(DUKAINYA TAKUX MHOT OIPDAHHUKOB.

Bompoc o knaccudukanry MEHOrorpaHHuKOB KokcTepa MoxeT 6BIThH ecTe-
CTBEHHBIM 06pa30M MTOCTABJCH B II060M U3 TPEX TUMOB IIPOCTPAHCTB MOCTOAH-
HOUW KpUBU3HLL: cpeputieckom S”, eskaugosom E™ u Jlob6adesckoro L™, Ilep-
BBIM HA4YaJ U3y4aTh DTU MHOTOTPAHHUKU BBIAAIONIMUCI reoMeTp XX BeKa
I'. C. M. Kokcrep, mo uMenu KOTOporo oHU u Obinu HasBaubl. B 1934 rongy
OH TOJIY YU TOMHYIO KIACCUPUKAIINIO MHOTOTDAHHUKOB KokcTepa B cdepute-
CKUX ¥ €BKJINI0BBIX npocrpadcTBax [10]. Bee oHn saastorcea ambo cumiiek-
camu Ha cdepax, b0 TPAMBIMU TPOU3BEACHUAMM CUMILIEKCOB U CUMILIUIIU-
ATBHBIX KOHYCOB B €BKJHUJOBBIX ITPOCTPAHCTBAX.

3amada m3ydeHuWs MHOTOrpaHHUKOB Kokcrepa B mpocTpamcTBax Jloba-
9eBCKOro ObuIa BIepBhIe nocrasieHa . B. Buubeprom B 1967 roay [3]. Ta-
KV€ MHOTOIDAHHUKK MOT'YT MMETh CJAOXKHOE KOMOWHATOPHOE CTPOEHME, U UX
Kaaccuukanus, ToA00HAA €BKAUAOBOMY U C(HEPUUECKOMY CIydasM, HEBO3-
MOXHA.

B nacTosimen craTbe Mbl Oy IeM CIeA0BATE XpoHoJornu coObrTri. CHadana
pPACCMOTPUM CHEPUIECKUN W EBKAUIOB CAYIAU, MPU 3TOM TOIYTUM KOKCTE-
poBCKyIo Kiaaccudmkanumio. B maparpadge 5 MBI mepengeM K CIydaio Mpo-
crpaucTs Jlo6adesckoro. ByayT npuBemensr cnocob ONuCaHUA W TPUMEPHI
mHOrorpanankoB Kokcrepa B L™, a Takxke 0630p HEKOTOPBHIX PE3yIbTATOB
0 UX KIACCU(PUKAIINNA.

1. BBIIYKJBIE MHOTOT'PAHHUKA B EBKJNAOBBLIX 1 COEPUYECKUX
NNPOCTPAHCTBAX

ONPENEJNEHUE. Koneunvim 6uinykabim mno2oepannurom (B aH0O0M u3
TPeX TUNOB MPOCTPAHCTB MOCTOAHHON KPUBU3HBI) HA3BIBAETCA TEPECETCHUE

UKak u B crarse [5], mO4 HeON 9acThiO 7 Mbl IOHHMAaeM 4uCIO Buga 7 /k, rae k —
HATYpPATBLHOE IUCTIO.
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KOHETHOT'O CEMEMCTBA TOIYMPOCTPAHCTB, COMEPKAIIEE HEMYCTOE OTKPHITOE
MHOX€CTBO.

[las mpocToThl MBI OyJeM TOBOPHTH MPOCTO ¢MHOTOTDAHHUKH, OMYCKAsSd
CJIOBA <(KOHequIﬁ>) n (<BbIHyKJIbII>)I>), TOCKOJIBKY 6€CKOHe‘{HbIX WO HEBBIY KJIBIX
MHOTOTPAHHUKOB MBI PACCMATPUBATE HE OyaeM.

Byaem npemmomarars, 9TO HUKAKOE MOAYIPOCTPAHCTBO CEMEUCTBA HE
COAEPKUT MEPECEHUCHUsA OCTAJIBHLIX (B MPOTUBHOM CIydYae €ro MOXKHO WC-
KIIOYATH U3 CEMEUCTBA, HE W3MEHWB BCEro mepecedenusa). Torga ceMencTso
MOAYOPOCTPAHCTB OJHO3HAYHO ONPENENAeTCs M0 MHOrOrpaHHuky. Ilomxynpo-
CTPAHCTBA, BXOAANIAE B 3TO CEMEUCTBO, OyAeM HA3BIBATEL ONPEIeAMOUUMU
MHOZO2PAHHUK.

I'paruIBl TOAYIPOCTPAHCTB, OMPEAEAAONINX MHOTOIPAHHUK, HA3HIBAIOT-
CA 2UNEPNAOCKOCTNAMYU 2Pareti, a UX TePeCce<ueHus ¢ MHOTOTDAHHUKOM — €ro
epanamu cmapwet pazmeprocmu (AT «CPAHAME KOPa3MEPHOCTH 1»).

l'unepmiockocTu rpanen ABIATCA (1 — 1)-MepHBIME IPOCTPAHCTBAMHY, A
TpaHu — MHOTOTPAHHUKAME B HEUX. VX rpamu cTapuien pasMepHOCTH ABIAIOT-
CA A MCXOMHOTO MHOTOTPAHHUKA, TPAHAMHI Pa3MepHOCTH 1 — 2 (mim Kopas-
mepuocTH 2). [Ipogonxas 5T0 IOCTpOEHUE O WHIYKIUY, TIOLY UM OIIpeIee-
HUe TPAHU JI000U pasMepHOCTH. ['panu pasMepHOCTH 1 HABBIBAIOTCA peopamu,
a pasmepaocTu 0 — sepuwunam.

[lockonbky MHOTOTpAHHWK MOXeT OBITH 3aJaH HAOOPOM OIPEIeNAONINX
€r0 MOJYIPOCTPAHCTB, HAMHEM C U3YUEHUSI BOIPOCA, KAKUM 00pPa30M MOXKHO
33/7aBaTh NOIYNIPOCTPAHCTBA B €BKIUAOBBIX A ChepUICCKUX NPOCTPAHCTBAX.
Jlioboe momympocTpamcTso B E" 3amaeTca B BUAE JUHEUHOTO HEPABEHCTBA

a121 + asx9 + -+ + anxy < c, (1)
rjae ko> UuIueHTs a1, a2, ..., Gy ABIAIOTCA KOOPDAMHATAMH BEKTOpPa HOP-
MaJu K T'MHEPINVIOCKOCTU — T'PDAHUIE ITOJAYIIPpOCTPAHCTBA. B BEKTOPHOM BHUE
HepaseHcTBO (1) 3anummercs B Buge (e, ) < .

[Mapa, cocTosmas m3 HEHYJEBOTO BEKTOPA € M JAEUCTBUTEIHLHOTO YUCAA
¢, 3aMaiomas HEKOTOpOe (PUKCHPOBAHHOE MOJIYIPOCTPAHCTBO, ONPEAEICH] C
TOYHOCTHIO [0 YMHOXEHUA HA TOJOXUTETbHYI0 KOHCTAHTY. llosTomy ecam
JTONOJHUTENHLHO MOTPEGOBATH, ITOOBI BEKTOP € ObLI HOPMUPOSaHHbiM (T. €.
(e,e) = 1), To Takme mapbl OyAyT HAXOAUTHCA BO B3AMMHO OJHO3HAYTHOM
COOTBETCTBUU C TMOAYyOpPOCTpaHCTBaMu mpoctpancTsa E". BekTop e Gymem
HA3BIBATH HOPMAALIO K NOAYNPOCMPAHCMEY. 3AMETHUM, 9TO BEKTOP HOPMAJH
HANPABJIEH HAPYXY MOTyNpOCcTpancTsa (puc. 1).

[Tpu mepecevennn IByX TUNEPILIOCKOCTER B B 06pa3yioTea deThIpe pas-
JWYHBIX MBYTPAHHBIX YTV, BEIMYWHBI KOTOPHIX MOMapHO AuO0 paBHBI, JUOO
JOTOJHAKT APYT Apyra a0 7. Kcam ke MBI BRIOGEpeM i KaXIOW U3 T'U-
MEPILIOCKOCTEN OMHO M3 [BYX OTPAHUTUBAEMBIX €10 MOJYIPOCTPAHCTB, TO
MOXHO ONHO3HAYHO BBIOpATH ONWH W3 ITUX YETHIPEX ABYI'DAHHBIX YIJIOB.
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Puc. 1.

A wmmenno, 570 OygeT ABYIPAHHBIU YyroJ, 0OPa30BAHHBIA B MEPECEYEHUN BHI-
OpAHHBIX MOAYIPOCTPAHCTE. ByaeM HAa3BIBATEL STOT ABYTPAHHBIA YTOM Y240M
MeHCIY NOAYNPOCMPAHCMBamy. BeIutwHy 5TOr0 yria MOXHO ONpenennTh
KaK BEIMYUHY ILIOCKOrO yIVIa, MOJY9YaeMOT0 B MEPECEYECHUM DTUX TOIYIIPO-
CTPAHCTB C JBYMEPHOU IIOCKOCTHIO, MEPIEHAUKYJIAPHOU UX rpaHunam. Ta-
KM O0pasoM ONpPENeNeHHBIN Yroad MEXAY MOAYyIPOCTPAHCTBAMHA AOTOTHAET
IO 7 yroJ MeXTy HOPMAaJAAMHU K HUM.

YriaoM Mexay TPAHAMU MHOTOIPAHHUKA HA3BIBAETCS YTOJ MEXIY COOT-
BETCTBYIOIIMMHY 3TUM T'PAHAM TOIYIPOCTpAHCTBaMu. Keam nse rpamm crap-
IIeH PA3MEPHOCTH TMEPECEKAIOTCA M0 MPAHN KOPA3ZMEPHOCTH 2, TO OHU HA3HIBA-
OTCA CMENCHBIMYU, & YTOI MEXKTY HUMA — 08Y2PAHHbIM Y2A0M MHO202DAHHUKA.

Cdepa S™ MoxeT GBITH €CTECTBEHHBIM 06pa3oM Bioxena B F7H:

§" ={z e E"": (z,2) = 1}.

Kax noe monmynpocTpascTBo cdeprudeckoro npocTpancTsa S” ABIAeTCA IPU
TAKOM BIOKEHUM €ro MEePEeCedeHUEM C HEKOTOPBIM TMOAYIPOCTPAHCTBOM B
E™! rpammna KoTOporo mpoXOJUT €epe3 Hylb. BeKTop HOpMAIH K HOTy-
npocrparcTsy B E"T! Gynem Takxe HA3BIBATH BEKTOPOM HOPMAIH K COOT-
BETCTBYIOIIEMY MOJYIPOCTPAHCTBY B S™.

Taxum 06pa3oM, MBI TOIYIAIA B3AUMHO O THO3HATHOE COOTBETCTBUAE MEXK-
Iy HOpMUPOBAHHBIMU BEKTOpPaMu B (n+1)-MepHOM eBKIMOBOM TIPOCTPAHCTBE
¥ TOJYTTPOCTPAHCTBAMY N-MePHOU chephl, 3agaBaemoe HpOpMYIon

ec B i(e,e)=1 — H,E¥{zeBE""":(z,z)=1, (e,z) <0}

TakuMm xe 06pa3oM MOJydaeTCs COOTBETCTBUE MEX Y MHOTOTPAHHUKAMUA
B S" u MuHOrOrpanHuKamu B £ 1!, Bce rpamy KOTOPHIX IPOXOZAT [Wepes OJHY
TOouKy. Takue MHOTOTDAHHUKN HA3BIBAIOTCA MHO202DAHHLIMY KOHYCAMU.

C KaXIbIM MHOTOTDAHHUKOM CBSIXKEM CUCMEMY HOPMAAet — MHOXKECT-
BO HOPMAJEU K OMPEENAINIM €ro moaynpocTpancTsaM. [las MEOrOrpanHu-
k0B B K" cucTema HOpMalen NMPUHANICKUT 3TOMY XK€ MPOCTPAHCTBY, a i
MHOTOTPAHHUKOB 13 S™ cucTema HOpMaaer npuHagtexut B Yror mexy
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HOPMAJAME AOMOJHAET A0 T YT'OJ MEXAY COOTBETCTBYIOIIMME TOIYIIPOCTPAH-
CTBaMMN.

B cBow ovepens, koHEWHAS CHCTEMA BEKTOPOB B €BKJIUIOBOM TPOCTPAH-
CTBE MOXET OBITH 3aaHA MATPUIEH, COCTABICHHON W3 TMOTMAPHBIX CKAIAPHBIX
IPOM3BENEHAN BEKTOPOB M HasLiBaeMoun mampuueti I'pama. Matpumy 'pama
CUCTEMBI HOpMaJIefI KOHEYHOI'O MHOT'OI'DaHHUKA MBbI 6y,qu Ha3bBIBATH MAMpPU-
yetd I'pama muozoeparnuka.

3 onpenenenus marpunsl I'pama G = (g;;) cregyer, 4To OHA HOIKHA
YAOBIETBOPATE CACAYIOUIAM YCIOBUAM:

> gij = gji (CMMMETPHYHOCTB);
> gii = 1 (HOpMEPOBAHHOCTS);

> BCE€ IJIaBHbIE MHHOPHBI MaTpPUIBI G HEOTpUIIATCIBbHBI (HOJIO)KI/ITGJH)H&H
[OJIyONPENeIeHHOCTD). B 9acTHOCTH, BHINOIHEHO HepaBeHCTBO Komm —
Bymaxosckoro: |g;;| < 1.

O6paTHO, BCAKAS MATPUIA, YAOBICTBOPAIONIAI DTUM YCIOBUAM, ABIAETCA Ma-
Tpuien ['paMa HEKOTOPOX HOPMUPOBAHHON CUCTEMEI BEKTOPOB B €BKJINJOBOM
OPOCTPAHCTBE (COMNIACHO M3BECTHOU TEOPEMe W3 JWHEWHOU aareGphl), U, TeM
caMbIM, MATpUIEN [ pamMa HEKOTOPOTO KOHEIHOTO €BKJINUJ0BA MHOTOTPAHHAKA.
JledicTBUTEABHO, TIO CUCTEME HOPMAJel MOXKHO MOCTPOUTH CEMEUCTBO IOJIY-
TMPOCTPAHCTB TAK, ITOOLI BCe OHU COAECPXKAIA OKPECTHOCTH Hyssa. Torma me-
pecedenmne 3TUX MOJYTIPOCTPAHCTB Oy IeT BBIMTYKJIBIM MHOTOrpaHHnKOM. Kpo-
M€ TOT'0, MOXHO MOCTPOWTE CUCTEMY MOJYIPOCTPAHCTE TAK, 9TOOBI BCE WX
TPAHUILI MPOXOAWIN epe3 Hydb. KCIu U B 3TOM Caytdae Tepecetdenne momy-
TMPOCTPAHCTB GyIeT COAEPEKATHL HEMYCTOE OTKPHITOE MHOXECTBO, TO MATPHUIIE
I'pama cooTBETCTBYeT TakXke MHOTOrpaHHWK Ha cdepe. [Nomygarommunca npu
BTOM €BKJINAOB MHOTOT'DAHHUK HABBIBACTCA MHO202DAHHBIM KOHYCOM.

Parneom cucTeMBl BEKTOPOB HA3BIBAETCA PA3MEPHOCTDL €€ JTUHETHOU 000-
JOYKHU. PaHr CHCTEMBI BEKTOPOB COBIAJAET ¢ PAHTOM ee MaTpuisl ['pama.
Panr cucrembl BEKTOPOB HE GOMBIIE, 9€M WX KOAUIECTBO, IPUFEM PABEHCTBO
JOCTUTAETCA TOTAA M TOABLKO TOTAA, KOTAA CUCTEMa JUHEHHO HE3ABUCUMA.

Ecam cucrema HOpManen mMeeT PAHT MEHBIINU 7, TO BCE HOPMAJIA COAEP-
®KATCA B HEKOTOPOM COGCTBEHHOM MOATIPOCTPAHCTBE MpocTpaucTsa K™, Muo-
TOrPAHHWK B 3TOM CAy9ae ABIACTCA MUWIMHAPOM HAJ MHOTOTDAHHUKOM MEHBb-
mer pasMepHOCTH. Takue MHOTOTPAHHUKHA Oy A€M HABBIBATD BbLPOHCICHHbIMU.
Muororpanuuk B S™ HA30BEM BBIPOXEHHBIM, €CIU BEIPOXKIEH COOTBETCTBY-
IOIIMI eMy MHOTOrpaHHbIM Koryc B BTl T.e. cucrema HOpManen umeeT panr
MensbIne n + 1.

Haxomen, ecim cucrema BEKTOPOB TIPEACTABAACTCA B BUAEC 0OBEIUHEHUA
HECKOMBKUX TMOMAPHO OPTOTOHAALHBIX TOACUCTEM, TO COOTBETCTBYIOMINN
MHOTOTPAHHWK ABIACTCA NMPAMBIM ITPOU3BEAECHUEM COOTBETCTBYIOIIUX WM
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MHOTOTDAHHUKOB, a MaTpuIla ['paMa mMeeT KIeTOYHO-AUATCOHAILHLIM BUI, B
KOTOPOM KJeTKU ABIAIOTCA MaTpunamu ['pama mogcucrem. MHOroOrpanHumk,
CUCTEMA HOPMAaJen u MaTpuna ['paMa B DTOM CAy9ae HABBIBAIOTCA PA340HCU-
MBLMU.

CaMBITl TPOCTON ¢ TOYKY 3PEHUA KOMOMHATOPHOTO CTPOEHUA MHOTOTPAH-
Huk — cumnqaexc. On umeer n + 1 rpans crapmen pasmeproctu. O6parTHO,
ecam mepecedenue 1 + 1 OMyIPOCTPAHCTBA, ABIAETCA OTPAHWIEHHBIM MHOTO-
CPAHHMKOM, TO 3TOT MHOTOTPAHHMK — CHMILIEKC. KOAuM4IecTBO rpamen cuM-
IIEKCA Ha eJUHUIY GOJbIIe PasMEPHOCTH MPOCTPAHCTBRA, & €r0 CUCTEMa, HOP-
MaJIefI CBA3aHa €IMHCTBEHHBIM JIHHeﬁHBIM COOTHOIIIEHUEM.

Konyc B eBkAMAOBOM TPOCTPAHCTBE, COOTBETCTBYIOIIUU CUMILIEKCY HA
cdepe, HA3LIBAETCA CUMNAUYUGALHbIM KOHYcoMm. CHCTEMA HOPMAJIEH CUMILIA-
IMAILHOrO KOHYCA JUHEHHO HEe3aBUCUMA.

2. OCTPOYTOJIbHBIE MHOTOI'PAHHUKY
Mzur gaguMm ABa OmpeaeneHus OCTPOYTOJLHOTO MHOTOTPAHHUKA.

ONPEAEJEHUE. MHOTOTDAHHUK HA3BIBAETCA 0CMPOY20AbHLIM, €CIU BBHI-
HOJHEHO OJIHO U3 BYX CAEAYIOMUX (PABHOCUIBHBIX) YCJIOBUM:

I. Bce ero aByrpaHubie yribl HE TYIIBIE;

II. Bce yrabl Mex Iy OompemeisouiuMu ero HOJAYIPOCTPAHCTBAMY He TYIILIE.

Ha nepBwin B3riag BTOpOE OmpeeleHME KaxXeTca 0oJee CUIbHBIM, II0-
CKOMBKY OHO HAKJIAABIBAET OIPAHUYEHUE HA YIVIBI MEX Y JIOOBIME, 8 HE TOMb-
Ko cMexHbiMu rpaaMu. Ognaxko B 1970 rogy E. M. Augpees [2] moxasau,
9TO N'MIepIioCKOCTY HECMEXHBIX FpaHeﬁ MHOT'OT'DaHHUKA, YI0BJICTBOPDAIOIIEC-
o yCaoBuio |, HEe IEPeceKaroTes, a 3HAYAT, TAKNE MHOTOTPAHHUKHY Y/ IOBICTBO-
psfot Takxe ycaoBuio 1I. Mer He 6yaeM NpuBOAUTE TOKA3ATEALCTBA TEOPEMBI
Angpeesa, a mias TOT0, YTOOBI U3JIOKEHUE COXPAHUIO CTPOrOCTh, OyaeM CYu-
TaTh ONPENeJeHNEM OCTPOYTOIHLHOIO MHOTOTPAHHUKA ycaosue 1.

yI’JH)I MEX Ny HOPpMaJAMU OCTPOYI'OJBHOI'O MHOT'OTDAHHUKA ABAAOTCA HE
OCTPBIMU; TAKYIO CUCTEMY BEKTOPOB Oy€M HA3BIBATH MYNOY20abHOb.

3AMEYAHUE. [IpamMon yroa AOMyCcKaeTCA KAaK MEXIY TPAHAMEH OCTPO-
YrOJIBHOIO MHOTOTPAHHWKA, TAK W MEXAY BEKTOPAMHE TYHNOYTIOJbLHOU
CHACTEMBI.

OKa3sbIBAeTCA, YTO B €BKJAMJOBOM MPOCTPAHCTBE MOMEIIAETCA NOCTATO-
HO MaJO BEKTOPOB C TIOMAPHO HE OCTPHIMU yIJIAMU, TTO3TOMY OCTPOYTOJbHBIE
MHOTOTPAHHUKY UMEIOT JOCTATOTHO IPOCTOEe KOMOMHATOPHOE cTpoeHue. Bo-
Jgee TouHAA POPMYJIUPOBKA COAEPKUTCA B CAEAVIONIEN JEMME.



Kuracengpmranua mHororpanankoB Kokcrepa 87

JIEMMA 1. Jho6as Hepasioncumas mynoy204bhas CUCMEMA BEKMOPOE 6
E™ codepacum wne boace n+ 1 sexmopa.

[JOKA3ATEJLCTBO. [okazaTelncTBO GyAeM HPOBOAUTL HHAYKIMEHN IO
Pa3sMepHOCTH TPOCTPAHCTBA. ba3a 04YeBMIHA: MAKCAMAJILHAS TYIIOYTOIbHAIL
CuCcTeMa BEKTOPOB HA HpHMOﬁ COCTOUT U3 ABYX IIPOTUBOIIOJOXKHO HAIIPABJICH-
HBIX BEKTOPOB.

PaccmoTpuMm HepasnoXKMMYyI0 TYMOYIOJBHYIO CUCTEMY W OJWH M3 €€ BEK-
TOPOB Z.

Ecam BekTOp —% Takke NPUHAIEKUT CUCTEME, TO BCE €€ BEKTOPHI, KPO-
Me T W —%, M0 YCIOBUIO OOpPa3ylT C HUMU HEOCTPHIE YIWIBI, a 9TO MOXKET
OBITH TOJHKO B CAydae, KOTJAa OHM OPTOTOHAMBHBI UM OOOUM. SHAYUT, APY-
IUX BEKTOPOB HET, MHAYE CUCTeMa Oblia Obl pasmoxumon. [losTomy cucTema
COMEPXKUT BCEr'O [BA BEKTOPA, W [JIA 3TOTO CAyYasd JeMMa MOKA3AHA.

[MycTs Teneps cucrema He cogepxuT BeKTOpa —. CIpOEKTUPYEM BCe BEK-
TOPHI CUCTEMBI, KPOME &, Ha TUIEPILIOCKOCTS 11, opToronansmyio emy. [loay-
“eHHAA CUCTEMA, COACPKUT HA OJUH BEKTOP MEHBIIE UCXOMHOU U COMEPKUTCA
B MPOCTPAHCTBE HA EIUHUILY MEHbIIEH pasMepHocTH. [lisa 3aBepuieHus 10Ka-
3aTeabCTBA JOCTATOYIHO IPOBEPUTH, 9TO OHa TYIOYTOJAbHAA U HEPA3JIOXKUMAA,
7 COCJIATHLCA HA MPENNON0XKEHNE UHIYKINN.

r[[JIH OOKa3aTeAbCTBA TYHNOYT'OJBHOCTU PACCMOTPUM [IBa BEKTODpa U W U
cuctembl u ux npoeknuu v’ m v’ ma II. Torga u = v’ + Az, v = v/ + ux, rae
A<0mp <0, orkyaa (u,v) = (u',v") + Au(z, z), sraauT

(W, v") < (u,v). (2)

Mb1 BEAWM, 9TO CKAJAPHBIE NPOM3BEACHUA IIPU NPOCKTHPOBAHUU HE yBEJIW-
YUBAIOTCA; CIENOBATENBHO, YIIBI MEXTY BEKTOPAMM OCTAITCA HE OCTPBHIMMU.
[MosTomy moay<ieHHAsS TIPU TPOEKTUPOBAHUY CUCTEMA, TYIIOYTOJbHA.

[las mokaszaTerhbCTBA HEPA3IOKUMOCTH 3aMETHUM, 9TO TYIBIE YIIbI HE MO-
I'yT IPOEKTUPOBATHCA B IPAMBIE, TO3TOMY HEPABIOKUMAA CUCTEMA TTPOEKTH-
pyeTca B Hepasaoxumylo. VCXOmHYI CHCTEMYy BEKTOPOB MBI BLIOHMpPAIHA He-
PABJIOKUMON, OJHAKO TIPU yJAJCHUM BEKTOPA & OHA MOIVIA PACTACTHCA HA
HECKOJBKO OPTOTOHANBHBIX KOMMIOHEHT. IIpm 5TOM BeKTOp I JomXkeH obpa-
3OBLIBATH HE MPAMOM Yyroa XOTA OBl ¢ OJHAM M3 BEKTOPOB KaXIOU KOMIIO-
HEeHTHL [Ipy OpPOEKTMPOBAHWE 3TH BEKTOPHI CTAHYT 0OPA30OBBIBATL MEXKITY
coG0OU TOMAPHO TYIBIE YLV, TAK KaK CKAJIAPHBIE MPOU3BEIEHUA BEKTOPOB,
00pa3yomux TYIBE YL ¢ £, CTPOT0 YMEHBIIAIOTCA (3TO JETKO IPOBEPUTD,
UCCIEOBAB CAYYad BBIMOJHEHUs PABEHCTBA B HEpaBeHCTBE (2)). 3HAYUT, 1O-
JIYY€HHasd OTPU MPOCKTUPOBAHUN CUCTEMA HEPA3JOXKUMA.

CHEACTBUE. Koauuecmeo 8eKmopo6 HePa3A0HCUMOT Mynoy204broti cu-
cmembl Aub0 Pasro ee paney, 4ubo na edunuyy boavue.
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B mepBoM u3 3THX ABYX CAYUAEB CUCTEMA JHHEHHO HE3aBUCHMA, a 331aBa-
€MbIM TAKOU CUCTEMOU HOPMAJEH MHOT'OIDAHHUK ABAACTCA CAMILIAIAAILHBIM
kKOHyCcOM. Bo BTOpOM ciydae cucreMa CBA3aHA €UHCTBEHHBIM JUHEUHBIM CO-
oruomenueM. (HeTpyano nokasaTh BeCbMa MONE3HOE CBOUCTBO HTOrO JMHEH-
HOT'O COOTHOIIEHUS, ITO BCE er0 KOI(PPUIUEHTHI UMEIOT OJUHAKOBLIU 3HAK.
Opmraxo HAM OHO He MoHAAO0UTCA.) [loKaXeM, 9TO COOTBETCTBYONMN CACTE-
Me HOpMAaJel MHOTOTPAHHUK B 3TOM CIyUae ABIAETCA CHMILIEKCOM.

JIEMMA 2. Jhobas nepasaodxcumas mynoy2oavkas cucmema 8 E™ cocmo-
awan uz n+ 1 gexkmopa, aeasemca cucmemot HOPMALE HEKOMOPO2O CUM-
nAeKCa.

[JOKA3ATEJBLCTBO. Ilycts €1, €9, ..., €y41 — /[AaHHAA CUCTEMA BEKTOPOB.

Hokaxewm, aro muororpanauk M = N{z : (z,e;) < 1} aABasgeTcsa cuMILIEKCOM.
HocTaTovno gO0Ka3aTH OI’paHI/I‘{eHHOCZTI) M. llpeanonoxum nporusaOe. Torma
HEKOTOPBIN Jyd ¢ HAYAIOM B HyJe (HyJab — BHYTpPEHHAA TOUKa M) meamkom
AeXUT BHYTpU M. DTO 3HAMAT, 9TO CYMECTBYET TAKOU BEKTOP €, ITO I
mo6oro i npu aob6om A > 0 BemonHeHO ycaoBue (Ae,e;) < 1. DTo Moxer
BBITIOMHATHCA TOJBKO, ecan (e,e;) < 0 nma Bcex i. Ho Torma mammywo Tyto-
YTOIBHYIO CUCTEMY BEKTOPOB MOXHO PACIIAPUTD, TOOABUB BEKTOP €. A 3TO
TIPOTUBOPEYUT JeMMe 1.

Tenepp MBI MOXEM ONUCATH CTPOEHWE OCTPOYTOJNBHBIX MHOIOTDAHHUKOB
B €BKJAKUJOBBIX IPOCTPAHCTBaX U Ha cdepax.

TEOPEMA 1. Hesuvipooscdennbie 0cmpoy204bible MHO202PAHKUKY 6 €8K.AU-
0080M NPOCMPAHCNEE ABAANOMCA NPAMBIMU NPOUEE0CHUAMU CUMNAEKCOE U
CUMNAUYUGALHVIT KOHYCOB.

JTOKABATEJBLCTBO. Cucrema HOpMAJEUd OCTPOYTOJHLHOTO MHOTOTDAHHU-
Ka ABIAETCA TYMOyroabHou. COrIacHo CIeNCTBUIO, OHA MPEACTABIACTCA B BU-
ne 00beIMHEHUs TOTIAPHO OPTOTOHANBHBIX MOJCUCTEM, KAXAasd U3 KOTOPBIX
Jaub0 TUHEWHO HE3aBUCHMA, JU00 CBA3AHA, €IUHCTBEHHBIM JUHEWHBIM COOTHO-
MIEHUEM, 3 3HAYUT ABIACTCA CUCTEMOU HOPMAJIEH CUMILIUIIUAILHOTO KOHYCA
WM CAMILIEKCA. [109TOMYy paccMaTpUBAEMBIM MHOTOTPAHHUK ABIACTCS MPSI-
MBIM TIPOU3BEJEHNEM MHOTOIDAHHUKOB DTUX ABYX THUIIOB. 3AMETUM, YTO PsA-
MO€e TIPOU3BECHNE CAMILTATAAILHEIX KOHYCOB TAKXKE ABIACTCA CUMILTAITAAT -
HBEIM KOHYCOM.

TEOPEMA 2. Hesviposcdennbie 0Cmpoy2oabnble MHO202PaAHHUKY Ha cdepe
ABAAIOMCA CUMNACKCAMU.

TTOKABATEJLCTBO. Paccmorpum B E™! cucremy mopmane#d Hepwb-
POXIEHHOT'O OCTPOYTOJBLHOTO MHOrOrpanauka B S™. [lobaBuM K HEW BEKTOD,
JeXKANAU CTPOTO BHYTPHU CAMILIUIMAILHOTO KOHYCA, COOTBETCTBYIOIMIErO STO-
My MHOTOIDAHHUKY (TakKOW BEKTOP CyHNIECTBYET, MOCKOIbKY MHOTOI'DAHHUK
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COEPKUT HEMYCTOE OTKPHLITOE MHOXKECTBO). DTOT BEKTOD COCTABIAET TYIBIE
YIJIBL CO BCEMU BEKTOPAMHU CUCTEMBbI HOPMAJEHU, MODTOMY MOy IUBIIASICA TI0-
cie 10GABIEHUA CUCTEMA, ABISETCA TYMOYTOJbLHOU U Hepasioxumon. Cormac-
HO JeMMe, OHa cofepX)uT He 6oaee n + 1 BekTopa. CrenoBaTenbHO, UCXOMHASL
CUCTEMa HOPMAJEU cojepkaaa He 0ojee n BEKTOPOB. V3 HEBBIPOX JEHHOCTHU
MHOTOTPDAHHUKA CAEAYET, 9TO OHA COMEPKANA POBHO 7 JUHENHO HE3ABUCUMBIX
BEKTOPOB. 3HAYUAT, MHOTOTDAHHUK ABIAETCA CAMILIEKCOM.

3. MHOTOI'PAHHUKU KOKCTEPA U CXEMBI KOKCTEPA

ONPEAEJEHUE. Mnozoepannurxom Koxcmepa Ha3bIBAETCA MHOIOIPAH-
HWK, BCE OBYTPAHHLIE YIVILI KOTOPOTO ABIAIOTCA IEILIMA IACTAME 7.

B crarbe [5] gokasbiBaeTCsA, 9TO, MHOrOKPATHO OTPaXKasd MHOTOTPAHHUK
Kokcrepa 0THOCHTENRHO MUIEPIIOCKOCTEN €r0 TPAHEN, MBI MOJYYUM 3aMO-
[IeHNE TPOCTPAHCTBA «KAMEPaMMy, PABHBIMI UCXOTHOMY MHOTOTpaHHUKY. U3
DTOTO CJEAYyeT, YTO eCIU NBE TUMEPILNIOCKOCTH HECMEXHBIX I'DAHEN TAHHOTO
MHOTOTPDAHHUKA TEPECEKAIOTCA, TO OHM 00PA3YIOT ABYTPAHHBIN yIOd APYTOU
KAMephbl. SHAYMUT, yroJd MEeXAy HUMHU TAaKXKe MOTKEH OLIThH PABEH MEIOU <Ia-
ctu 7.2

B pomonnenwe x ABYM yXe W3BECTHBIM HaM CIOcCO0aM 3aMaHUsA MHOTO-
IPAHHUKOB — CHCTEMOW HOpMaJen m MaTpuinen ['pama — mas MHOrOrpaH-
unkoB Kokcrepa cymectsyet eme oaua — cxemon Kokcrepa. [lus Beemgenus
DTOTO MOHATHUA HAM MOHAA0OUTCA A3LIK Teopuu rpados. HamoMHaUM KOPOTKO
OCHOBHBIE OTIpE/IeJeHUs.

I'pad, pebpa KOTOPOrO MOTYT UMETH PA3AUIHYIO KPATHOCTH, OyaeM Ha-
3BIBATE cremoti. Cmenenvio 6EpuIunbl CXeMbl HA3BIBAETCA KOIMIECTBO BBIXO-
aAmUX 3 Hee pebep. BepmuHbl cTenenn Hy b HA3BIBAIOTCA U304UDO 6 AHHbIMU,
CTENEHT OUH — BUCAUUMU, CTETICHN B — 06bIUHbIMU, & OOMBIIEN CTETeHN —
y3aamu. Pebpa kpaTHocTu 1 HAZ0BEM NPOCMbIMU, 8 OCTAIBHBIE — KPAMHbLLMU.
[Ty Te HABBIBAETCS NPOCMbIM, €CIU OH TTPOXOJUAT TOJBKO M0 MPOCTHIM pedpaM.
Bynem masbiBaTh 0cobennocmbio CXeMbI KpaTHOE Pe6po WiIn y3el, a, npocmot
ocobennocmovio — pebpo KpaTHOCTH 2 uau y3en creneru 3. CasHas cxeMma,
HE COMepXKallas IUKIOB, Ha3bIBaeTCa depegom. [lepeBo, He comepxariee 0Co-
OeHHOCTeN, — DTO JWHEWHAA CXeMa U3 MPOCTHIX pebep.

Kaxgomy muororpamaunky Kokcrepa coorBeTCcTByeT cxema, HA3BIBAEMAas
ero cxemon Kokcrepa. Ona onpepenaserca caeayiommm o6pazoM. Beprimabt

D Muororpanankn KokcTepa ABITIOTCA OCTPOYTOABHBIMM, TOSTOMY M3 YIOMUHABIIEHCS
pamee Teopembr Anapeesa [2] cregyer, 9TO EIEPIIOCKOCTH HECMEXHBIX IDAHEHN HE IEpe-
cekatorca. Ham ana kaaccmdmxanmm MHOrorpanHnkoB Kokcrepa norpefyercs aumb GakT,
9TO yroa MeXAy MOBIME HenapailelbHEIMU IPAHAMEA PAaBeH Ieaon Jactu m. Mbl mpuBenn
IOKa3aTeIbCTBO 3TOro 6ojee caaboro yTBEPXKAEHUA, YTOOBI HAIKM PACCYXAEHUA HE IOTe-
PAIU CTPOTOCTH B OTCYTCTBUM [OKA3ATEILCTBA TeOpeMbl AHIpeesa.
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cxembl KOoKcTepa COOTBETCTBYIOT T'PAHAM CTAPIIEH PA3MEPHOCTH MHOTOTPAH-
uuka Kokcrepa. Ecam gBe rpanm meprneHIuKyJIspHBI, TO COOTBETCTBYIOIINE
BepmmHBI cxeMbl KokcTepa He coenuuaioTca pebpom. Kcam yroa mexay rpa-
HAME paBeH 7/m (m > 3), TO COOTBETCTBYIOIINE BEPUIMHBI CXEMBI COENUHS-
0TCA Pe6POM KPATHOCTH 1M — 2 miu OGBIMHBIM PEGPOM € OTMETKOM 1 (3TH 1Ba,
0003HAYEHNA PABHOCUILHBL, MCIIOAB30BATE PEOPO ¢ OTMETKOU YAOOHO B CIIy-
“ae, ecau M BeIuKo). Ecau rpanu napanienbusl, TO BepuHbl cxeMbl Kokcre-
pa COAMHAITCA KUPHBIM peOpoM (miu pe6poM ¢ OTMETKOU 00).

Hodczemoti cxembr Kokcrepa HazbiBaeTCA moArpad, MOJyIaeMbIA yaaie-
HUEM HEKOTOPBIX BEPIIMH BMECTE CO BCEMH BBIXOIANIMME W3 HUX pebpamu.

Acuo, uTo nmo cxeme KokcTepa OTHO3ZHATHO BOCCTAHABIMBAETCA MAaTpU-
ma I'pama u cuctema mopmagen. Ilogcxemam cxemur Kokcrepa cooTBeTCTBY-
0T TOJCUCTEMbBI CUCTEM HOPMAJEU U TVIABHBIE MUHOPHI MaTpuiikl I'pama. Mbr
Oyaem roBOpuUThH 00 onpedeaumene U pamze cxembl KokcTepa, uMes B BUIY
ONpeNeNIuTeNb U PAHT COOTBETCTBYIOMEN MaTpuisl ['pama.

Jlerxo mIpoBepUTSH, ITO CBA3HOCTE cxeMEbI KokcTepa paBHOCUILHA HEPA3JIO-
KUMOCTH COOTBETCTBYIOMUX € MaTPuIlsl ['paMa, CucTeMbl BEKTOPOB U MHO-
rorpannuka Koxkcrepa.

Omnpegenutent cxeMbl KoKcTepa paBeH MpOU3BEACHUIO OMPEACIUTENCH e
CBA3HBIX KOMMOHEHT. QupeneinTens CXeMbI, COCTOAMEN U3 OJHOU U30JUPO-
BaHHOU BepinuHbl, pased 1. /lng yro6cTBa OyieM cI9uTaTh, 9TO OMPEIEIUTEND
TMYCTON CXEMBI TAK¥XKe PABEH CIUHUIIE.

[na mpumepa paccMoTpuM cxeMmy KokcTepa, MpeacTaBIgiomylo cobon
onuu npocTon mmka (puc. 2), u ee marpumy [ 'pama:

N o
2 2
S T 0 0
2 2
o -+ 1 -1 0 0
2 2
0 0 -1 1 0 0
2
0O 0 0 0 1 —%
L9 o o ... L 4
2 2

CyMMa CTPOK 3TOUW MATPHUIIBI PABHA HYJEBOU CTPOKE, MODTOMY MATPHUIIA, BbI-
POXEHHA, 3HAMAT OMPEAEIUTENb CXeMbl KOoKcTepa paBeH HYJIIO.
CuuTaTh ONpegeIuTeNu TIOMOTAET CACAYIOMA JEMMA.

JIEMMA 3. ITyecmb v — sucauasn sepuwuna cremvt Koxemepa S, coedunen-
nas ¢ eepuunoti w pebpom ¢ ommemxoti m. Obosznauum uepes S’ nodczemy
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\ m
1 ’e)
S . w v
. S/
: S
Puc. 2. Puc. 3.
cxemvr S, noayuaemyro yoasenuem eepwunvt v, a uepes S” — noayuaemyro

yoaaenuem napvr sepwun v u w (puc. 3). Tozda

det S = det S" — cos? %det S”.

[TOKA3BATEJABLCTBO. Marpura ['pama cxembr S umeer Buj

T
1 —cos— 0 --- 0
m
™
— COS — 1 * ... %
m
0 * T
0 * X ... %

T 3BE3J0TKAME 3aMEHEHLI MATPUTHBIC DIEMEHTHI, 3HAMEHUA KOTOPHIX HAM
B JaHHBIM MOMEHT He cymecTseHHbI. Matpuna I'pama cxembr S’ motydaeTcs
BBIYCPKMBAHMEM HEePBLIX CTPOKHU M CTOONA, a MaTpuia ['pama cxembr S —
BEIMEPKUBAHUEM MEPBLIX NBYX CTPOK M CTOIOMOB. [lokasniBaeMas Gopmy.aa
TMOAYTAETCA PABMOKEHUEM OMPEIEIUTENsA MO MEePBOMY CTOAOIY, & 3aTEeM IO
MEPBOU CTPOKE.

llokazanHas JeMMa MO3BOJIAET JETKO HAXOMUTH ompeneauTenu cxem Kok-
cTepa, MPeACTABIAIIAX COO0U TePEBhI.

[na yno6eTBa cueTa MBI MHOTAA OyJeM PacCMATPUBATL TaKkKe Ompeje-
JuTeNb yABOeHHOU MaTpuisl ['pama. Hazosem ero 6oavwum onpedesumenem
u Gygaem o603Ha9aTh Det B OTaAMYMe OT MPOCTO onpemenuTend (Wim Ma.i020
onpedeaumens, ob6osHagaemoro det). OueBuAHO, ITO GOABIION ¥ MATLIN ONPe-
JeTUTenn CBA3AHEI IpoCcTHM cooTHomennem Det S = 2/5Idet S, rae |S| — ko-
JUYECTBO BepIIUH cxeMbl S. B TepMmumuax 6oabimx onpegenuTenei hpopMmyaa
73 JEMMBI 3 TIEPENUCHIBACTCA CASTYIONIM OOPa30M:

Det S = 2Det S’ — ADet S”,



92 B. O. Byraenko

\\
So >>—o——o—o

Puc. 4.

rae A = 4 cos? m/m. B wacTHOCTH, ecim m = 3, 4, 6 mam 0o, TO KoddbUIHEHT
A paser 1, 2, 3 wiu 4 COOTBETCTBEHHO.

CHEACTBUE. Ilycmy Sy — cxema Koxemepa. Obosnauum uepes Sk4q cze-
MY, NOAYUGEMYIO Npucoedunenuem K Sy aunelnol cremvl, cocmoswel us k
BEPUWUH, COCOUHEHHBIT NPocmbiMy pebpamy (Kak nokasano na puc. 4). Tozeda
nocaedosamesvnocmsv 6boavwur onpedeaumeneti Dy = Det Sy obpasyem
aAPUGMEMUBECKYIO NPOZPECCUI.

JOKA3ATEJALCTBO. Jlemma 3 maetr mam dopmyay Dy = 2Dy — Dy,
xoTopasa mepenuckiBaeTcd B Buge D1 — Dy = Dy — Dy, a 9TO 1 03HAYaET,
qaro D — apudmeTmdeckas IpOrpecCus.

[MpumennM TOMYyYEHHBIN PE3YIBLTAT K HECKOIBLKUM CEPUAM CXeM. Pesyib-
TATHI BEIMUCICHUN ONpeeInTenen cBefensl B Tabaumy 1 (c. 93). Bo BTopom
croabue TabauIbl IPUBEAeH OOMUY BUL CXEMBI S, & B TPEThEM — CXeMa, S1 C
OTMEYEHHOU BEPIIMHOW, IPU YIAJEHUM KOTOPOU moaydaeTcs cxema, Sy. [lanee
YKa3aHO KOJIMYIECTBO BEPIIHH CXeMbl Sj, 60JbIINE OmpemeruTeau cxeM Sy u
S1, pasuocth d = Det S — Det Sy moaywaemon apudMeTHIeCKON MPOTrPECCuN,
a TakKXe 3HAYeHUsa Kk, MPU KOTOPBIX OMPEIeJUTESb CXeMbl PABEH HYJII0 W IIPHU
KOTOPLIX OH OOJbIIE HYJII.

3aMeTUM, ITO CPEAM 3THUX CXeM WMEIOTCS MOBTOpsminuecs. Hampumep,
cxema 2 npu k = 4 cosnagaer co cxemou 4 upu k = 2.

Te u3 cxeMm, ompeneauTeNh KOTOPHIX MOJOXWUTENEH, 3aIIAIIEM B TabauIy 2
(c. 95), cHabaUB cTAHIAPTHBIME O0O3HAYMEHUAMYU. HuXHIN HHAEKC BCerga pa-
BEH KOIMYECTBY BEPIIMH CXeMbl. Ananorw4ano, B Tabaumy 3 (c. 95) sanumem
CXeMBbI C HyJeBBIM omnpefeauTeseM. Kpome cxeM, BCTPETUBIIMXCA HaM B Tab-
mume 1, Tam GyAyT IPUCYTCTBOBATH TeTHIpe GecKoHewnwle cepun A,, By, Cp
u D,. Ilepas u3 mux mpeacTaBigeT cOGON TPOCTON IUKI, W MBI yXKe Ha-
UK ee ONpefeluTe]s paHee B 3ToM naparpade. Onpemenurenu cxeM Tpex
OCTAMBHBIX CEPUU MOXKHO JETKO HAUTH, UCIOAL3YA JeMMy 3. MOXHO Takxke
yOeIUTHCA, ITO OH PaBEH HYJII0, U APYTEM CIOCOO0M — HAUIA JUHEHHYIO
3aBUCUMOCTH MEXIy CTpoKamu MaTpuubl ['pama (COBETyeM BBIOIHUTEH DTO
HECJIOXKHOE ynpaxHeHue). Huxuur nHAeKC B 0603HAYEHNN CXEMbI U3 Tabuau-
unl 1 HA eIWHUITY MEHbBIINE KOJIUYIECTBA €€ BEPIIWH. 3aMETHUM, U9TO KaXIyIO
cxemy m3 TAbIUIBEl 2 MOXHO NOMYYATH W3 OJHOUMEHHOU (T.€e. 0603HAIEHHON



Sk S |Sk| | Det Sy Det Sy d Det Sk, > 0| Det Sy, =0

1lo—o—o0 0|8 k 1 2 1 vk —
9| o000 |, 4 k+2| 4 4 0 vk

31T T T T looeo k43| 6 5 1 k<5 k=6
41T oooeo |K+4] 8 6 9 k<3 k=4
5|05 00 o0 eoo|kid| 9 6 -3 k<2 k=3
6|o—o—o - 0o |o—e k+1] 2 2 0 vk —
7|00 00 |o—e kvl 2 5‘2\/5 1‘2\/5 k<3 —
8| =0 -0 = k+1 2 1 -1 k<1 k=2
9| ™ (7<7.77.<_820 ole k+1 2 4(1—c0s21) 2—4COSQ% k<1 —
10 | cwmo—o0— .- —0—0 | C=me k+1 2 0 -2 k=0 k=1
11 | 0—0—0—0 - -+ 0—0 | 0o—0—8 E+2| 3 2 -1 k<2 k=3
12 | o—=0—0--- 0—0 | o—c=» kE+2| 3 3-vb —/5 E<1 —

Taba. 1.

edo1oX0y] g0MHARAIOIOHN BHIRMA(DPHIICLS]

€6
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TON Xe OYKBOW, C TEM XK€ UHAEKCOM, HO 0€3 THIbALI) CXeMBI U3 TaOIUIbL 3
MOCPEJCTBOM YIAJCHUS HEKOTOPOUW BepmuHBL. [[BE CXEMBI ¢ OTPUIATENLHBI-
MU ONPENeNUTENIMI, KOTOPBIE MOHAM0O0ATCA HAM 9y Th MO3XKe, TPUBENEHBI HA
puc. b.

o0—c===—0 «=—0—0—

Pwuc. 5.

OnPEAENEHUE. Cxema KokcTepa HA3BIBAETCA d4AUNMUUECKOU, €CIA OHA
ABJISAETCA CXeMOU MHororpanuunka Kokcrepa B cdhepuveckoM MpOCTPAHCTBE,
7 napedosuveckot, eCim OHA ABIAETCA CXeMOW MHOTOrpaHHmKa Kokcrepa B
€BKJINA0BOM IIPOCTPAHCTBE.

W3 pesyabTaTor naparpadgos 1 u 2 cregyeT, ITO CBA3HAI CXeMa ABIIETCI
BIIUNTUYECKON TOTAA W TOJILKO TOTAA, KOTIA OHA TOJOXUTEILHO OIMpe/eIeH-
Ha, W MapaboaMYecKOU TOrJa W TOJBLKO TOT/AA, KOTJa OHA, BBIPOXKJIEHHA, A
aobada ee cOOCTBEHHAA MOACXEMA TIOJOXKUTENLHO ONMpPeleNTeHHa.

Herpyano ybequThesa, ITO BCe CXeMBI U3 TAaOMUIELI 2 ABIAIOTCA DJIANTH-
9eCKUMU, a M3 Tabauisl 3 — mapaboandeckumu. [ljas 5TOro moCTaTOIHO MPO-
BEpPUTH, ITO BCe mX COOCTBEHHBIE MOACXeMbI cogepxkarcsa B Tabaure 2. Kak
CIEICTBUE 3aMETHUM, ITO HUXKHUU UHAEKC B OOO3HATMEHUU JIOO0U CXEMBI U3
Tabaun 2 u 3 paBeH ee PaHTYy.

B cmemytomem maparpade MBI HOKaXeM, ITO BCE CBI3HBIC DJLIATITHUYIE-
CKVe 1 TapaboantiecKne CXeMbl NCUIePILIBAIOTCA IPUBEIeHHLIMY B TaOIuIax 2
u 3. Tem cambiM, 6ymeT monytIeHa MOJHAA KIACCU(PUKAINA MHOTOI'DAHHUKOB
Kokcrepa B S™ u E".

HaMm momagobutesa BcnoMoraTeabHOe YTBEPpXKAeHUE U3 TEOPUN MATPHII.

JIEMMA 4. ITycme xsadpamuas mampuya M = (a;j) nopadka n > 2 ydo-
BACTMBOPAET, CACOYIOUSUM YCAOBUAM:

> 8HE JUAROHAAU CTNOAI HEMOAOHCUNEADHDLE yucaa,
> HYAU CTNOAT CUMMEMPUUHO OMHOCUMEALHO aU(ZZOH(l./LU;

> 8ce cobcmeenmnble 2406HbLE MUHOPBL NOAOHCUIN EADHDI.

Toeda anaeépauuecwue donoanenus Ko 6cem ee HEHYAEBDIM IAECMEHMAM TO-
AOAHCUM EALHDBL.

JOKA3ATEJILCTBO. YTBepXIeHUE JEMMBI TOCTATOYHO IPOBEPUTEL TOMb-
KO 11 anreGpantiecKux JOMOMHEHUN K HeJUATOHATLHBIM BIEMEHTAM, TTOCKOIb-
Ky ajrebpandeckue AOMOJHEHUA K TUArOHAJBHBIM DJIEMEHTAM ABIAIOTCA TJIAB-
HBIMEA MWHOPAMU, 8 OHU TMOJOXWUTEIBHBI IO yCAOBUD. KpoMe TOoro, 3ameTunm,
YTO AUATOHAJLHBIE DIeMEHTHI MATPUIBI M IOMOXUTETLHBL IO YCIOBUIO, TaK
KAaK ABAAIOTCA I'TABHBIMU MUWHODAMU NOPAIKa 1.
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Taba. 2. Cpasuele sumnrudeckue cxembl Kokcrepa

A;  ommo
gn f_(\? (n=2)
o—0o”

Ta6a. 3. Cesasaole napaboauieckue cxembl Kokcrepa
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NokazaTeascTBO OyAeM BeCTH WHAyKOmen 1mo n. [[poBepka MCTHHHOCTH
YTBEPXKACHUA IJIA N = 2 HE MPEACTABIACT TPYy/a.

ITycTs Tenepb ama MaTpui mopagka n — 1 aeMMa qokasaHa. PaccMOoTpuMm
marpuny M = (a;j) nopagka n. AareGpamdeckoe gomonHenme A;; k He-
AMArOHAJILHOMY DJIEMEHTY ;; (6e3 orpaHmdYeHusa OOIIHOCTH MOXHO CYATATH,
9T0 § < j) PABHO MUHODY, MOIYy9Ia€MOMY BBIYEDKUBAHWEM i-U CTPOKHU W j-T'O
croabma, ymuoxeHEOMy Ha (—1)"1/, BHIMECIEM 3TOT MHUHOD pa3lokKeHEEM
1o i-My cToabiy. Bce sieMeHTHI 5TOro ¢TOAOIA HEMOIOKATEILHEL (TIOCKOMb-
Ky €MHCTBEHHBIN TOJOXUTENLHBIA €0 DIEMEHT (i BBIMEPKHYT), TPUYEM MO
KpallHel Mepe OJUH 3IeMeHT aj; CTPOTO OTpumaTeneH. Aare6pamdecKue Jo-
NOMHEHWA K TUM BIEMEHTaM ¢ TOYHOCTBIO 10 MHOXmTena (—1)7~" cosma-
AT C arreOpamvecKuMu NONOJHEHUAMEU K daemeHTam (j — 1)-ro croabua
MOAMATPUIBL, TTOMY9aeMON BHIMEPKUBAHUEM i-bIX CTPOKHW W CTOAOHA. A pTH
anrre6pamvecKue MOMOMHEHUA MOMOXKATEILHLL O TIPETIONO0KEHAID WH YK,
Hockonsky mpousseserne muoxuTeren (—1)+ m (—1)/~¢ papro egummue,
paccMaTpuBaeMoe aareGpanvdeckoe JOmOMHeHne A;; MOI0KUTETBHO.

3AMEYAHME 1. B ycnosuwm He Tpebyercs, 9ToOB ONpeeInTeNh BCEA Ma-
TpuUB! OBLT MOTOXKUTENEH.

3AMEYAHUE 2. Eciu mMaTpuiia HEBHIPOX JEHHA, TO YTBEPXK JEHUE TeOope-
MBI MOXHO ITEpe(pOpMyIupOBaThL TAaK: BCE DIEMEHTHI 00PATHON MATPUIILI UMe-
0T OJWHAKOBBIN 3HAK (TAKOU Xe, KAK Y €€ ONPEACIUTENA).

Hazosem omepamnmio ymeHbIIEHWsI KPATHOCTH Jiob6oro pebpa cxemol Kok-
crepa (B 9aCTHOCTH, CTHPaHUE Pe6pa), & TAKKE KOMIIO3UIWIO TAKUX ONEPAIIAN
YNPOUWEHUEM CTEeMbl.

TEOPEMA 3. Ilpu ynpowenuy napabosuyuecras Uil dA44UNMUYECKas cLe-
ma Koxcmepa nepexodum 8 344unmudeckyio.

HOKA3ATEJALCTBO. [lpu ynpomennn cxemsr Kokcrepa B matpune ['pa-
Ma MEHSETCA Napa DJIEMEHTOB, CUMMETPUYHBIX OTHOCATEIHLHO TNIABHOU WA~
rOHAMM (OHM YMEHBIIAIOTCA IO MOV, OCTABAICH HEMOJOXUTEILHBIMA).
BoisicHuM, 9T0 TPOMCXOAUT MPHU HTOM C VIABHBIMU MUHOpamu MaTpuisl ['pa-
Mma. Paccmorpum Takon mMuHOp Kak (yHKnuio f(gj,gji) OT ABYX Ie€peMeH-
HBIX — CHMMETPHUYHBIX MATPUYIHBIX HJIEMEHTOB, CIUTAA BCE OCTAJILHBIE BJe-
MEHTHI KOHCTaHTaMu. ByaeM m3MeHATH 3HAYUEHUA NEPEMEHHBIX 110 OYePeHu,
BPEMEHHO 3a0bIB, YTO OHM JOMXKHBI OBITH 0043aTEIHLHO PABHBI MEXIY COOGOMU.
Pasnoxus onpegerurens no j-my (i-My) croabiry, moaydaeM, 910 GyHKIma f
ABJSIETCS JWHEMHOU 1O MEPBOU (BTOPOU) MEPEMEHHOU, IputieM KO3 UIMEHT
JUHEWHOUN 3aBUCAMOCTY PABEH aIreOpanmvIecKOMY MOMOJHEHWIO K COOTBETCTBY-
IOIIEMY MAaTPUYHOMY DJIEMEHTY, a OH 1o JeMMe 4 mojoxutenes (Tpebyer 060-
CHOBAHUA TO, YTO IPU PACCMATPUABAEMOM M3MEHEHUYN MATPUIHBIX 3JIEMEHTOB
COXPAHACTCS MOCIETHEE YCAOBUE DTOU JEMMBL; JIJIA 3TOTr0, (POPMAIBLHO TOBOPA,
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HYXHO IPUMEHATH UHAYKIWIO). 3HAMUT, HYHKIUA [ MOHOTOHHO BO3PACTAET
10 06enM MepeMEeHHBIM B 061aCTH OTPUIATENbHBIX dncel. [ToaTromy dyHKImMa
onuon nepemennon d(x) = f(x, ) Takke MOHOTOHHO BO3PACTAET B 00JACTH
z < 0. U3 menpepwiBHOCTH QyHKINU d CaegyeT, 9T0 3aMbikanue © < 0 o1-
KpbITOro ayda & < 0 Takxke aBagerca ee 001aCTHI0 MOHOTOHHOCTH.

[Ipm ympomenun cxeMbl BCe TMIABHBIE MUHOPHI €€ MaTpuinl ['pama au6o
HE M3MEHATCA (€CAM MUHODP HE COAEPKUT CTPOKU M CTOAOIA, COMEPKAIIMX
M3MEHEHHBIN MATPUYIHBIN DIEMEHT ), JM00 YBEIUIMBAKOTCA (B TPOTUBHOM CIIy-
4ae). [lockoabKy BCe OHM OBIIU TOMOXUTEILHBLIME, TO MOMOKXUTEILHBIMA U
ocratorcsa. Ompegeaurens Bcer MaTpuibl ['pama (KOTOpBIM A0 YHPOIIEHUSI
ObLI HEOTPUIATENBHBIM) CTPOT0 YBEMUINBAETCA (TIOCKONBKY 00A3ATEIBHO CO-
OEPXKUT M3MEHEHHBI MATDPUYHBIN DIEMEHT), 3HAYUT, CTAHOBUTCA IOJOXKU-
TenbHBIM. CleJOBATEIBLHO, CXeMa CTAHOBATCA JLIATTUAYIECKON.

4. KIIACCUDPUKAIIUS EBKJINJOBBIX U COEPUYECKUX
MHOTI'OI'PAHHUKOB KOKCTEPA

TEOPEMA 4. Bce aaaunmuueckue ceasubie cremvt Koxcemepa ucuepnbi-
satomcea npusedenubimu 8 mabauye 2. Bce napaboauuecrkue ceA3Hvie crembl
Koxcmepa ucuepnwisatiomes npugedennbinmy 8 mabauye 3.

[IOKA3BATEJBLCTBO. Bynem monwzoBaTbcs Teopemon 3. [lokaxkem, 49To
KaXaYIO CBA3HYIO CXEMY, He COAEPKAINYIOCA B TaOaIumax 2 u 3, MOXHO YIIPO-
CTUTH TaK, 9TOOBI OHA (MIU OJHA U3 €€ CBA3HBIX KOMIIOHEHT) OKA3aJIaCh CPEeau
IIPUBEJIEHHBIX B Tabaule 3 wim Ha PUC. d.

UTak, mycTh MBI MMEEM CBA3HYIO DILIUINTUYIECKYIO WIN HapaboautecKyio
cxemy S. [Ipeamnosoxum, 910 OHA HE COAEPKUTCA B Tabaumax 2 u 3.

Ecmu S cogepxuT muka, TO MOXHO CTEpeTh Bce pebpa, He BXOAIINE B He-
ro, a KpaTHOCTY OCTaBIIMXCA peGep yMeHbIUTh 10 eguHubl. [lonyaum mapa-
6ommHaeckyto cxemy A, (7, GBITH MOXET, HECKOJIBKO W30JUPOBAHHBIX BEPIIVH).
3HAYUT, BCE OCTANBHBIE HIMANTUICCKUE U MAPAOOITIECKHAE CXEMBI ABIAIOTCA
IE€PEBLAM.

Ecmz cxema S cofepXuT IO Kpa#Hen Mepe ABe OCOOCHHOCTH, TO €e MOXKHO
YIOPOCTUTL OO OAHOU w3 mapaboamtdeckux cxem Dy, C, uwin B,. [laa sToro
HYXKHO BHad4aje CTepeTh Bce pebpa, KpoMe y4acTBYIOUIMX B [BYX OCOOEHHO-
CTAX U B COEMUHAIONEM WX MYyTH. A 3aTeM yOIPOCTUTH OCOGEHHOCTH U COETHU-
HAOMMA WX MYTh, CAEGIAB UX MPOCTHIMHE.

OcTanoch paccMOTPeTh CXEMBI ¢ He 6oJee, IeM OTHOU 0COGEHHOCTLIO: -
HeHMHLIe CXeMEI, copepXkainne He 6osee 0HOr0 KPaTHOrO pebpa, U CXeMLI 6e3
KPATHBIX pebep C eMMHCTBEHHBIM Y3JI0M.

Ecmu S cogepxut pebpo kpaTHocTH = 4, TO 3TUM pe6pPOM BCS CXEMA WC-
YEPIBIBATHLCA HE MOXET, MIOCKOJIBKY TOT/Aa S ObLIa OBI DJIIUMTTHIECKOU CXEMOU
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Ggm) WM TApaboIUuTECKON CXEMOR A;. Ho TOTAA CXEMY S MOXHO YOPOCTUTH
0 apaboIMIeCKON CXEMbI ég.

Ecau S nunenna um comepXuT pe6po KPaTHOCTH 3, TO (yIUTHIBadL, 49TO S
HE COBNAMAET ¢ dammnTuaeckumu cxemamu Hs u Hy) ona mu6o asagercs, ambo
YIPOLIAETCA A0 OSHOU M3 CXeM, W300paKEHHBIX HA PUC. D.

Ecm S imuerEa M comepXuT ogHO ABOMHOE pebpo, TO, ¢ y4eTOM TOro,
9TO OHA He COBMaAaeT ¢ By, Fy miu H4, ee MOXHO yOpocTuTh m0 Hy.

Haxomner, S He MoxeT OBITH NMHEUHOU cxeMou 6Ge3 KpaTHBIX pebep, mo-
CKOJILKY BCE TaKMe CXeMBI A, ABIAIOTCA BIIATTHAYECKUMM.

Teneps ycTsh S — cxXeMa ¢ eIMHCTBEHHOU 0COOEHHOCTBIO — y3aoM. FEcaun
ero cremnenb > 4, To corpeMm Bce pebpa, KpOMe BHEIXONAIIAX W3 y37da, a 3a-
TEM M3 OCTABIIMXCA COTPEM Bce, Kpome deThipex. [lomyamm mapabonmaeckyro
cxemy Dy.

Teneps nycTh €qUHCTBEHHAS 0COOEHHOCTE CXeMbl S — mpocTon y3er. Ta-
Ky cxemy HazoBeM T-ob6pasuou. OHa XapaKTepusyeTcs IIUMHOU TPEX «OT-
POCTKOBY, OTXOIAMNX OT y3aa. IlycTh uX mIWHBI 06pasyioT TPOUKY THUCET a,
b, ¢, KOTOPYIO MBI OyeM cauTaTh yrnopsgodenuon: a < b < c. Kecau a > 2, To
CXeMy MOXHO yIPOCTUTB J0 TMapaboIMaecKOu CXeMBI Eg, ecima =1,b > 3,
1O — 10 cxembl F7. Ecim a = 1, b = 2, 10 ¢ > 6 (B IPOTUBHOM CJay4ae OHA
coBmaga 6uI OO ¢ OMHON W3 HAIUNTHUECKUX cxeM S = Fg, E;, Eg, 1u6o ¢
mapaboMTIeCKON CXeMOU Eg), 7 TorzAa S MOXHO yOPOCTHUTH [0 Eg. Haxomerr,
ecitm a =b=1, 70 § = D), — bamunTuydeckKas cxema.

5. 'MOEPBOJMYECKUE MHOTOIPAHHUKYN KOKCTEPA

[lepengem k paccMOTPEHNIO MHOTOTDAHHUKOB KOKCTEpa B MPOCTPAHCTBAX
Jlo6adeBckoro. [l Hawata OnpemaeauM MO/eab IPOCTPAHCTBA JIobatieBcKoro,
KOTOpYIO OyAeM MCIoAb30BaTh. Paccmorpum s sToro (n + 1)-mepHoe Bek-
TopHOe mpocTpancTBo E™!, cHabXKeHHOe ICeBAOCKATAPHLIM IIPOU3BECHACM
curarypst (n, 1):

(z,2) = —22 + 22 + 25+ +22. (3)

Tormga n-mepabIM TpocTpancTBOM JlobadeBckoro L™ HA3BIBAETCS MHOXECTBO
BEKTOPOB = € E™!, y10BIeTBOPAIOMAX YCIOBHAM

(x,z) = -1, zq>0.

B Takom momenm L™ mpencrasiageT cofOU OAHY U3 ABYX CBA3HLIX KOMIIO-
HEHT [BYMIOJOCTHOTO TUIEPOONOUTA, MOITOMY OHA HA3BLIBACTCA MOJEAbIO HA
2unepboaoude. Ecau cnpoekTrpoBaTh runepOOoMOn I U3 HAYaIa KOOPIUHAT Ha,
TUMEPILIOCKOCTL Lo = 1, TO ero o6paszoM OyJeT BHYTPEHHOCTH 1-MEPHOIO
AMHUTHOTO MIAPA; TIPU 3TOM TIOAydaeTcs modeab Kaetlina npocTpancTsa Jlo-
6a9eBCKOTO.
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Ilonynpocrpaucreamu B L™ ABIAIOTCA MHOXECTBA Te€X BEKTOPOB & € L™,
KOTODPBIE yAOBIETBOPAIOT ycaoBuio (e,z) < 0 ama HEKOTOPOro BEKTOPa
e € E™! Takoro, 4o (e,e) > 0 (B o6bemronmeM npocrpascTse E™! MuO-
xecTBO {7 : (e,z) < 0} ABIIETCA MOMIYNPOCTPAHCTBOM, a ycaosue (e,e) > 0
03HAYAET, 9TO €ro rPaHUIa MepecekaeTca ¢ runepbomongom). [lo aramorum
C €BKJUJOBBIM ¥ C(HEPUUECKHAM CAYyIaaAMU BEKTOP e OyJeM Ha3BIBATH HOPMa-
AbI0 K noaynpocmpancmey. HopMaab K 3aJaHHOMY MOLYIPOCTPAHCTBY OMpe-
IeNAeTCA ¢ TOIHOCTBIO 10 YMHOXKEHUA Ha MOJOKUTEILHYI0 KOHCTAaHTy. [lna
ynobcTaa GyaeM cauTaTh ee wopmuposannol, T.e. (e,e) = 1. Tormga HOpMass
OTIPEAEIAETCA TIO0 MOAYIPOCTPAHCTBY OTHO3HATHO.

Omnpegenennsa BHIMYKIONO MHOTOTDAHHUKA B L" W ero rpaHes TOCIOBHO
MOBTOPAIOT COOTBETCTBYIONINE OMPEAEISHUA A1 eBKINI0BA U CHEPAIECKOTO
cnygaes. Kak m B DTHX CIydasx, MHOTOIDAHHUK 33aeTCA MaTpuren ['pa-
Ma CBOEM CHCTEMBI HOpMaJier. AHAJOrMYHO eBKANAOBY ciydaio (maparpad 1),
MaTpuia ['pamMa rumnepOoInIecKoro MEHOTOIPDAHHAKA, JOMKHA YIOBICTBOPATD
ycaoBuAM CUMMETPUYIHOCTU W HOPMHUPOBAHHOCTMU. yCJIOBI/Ie HOJIO)KI/ITQJIBHOI?I
ONPENEEHHOCTU 3aMEHAETCA YCJIOBMEM: CUTHATYDA MaTpuubl pasHa (n,1).

MHOTOTrpAHHUK HABBIBAETCA HEBLIPONCOECHHDIM, €CIA €r0 CACTEMa HOPMa-
JeH mopoxgaeT BcE mpocTpancTBo E™!. CucTema HopMaled I:060T0 BHIPO-
XK IEHHOI'0 MHOTOIPAHHUKA, ABJIAECTCA TAKXKE CHCTEMOU HOPMAJIEA HEKOTOPO-
T'0 HEBLIPOXK JEHHOT0 MHOT'OTPAHHUKA MEHBIIEN PA3MEPHOCTH B IPOCTPAHCTBE
Jl06a<eBCKOr0, eBKAUOBOM WK CHEPUIECKOM (B 3BABUCAMOCTH OT CATHATYPHI
ee marpuns ['pama).

Ecan e; n eg — mopmanu x noxynpocrpauacTeam 11; u Ils, To B3ammmHOE
PACTIONOXEHUE MOLYIPOCTPAHCTB ONPENeIAET A CACAYIOIMAM 00Pa3OM.

> Ecanm |(e1,e2)| > 1, TO rpaHnms HOIYyIPOCTPAHCTB PACXOAATCA, IPAYEM
PACCTOAHUE p MEeX Iy HUME 3a0aeTCI (POPMYIOn

chp = [(e1, e2)|.
> Ecanm |(e1,e2)| = 1, TO rpaHunbl MOIyIPOCTPAHCTE NAPALIEILHEL.

> Ecam xe |(e1,e2)] < 1, TO rpaHMIBI NOLYIPOCTPAHCTB MEPECEKAIOTCA,
OpU¥eM Yrol ¢ MeXAy TOTyIpOCTPAHCTBAME 3a4aeTCA TOH Xe, 9TO U B
eBKJIMI0BOM CIydae, (hopMyJIon

cos ¢ = (€1, e2).

B mepBBIX ABYX CIydadX, eCAr PACCMATPUBAEMOE CKAIAPHOE IIPON3BEICHTE
OTPHUIATEILHO, TO OJHO W3 MOIYyIPOCTPAHCTB COAEPKUT apyroe (puc. 6a), a
€CJM TOJOXKUTENBLHO, TO MOTYyIIPOCTPAHCTBA MO0 He mepecekaroTca (puc. 66),
60 B 00BenquHEHNM 06Pa3yIOT BCE TPOCTPAHCTBO (puc. 68). [lna momapHO-
O B3aMMHOT'O PACIOIOXKEHHUA MOAYIPOCTPAHCTB, ONPENeIAIONINX BLINYKJILII
MHOI'OTPaHHUK, BO3BMOXEH TOJBKO Cﬂy‘{aﬁ B).
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Puc. 6.

YnomuHaBmagca B naparpade 2 Teopema AHApeeBa OCTAae€TCA CIPaBE[-
JIUBOU B caegyiomen ¢opMyJIupOBKe. ['HMIEpILIOCKOCTH HECMEXHLIX CpaHen
OCTPOYTOIBLHOI'0 MHOTOTDAHHWKA HE MEPECEKAIOTCs (HapalelbHbl WA PaC-
xoaaTca). Bomee Toro, BepHO GoJ€e CHIBHOE yTBEPXKAeHUE. KCAM HECKOMBKO
TUIEPILIOCKOCTEN T'PAHE MEPECEKAIOTCA MO k-MEPHOU IIOCKOCTH, TO COOT-
BETCTBYIOIINE TPAHU TEPECEKAIOTCA MO k-MepHOU Tpanu. WHBIMEU caoBaMwu,
HEMyCTOE TMEPECEYEHNE TUNEPIUIOCKOCTEN TPAHEW BCET/A ABAACTCA TLIOCKO-
CTHIO HEKOTOPOU I'PAHU.

Cremvr Koxcemepa 2unepboauueckus MHO202PaHHUKOE OTIPEAEIIIOTCI Tak
X€, KaK M €BKJINAOBBIX, C OJHUM JUIIHb NOIIOJHECHUEM. ECJII/I TUNEPILIOCKOCTH
FpaHeﬁ MHOT'OT'PaHHUKA PpacCXoaAaTCsa, TO COOTBETCTBYIONINE BECPUINHBI CXEMBI
COEMHAIOTCA TYHKTUPHBIM PEOPOM.

OnpeJEJNEHUE. Cxema Koxkcrepa HaswbBaeTca 2unepboauueckoti, ecin
OHA, ABIAETCA CXEMONM HEBLIPDOXAEHHOI'0 MHOrOrpaHHmMKa KokcTepa B Ipo-
ctpaucTe Jlo6ateBckoro.

Cxema Kokcrepa sapagercs runepObOJMYeCKOM TOTAA W TOABKO TOTIA,
KOrjja ee CUrHATypa pasHa (m,1). UToO6bI 3a7aTh MHOTOIDAHHWK IO CXEME
Koxkcrepa, HYXHO, KaK U B €BKIUJOBOM U CPEPATIECKOM CIYIAAK, TOCTPOUTD
CUCTEMY BEKTODPOB C COOTBETCTBYyIOIIEM Marpureu ['pama, a zarem — cu-
CTEeMy TOMYIPOCTPAHCTB, 3aJABAEMBIX 3TUME BeKTOpaMmu. [lepecetdenne sTux
TMOMYIPOCTPAHCTB U OyAeT ABAATHCA MCKOMBIM MHOTorpanaukoMm. O mHako,
s 0OOCHOBAHUA DTOU KOHCTPYKIIMU HYXHO JOKA3aTh: BO-TIEPBHIX, 9TO DTO
repecevdeHne COMEPKUT HEMyCTOE OTKPHLITOE MHOXECTBO, U BO-BTOPBIX, UTO
KaXJ0€ U3 MOCTPOEHHLIX TOAYIPOCTPAHCTB ABIAETCA OMPEACIAIONIAM [
MHOPOrpaHHUKA. MBI ONyCKAeM DTH JOKA3ATEILCTBA, UX MOXHO HAUTHU B Pa-
6ore [4].

B oTautue oT eBKANAOBA U CHEPUTECKOTO CIYHIAEB TUNEP6OMATECKIE MHO-
rorpanauku KokcTepa MOTYyT MMETh AOCTATOYHO CJAOXKHOE KOMOMHATOPHOE
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crpoenme. OcTpoyroabubie cucTeMsl B ™! MoryT cogepxaTs gaxke Gecko-
HEYIHO MHOT'O BEKTOPOB, IMMO3TOMY FI/IHep6OJII/ILIeCKI/Ie OCTPOYTOJBbHBIE MHOT'O-
rpaHHUKY (B 9aCTHOCTHU, MHOTOrpanHuKKM KOKCTEepa) MOryT mMeTh GeCKOHEY-
HOE 9UCI0 TpaHed (TaKue MHOTOTDAHHUKY HA3BIBAIOTCA 6eckoneunbimu). Mol
Xe, KaK U yCIOBUINCH B maparpade 1, orpaHUmYIMMCcS pacCMOTPEHVEM TONBKO
KOHEYIHBIX MHOT'OT'DAHHUKOB.

[Ipencrasaser uaTEpec KaaccuduKaIusa OTPAHTIEHHBIX MHOTOTPAHHUKOB
(ABAAIOIIUXCS BBIMYKION 060J0YKON KOHEYHOI'O YMCIA TOYEK) uiau, Ooxee 00-
10, MHOT'OTPAHHUKOB KOHEYHOT'O 00BheMa (ABJIAIOIIMUXCS BBITYKJION 000JI04-
HOU KOHEYHOT'O 9IUCIA TOYEK, IaCTh KOTOPBIX MOXET JEXATh HA aDCOMIOTE).
[TpoBepka TOro, ABAAETCA JU MHOTOTPAHHUK OTPAHWYEHHBIM WIU KOHETHOTO
obbeMa, CBOAMTCA, TEM CAMBIM, K ONPEIEJEHUI0 €ro KOMOMHATODHOT'O THIIA
(Hampumep, JOCTATOYHO MPOBEPUTD, YTO J10060€ ero pebpo COAePKUT B TOU-
HOCTH [B€ BEPIIUHBI), & KOMOMHATOPHBIM TUI MHOTOTDAHHUKA, B CBOIO Ode-
penb, MOXeT OBITH onpeneneH no cxeme Kokcrepa.

[lericTBUTENBHO, I ONpeAeNeHns KOMOMHATOPHOI'O THUNA HYXHO YMETh
BBIACHATL AJAA KAXAOTO HAabOpa TpaHed CTapliel PasMepPHOCTH, ABIAETCA
IU WX TepecetdeHre TPaHbio MHOTOTpPAHHUKA. A 3TO, B CBOIO OYepenb,
(cormacro Teopeme AHapeeBa) PABHOCWIBHO TOMY, 9TO THIEPILNIOCKOCTH CO-
OTBETCTBYIONUX T'PAHEN MEPECEKAIOTCA MO HeKoTopou miockoctu B L". Ka-
XK Iad TUTIEPILIOCKOCTh €CTh OPTOTOHAILHOE MOMOMHEHWE K CBOEU HOPMAJM,
a WX HEpeceveHre — OPTOrOHAILHOE [ONOJTHEHWE K IMOAIPOCTPAHCTRBY, IMO-
POXJEHHOMY STUMHU HOPMAMAMEU. DTO OPTOTOHATHHOE [OMOJHEHWE Tepece-
KaeT TunepObomoOnu] TOTAa W TOILKO TOTAA, KOT[A OTPDAHWYEHUE 33 Jal0lnen
IICeB JOCKAIAPHOE Mpou3BefeHne B mpocTpancTe E™! kpagpaTwanon ¢dop-
™Mbl (3) HA HErO ABAAETCA HEONMPEAENEHHBIM. A DTO yCIOBHE DABHOCUILHO
TOMY, ©ITO OTPAHUYEHUE KBAIPATAIHON (POPMBI HA TOATPOCTPAHCTBO, MOPO-
XK IEHHOE CUCTEMOU HOPMAJEH, ABIAETCA MOMOKUATEILHO ONPEeAeNeHHBIM (fer-
CTBUTEJIBHO, CUI'HATYPa (GOPMBEI COJEPXKAT TOIBKO OAWH MUHYC, IIO3TOMY He-
OTIPEIeNeHHOCTE (POPMBI HA HEKOTOPOM MOANPOCTPAHCTBE PABHOCUIBHA €€
HOMOKUTEILHON ONPENEeIeHHOCTH HA OPTOrOHATLHOM [JONOJIHEHWHT). SHAMUT,
k-MEpHBIM T'DaHAM OCTPOYTOJBHOTO MHOTOTPAHHWKA COOTBETCTBYIOT IIOJO-
KUTETHLHO OMpEIeJeHHbIE MOAMATPUIBl ['pama panra k, a Takme MaTPHUIBI
ABIAIOTCA MATPUIAME 1'paMa OCTPOYrOIbHBIX MHOTOpAaHHEKOB B S¥, T.e.
cuMILIEKCOB. [109TOMY OKPECTHOCTE J000U BEPIIUHBI YCTPOEHA, KAK OKPECT-
HOCTHh BEPHIMHBI CHUMILIEKCA. B 9aCTHOCTH, OCTPOYTOJbHBIE MHOT'OT'DAHHU-
KU ABIAIOTCA NPOCMbIMY — U3 JIOO0W WX BEPIIUHBI BLIXOAAT B TOTHOCTH
n pebep.

Awnanoruvno, eciu HAGOP TpaHEN OCTPOYTOJBHOIO MHOTOI'DAHHUKA 00pa-
3yeT B IlepecevdeHrny BEPIINHY Ha abCoOl0Te, TO COOTBETCTBYOMIAA OAMATPH-
na ['pama moMoXUTENbHO TOoAyoIpeaeaeHHa. [1o3ToMy OKpeCcTHOCTE BEPITUHBI
Ha abCcoaTe OCTPOYIOJALHOTO MHOrOrpanHrka Kokcrepa koHedIHOT0 06heMa
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KOMOMHATOPHO YCTPOEHA KAK BEPIIMHA TUPAMUILI HAJ €BKIUJOBBHIM OCTPO-
YrOAbHBIM MHOTOT'DAHHUKOM — HIPOU3BEACHUEM CUMILICKCOB.

Takum 06pa3zoM, KOMOWMHATOPHOE CTpPOeHWE runepObOJUIECKOTO MHOTO-
rpanauka B L" ompegenserca mo cxeme Kokcrepa creaymooumMm 06pasoM.
DIIUNTUIECKHE TIOJCXEMBI PAHTa, HAXOAATCA BO B3AUMHO OJHO3HAYHOM COOT-
BeTcTBUE C (N —k)-MEPHBIME TPAHAME (B 9ACTHOCTY, BEPIIUHAM COOTBETCTBY-
0T DIUIMITAYECKIE IOACXEMBI DAHTa 7). Bepumust Ha a6COMIOTe HAXOAATCA BO
B3aUMHO OJHO3HAYHOM COOTBETCTBHUU C TAPABOIMIECKUMU MOACXEMAME PAH-
ra n.

CBa3b CTPOEHUA OKPECTHOCTEH BEPIIMH TUOEPOOIUIECKOTO OCTPOYTOMb-
HOT'O MHOTOTDAHHUKA CO CTPOEHUEM C(PEPUIECKUX U €BKIUJOBBIX MHOTOTPAH-
HUKOB MOXET TaKXe 6BIT]) OPOUITIOCTPUPOBAHA Ha OCHOBE T'€eOMETPUICCKUX
coobpaxenuu. OnuieM MaJeHBKYIO cdepy BOKDPYr BEPIIUHBI THIEPOOJIU-
eCKOT0 MHOTOIpaHHWKA. M3BecTHO, uTO cdepa B L" msomerpumuma S,
[TooToMy BBICEKaEMBIM HA 3TOU Cdepe MHOTOTPAHHUK OyaeT ABIATHBCA Cde-
PUYIECKUM MHOT'OI'DaAaHHUKOM TOI'O XK€ KOMGHHaTOpHOFO TUIIa N C TEMU XK€
OBYTPAHHBIMEA YLIAMU. AHAJOTUTHO, OMUCAB BOKPYT BEPIIMHLI MUIep6OIn-
YECKOTO0 MHOTOTDAHHWKA, JeXKAIMed Ha abComoTe, MATECHLKYIO opucdepy
(koTOpas m3OMeTpPUIHA E"il), MBI TIOTYYWM €BKJIWJA0B MHOTOT'DAHHUK, KOM-
OMHATOPHLIN THUM U ABYTPAHHBLIE YTVIEI KOTOPOTO COBMAAIOT ¢ KOMOMHATOD-
HBIM THUNOM W ABYT'PAHHBIME YTJIAMH OKPECTHOCTH BEPIIUHBI TuUnepbonnte-
CKOT'O0 MHOT'OTPAHHUKA.

[lns cymecTBoBanusa k-yroasunka Kokcrepa Ha miockoctu JlobageBckoro
HEOOXOAUMO U JOCTATOYHO, 9TOOBI CyMMa ero yriaos Oblia MeHbine w(k — 2).
[Ipm BBEIMOAHEHWEM DTOrO YCJAOBHA CYIIECTBYET OECKOHETHO MHOTO MHOTO-
YrOIBbHUKOB KOKCTepa C 3a1aHHBIM HaGOpOM yIrJaoB. BCG TaKue MHOT'OYT'OJIb-
HUKYW MOTYT OBITH HAapaMeTPU30BaHBI k — 3 HENPEpPBIBHLIMU MAPAMETPAMU.
IJTO MOXHO MOSCHUTH CACAYIOMIAM PACCyXACHUEM, KOTOPOe HETPYAHO MOBe-
CTH [0 CTPOroro maokasarenbcTBa. Marpuna ['pama k-yroabHuka 3amaeTcs
k(k — 1)/2 mapameTpamMu — MaTpUYIHBIMEA daeMeHTamu. U3 mux k mapame-
TPOB ONPEAEIAIOT YIIBI MHOTOYTOJIBHAKA, 4 OCTAABHBIE — PACCTOAHUA MEX-
[y HECMEXHBIMU CTODOHAMHK (MW WX MPOJOIKEHUAMHI). YCJAOBHUE, ITO PAHT
marpunst I'pama pasen 3, nakaaassaer (kK — 2)(k — 3)/2 cooTHomenun Ha
5Ty mapamMeTpel. X MOXHO 3aJaTh HANPUMED TaK: BCE MUHOPHI MOPAIKA
4, OKaUMIISAIONINE HEKOTOPBIA (PUKCUPOBAHHBIN HEHYJIEBOU MUHOP MOPAIKA 3,
paBubl Hyao. [losTomy B ofmem ciydae umeerca 2k — 3 cBoGOAHBIX Tapa-
MeTpa; MpU 3aJaHHBIX k yriax y Hac octaeTcs eme k — 3 cBOOOIHBIX TIapa-
MeTpa.

B cayae TpexMepHBIX OrpaHMYEHHBIX MPOCTHIX MHOT OrPAHHUKOB (PUKCH-
POBaHHOIO KOMOWHATOPHOT'O THUNA KOJIUYECTBO CBOOOHBIX TAPAMETPOB PaB-
HO KOIMYECTBY pebep. DTO MOXKHO MOKA3aTh, UCIOAL3YA GOPMYIy DUIepa.
EcrecTBenHO mpeAmnoioRuTh, UTO 3aJaHWE NBYTPAHHBIX YIJIOB OJHO3HATHO
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Tabua. 4.

onpeneasaeT MHOT'OT'DAaHHUK. r[[JIH cay4dasda OCTPOYI'OJABHBIX MHOT'OT'DAHHUKOB
TAKOE MPEJATNOIOKEHNE OKA3BIBAETCA BEPHBIM; 3T0 Obuto nokaszano K. M. Aun-
peesbiM [1]. [ cymecTBOBaHUA OCTPOYTOALHOIO MHOTOTDAHHUKA 33, IAHHOTO
KOMOWHATOPHOTO THWIA HAa €ro ABYTPAHHBIE YIVIBI HAKJIATLIBAIOTCA OTPAHU-
YeHWs B BH/E€ HEPABEHCTB, KOTOPHIE IPUBEJAEHBI B cTaThe [5| B HacTosAmEM
cOopHUKe.

KoaudecTBo cBOGOMHBIX MapamMeTpPOB OrPAHUYEHHOTO MPOCTOrO MHOTO-
TpaHHEKA B mpocTpancTBe Jlo6adeBckoro pazmMepHocTH GOJIBIIE TPEX, BOOO-
me roBOpsA, MEHBIIEC KOJAMYIECTBa €ro ABYI'DAHHBIX YTJVIOB. HOSTOMy B O6III€M
crydae 3ajaHme KOMOWHATOPHOTO TUIA W ABYIPAHHBIX yIVIOB TaKOT'O MHOTO-
TPAHHUKA MPOTUBOPETINUBHL. TeM He MeHee, IPUMEPHI TAKUX MHOTOI'DAHHUKOB
KoxcTepa m3BecTHEI, XOTA UX U AOCTATOYHO MAJO.

[lepengemM K paccMOTpeHUWIO TpUMEpOB. HatwHeM ¢ OrpaHW<EHHBIX MHO-
rorpanankoB Kokcrepa. Campre mpocThie runepOOJuvdecKre MHOTOTDAHHUI-
ku KokcTepa — orpanmveHHbIe CUMILIEKCH — Obuin onrcanbr D. Jlanaepom
[11]. Cxembr KokcTepa cummiekcos B mpocTpaHcTBe Jlo6ateBCKOro Has3bIBa-
oTca Aanneposcrumy. OTUCAHWE JAHHEPOBCKUX CXEM ABAAECTCA AOCTATOTHO
HECJOXHOU KOMOMHATOpHOU 3anader. OHU XapaKTEpPU3YIOTCA TEM, YTO HE
ABISIOTCA HU DIMUNITAYECKAMY, HU NMapaboIndecKuMu, a arobas ux coOCTBeH-
Hasg MOACXeMa DAMunTu<HA. Hampumep, TAKOBBIME ABIAIOTCA 006€ CXeMBI Ha
puc 5. Orpanutenusie cuMmiiekcsl B L" cymectBytor aumb mpu n < 4. [ox-
HBIA WX MEepedeHb npusepeH B Tabauie 4. OrpaHuYeHHBIE CUMILIUITUAILHBIE
TMPU3MBI CYMIECTBYIOT B IPOCTPAHCTBAX JI06aTeBCKOTO pa3sMEepHOCTEN He BhI-
we 5 u nepevnciens B [8].
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Puc. 7.

Ha puc. 7 nzo6paxena cxema orpaEnvdeHHOro MHOrorpanaunka Kokcrepa B
JeTHIpeXMEPHOM mpocTpaHcTBe JlobadeBckoro. [lokaxem sTo. IlomoxuTens-
HBIY WHAEKC MHEPIWYU CXEMbBI HE MEHBIIE YeTHIPEX, TAK KAK BHIKUHYB BEPIITUHBI
¢ ¥ d, MBI IOy 9MAM DILIATITHIECKYIO toacxemy (a, b, e, ) panra 4 (Mb1 0603HA-
YaeM MOJACXEMY MEPEeUNCACHUEM BXONAMNX B Hee BepumH). OTpUuaTensHbBIN
MHIEKC WHEPIUU CXEMbI HE MEHBIIE eIWHMUILL, MOCKOABKY moacxema (a,b,c)
ABJISAETCA JAHHEPOBCKOU. HakoHen, camoe yaWBUTENBHOE, 9TO €€ ONpereiu-
TelIb OKA3LIBAETCA PABHBIM HYJIO (3TO HETPYAHO BHIYHACAUTD, UCIOAB3YS JEM-
My 3), a 3HAYUT paHr He Ooabire 5. CregoBaTeIbHO, CHTHATYDA CXEMBI DABHA
(4,1), mosroMy OHa sBIAETCA CXeMOW MHOrorpaxnmka Kokcrepa B LA

Cxema comepXuT ABe JTAHHEPOBCKHUE MOACXeMHI: (a,b,c) u (d,e, f). Jler-
KO ybeauThest, 9T0 Jr0basd MoJACXeMa, HE COAEPKAMAA [MEJIUKOM HU OJHOU U3
DTUX JAHHEPOBCKUX MOACXEM, ABIACTCA DIIUITUYECKOU. Hecaoxubi koMOu-
HATOPHBIN TOACYIET MOKA3LIBAET, ITO MHOTOIDAHHUK COAEPXRUT 6 Tpexmep-
HBIX U 15 aByMepHLIX rpanen, 18 pebep u 9 sepmun. Bee Tpexmepnbie rpamu
ABJSAIOTCA TPEYrOJbBHBIMUA NPU3MAMU, 8 CPEIU NBYMEPHBIX I'DAHEN MMEHTCS
6 TPEyroALHUKOB U 9 4EeTHIPEXYTOALHUKOB. KOMOMHATOPHBIA TUII MHOTOTPAH-
unka Kokcrepa, 3a1aBaeMOro 3TOU CXeMOMN, IPEACTABIIET COO0U MPAMOE IIPO-
M3BEEHNE IBYX TPEYTOAbHUKOB. DTO CAMBIA TPOCTOU OTINIHBIN OT CUMILICK-
€3 MHOTOTPAHHUK, BCE TPAHU KOTOPOTO MOTAPHO CMEXHHBI.

[Ipumepsr orpaHUYeHHBIX MHOTOTPAHHUKOB KOKCTEpa B MPOCTPAaHCTBAX
Jlo6adesckoro pasmeprocTen 6, 7 u 8, HaAEeHHBIE ABTOPOM CTATHU, IPUBEIE-
uel Ha puc. 8. [locaeqguun mpuMep ABIAETCA PEKOP AHLIM IO PA3MEPHOCTH Cpe-
¥ M3BECTHBIX OTPAHUYIEHHBIX MUIEPHOMNTeCKTX MEOTOrpanuukos Kokcrepa.

[TepergeM Temeph K MpUMepaM HEOTPAHUTMEHHBLIX MHOTOTPAHHUKOB
Koxkcrepa komeunoro o6bema. AHATOTMYHO JaHHEPOBCKOW KIACCUPUKAIUY
MOXHO MEPEYUCIUTL BCE CUMILIEKCH KoKcTepa KOHeYHOro obbema. Ux cxe-
Mbl KokcTepa xapakTepusyoTcs TeM, 9TO He ABIAKTCA HUA NapadoauyeCcKu-
MU, HU DIIUNTHYECKUME, 3 BCE MX COOCTBEHHBIE TONCXEMBI ABIAIOTCA JTUOO

_ 4 (1

Puc. 8.
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a) 6)
B)
Puc. 9.
Puc. 10.

DILTANTAYECKUME, Iu00 CBA3HBIME mapaboaunyveckumu. OHE CYyHIECTBYIOT B
TMPOCTPAHCTBAX pasMepHOCTH He 6omee 9. CXeMbl BCeX MEBATUMEPHLIX CUM-
miaekcos Kokcrepa koHedHoro o6beMa mpusegeHsbl Ha puc. 9. Cumiuiekc, 3a-
NABAEMBIM CXEMOU a), COAEPXKWUT ONHY BEPIIMHY Ha abCOMIOTE, CXeMOou 6) —
IBe, & CXEMOU B) — TPU.

Ha pwuc. 10 mpuBegen mpuMmep cXeMBI HEOT'DAHWIEHHOTO MHOTOT'DAHHUKA
Kokcrepa koreunoro o6wema B L7, TIpn yIaJeHUN BEPIIVHBI U CXEMBI ITOTY-
JaeTca mapaboamIecKas MoACXeMa, COCTOANAA U3 JBYX CBA3HBIX KOMIIOHEHT
Tuna Fg. DTa moacxeMa COOTBETCTBYET BEPUITHE MHOTOTPAHHUKA, JEXKAIICH
Ha abCcoaIoTe, OKPECTHOCTh KOTOPOU MMEET KOMOMHATOPHBIA TUI MPAMOTO
IPOU3BEIEHUA ABYX 8-MepHBIX cuMILIeKcoB. Muororpanauk Kokcrepa, 3aga-
BAaEMLIA PACCMATPUBAEMON CXEMOW, UMEET KOMOMHATOPHLIM THII IHPAMUIILI
HAJ TAKUM TPAMBIM TPOU3BENeHUEM. BepImHa v COOTBETCTBYET OCHOBAHUIO
IMPaMuIbL.

MakcumanbHas pasMepHOCTh mpocTpancTBa Jlo6adeBCKoro, B KOTOPOM
M3BECTHO CYIIECTBOBAHNE MHOTOTrpaHHuKa KokcTepa KoHeIHOr0 06heMa, pas-
ma 21.

B mpoctpamcrsax Jlo6ateBckoro mocTaTovIHO GOMBIION PA3SMEPHOCTH HE
CyIIeCTBYeT HU OTPAHWYEHHBIX MHOTOrpaHHWKOB Kokcrepa, Hu gaxe MHO-
rorpanaukoB KokcTepa konedHoro otnema. OTCyTCTBUE OTrpaHUYEHHBIX
MHOTOTPAHHUKOB KOKCTEpa B MpPOCTpaHCTBAX JI06AMEBCKOrO PasMEPHOCTH
> 30 6bu0 gokasaHo . B. Bunbeprom [6], a oTcyTcTBHE MHOrOrpaHHUKOB
Koxkcrepa konewHOro o6mema B mpocTpancTBax JIo6adeBCKOro pasMepHOCTH
> 996 — M. H. IIpoxoposbiM [9].

[Moapobuee o kraccudpumranmuum MHOTOTpAHHUKOB KokcTepa B mpocTpam-
crBax JIo6adeBCKOro MOXKHO y3HATH U3 pabor [4, 7]
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Xopo1o n3BECTHO, YTO HA IJIOCKOCTH CYLIIECTBYET 6€CKOHEYHO MHOI'O IIpa-
BIJIBLHBEIX MHOT'OYTOJBLHUKOB, a IMEHHO, AJd JI000r0 m 2> J CYIIeCTBYeT POBHO
OJIWH, ¢ TOYHOCTBIO M0 TMOAOOMA, MPABUILHLIN 1M-YTOALHUK. B TpexmepHOM
OPOCTPpaHCTBE MMEETCA BCEr'o IATH MPABUJIBHBIX MHOTOT'DAHHUKOB — TaK Ha-
BBIBAEMBIX TIATOHOBBIX TeJ: MPABUILHBIA TETPA3Ap, KyH, OKTA3AP, MOMEKa-
sap u ukocasap. CTONbL 3HAMATENLHAS PA3HUANA MEX Y TLIAHUMETPUYIECKON
CTEPEOMETPUIECKOU CUTYAIUAMYI KAKETCA HA MEPBBIM B3TIIA[ MTAPaJT0KCATb-
noit.!) BosHuKaeT ecrTecTBEeHHBIN BOIIPOC: & KAaKWe NPABUJIbHBIC MHOTOI'PaH-
HUKU CYIIECTBYIOT B €BKIMUJOBLIX MPOCTPAHCTBAX GOILIIAX Pa3sMEPHOCTEN?!

Herpyauo mocTpouTh aHaIOr OTPaBUABHOTO TETPAsApa B MPOCTPAHCTBE
moGou pasmepuocTu n. OH NpencTaBaIeT cO60UM BHIMYKIYIO 060m04Ky 1 + 1
TOYKU C TIONAPHO PABHLIMU PACCTOAHUAMU MEXIY HUMU U HA3LIBACTCA NPa-
guabHbIM cumnaercom. (B manbuenmem, ecau pedb OyeT UITH O TPABUIbL-
HBIX MHOTOIDAHHUKAX, CJAOBO (IIPABWILHBINY TEPE]] CIOBAMU «CUMILIEKC) VJIU
«TeTpasap» Mbl OyeM OmycKaThb.) Takxke Jerko 0600MACTCA HA CIydall Ji0-
60 pazMmepHOCTH MOHATHE Ky6a. /I 5TOro Hy XKHO PACCMOTPETH MHOXECTBO
TOYEK B N-MEPHOM MPOCTPAHCTBE, KOOPAWHATHL (L1, L9, ..., Ly) KOTOPHIX 3a-
patorcsa HepasercTBamu |z;| < 1 (1 = 1,2,...,n). Takon MHOTOTDAHHUK Ha-
3BIBAETCA (n-MEpHBIM) kybom. HakoHel, MOXHO MOCTPOUTH 1-MEPHBIM AHAJIOT
okTasapa. [lias 5TOro HyXHO B3ATH BBIMYKIYIO 000I0YKY ITEHTPOB BCEX I'Da-
Her n-MepHoro Ky6a. [loayuMBIIUACS MHOTOTPAHHUK HA3LIBAETCA KOKYOOM.
Y cuUMILIEKCA TPAHAMHI CTAPIIEN Pa3sMEPHOCTH ABIACTCA n + | cuMIiexc, y
Kyba — 2n ky60B, a y KoOKyb6a — 2" CHUMILIEKCOB.

KomcTpykiumsa, ¢ mOMOIIBI0 KOTOPOU MBI U3 Ky6a MOMY<IUIn KOKYO, ABJIs-
eTCAa CTaHrZ[apTHOI;)I n MOXeET 6BITI) IOIpUMEHEHa K JIIO6OMy OPAaBUIBHOMY MHO-
rorpanHuky. [lonydaembit Takum 06pa30M MHOTOTPAHHUK HA3BIBAETCA 0801-
cImeennbiM K FAHHOMY. MHOTOTPAHHWK, ABOMCTBEHHBIH K IPABAILHOMY?),

UB CTYyeHIeCKOM (POJBKJIOPEe XOAUT UCTOPHUA O TOM, ITO OJHAXKABI Ha 3K3aMeHe CTYJeHT
Al cIeylollee ONpefeleHre IJOMAAN MOBEPXHOCTH cephl: «IDTO Ipeen MOCAe 0BATeNb-
HOCTH ILIOIIAJEN TOBEPXHOCTEN BIMCAHHBIX B CQEPYy NPABWIBHBIX MHOTOIPDAHHWKOB MDA
CTPEMAMEMCA K OECKOHEYHOCTH KOJMYECTBE TPAHEH.»

z)ﬂBOﬁCTBeHHbIﬁ MHOTOIDAHHHK MOXET OBITH ONpeRedeH Aad T000r0 BRIIYKJIOro (a He
TOXBKO MPABUALHOIO) MHOMOIDAHHUKA, HO B OOMEM CIydae A1 HTOro mOoHazobmrca Gotee
CIOXKHaA KOHCTPYKIIMA.
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TAKXKe ABIACTCA TPABIILHLIM, IPUYUEM I'PYINLI CUMMETPUA MHOTOTPAHHUKA, U
€ro IBOUCTBEHHOrO coBnagaoT. Ky6 ABaseTcs MHOMOMDAHHUKOM, TBOUCTBEH-
HBIM K KOKyOy, M DTO HE CIy9IanHOe CoBmajenue. [[BykpaTHOE IPUMEHEHUE K
TMPABUILHOMY MHOTOTPAHHUKY KOHCTPYKIIUU ABOUCTBEHHOTO MHOTOTPAHHUI-
Ka BCErja IMPUBOJAUT K MHOTOTPAHHUKY, MOAOOGHOMY UCXOAHOMY. CHUMILIEKC
IBOMCTBEH caM cebe, TaKXKe CaMOABOUCTBEHHBIMU ABIAIOTCA BCE NPABUILHBIE
MHOTOYTOABHUKY. [l0MeKasIp ¥ MKOCA3AP ABOUCTBEHHEI APYT APYTY.

OKa3LIBAETCA, 9TO B MPOCTPAHCTBAX PA3MEPHOCTH > D HE CyNIECTBYET
MPaBUIBLHBIX MHOTOTPAHHUKOB, KPOME CHMILIEKCA, Ky0a 1 KOKyHa. A B 4eThI-
PEXMEPHOM MPOCTPAHCTRE CYIIECTBYET MECTh NPABAILHEIX MHOTOTDAHHUKOR.
Kpome Tpex Ha3BAHHLIX, 3TO Mapa JBOUCTBEHHBIX MHOTOTPAHHUKOB, KOTOPHIE
MOXHO CUATATH AHAJOTAMHU [OMEKAdAPA U UKOCAPA, (OUH U3 HUX CONEPKUT
120 rpamen—monexasapos, a Apyrou — 600 rparer-—TeTPasdAPOB), M CAMOJBOU-
CTBEHHLIN 24-TPaHHNK, ¢ TPAHAMA-OKTasApaMi. [J0Ka3aTeaILCTBO STOM KIac-
cuduKkaIum, TPUBEEHHOE B HACTOAIIEU CTATHE, OCHOBAHO HA TEOPUU T'PYIII
orpaxennn [3] u knaccudukanuu mHororpanaukos Kokcrepa [2].

[TpuBegem BHadaIe HEOGXOAUMEBIE Ompeaenenud. ONpenenenns BEITYKIOTO
MHOTOTDAHHUMKA, €[0 FPAHEN M ABYTDAHHBIX YIVIOB IPUBEAEHBI B CTAThe [2] B
racToamem cOopHmke. ['parm kKopasmepHOCTH 1 MBI OyIeM HA3BIBATE 2UNEp-
2PaHAMU, KOPAZMEPHOCTH 2 — 2uneppebpami, a KOPasMEpPHOCTH 3 — 2unep-
BEPULUHAMU.

Onpepenenre TpaBUILHOrO0 MHOMOTPAHHUKA Oy €M CTPOUTD MO WHTYKITUH.
O0HOMEPHBIM NPABUALHBIM MHO202DAHHUKOM ABIACTCA OTPE3OK (€MUHCTBEH-
HBIA OJHOMEDHBIM OTMDAHWUYEHHBIN BBIMYK/IBIM MHOTOrpaHHEK). Ilpm n > 1
BBIMYKJIBIU 73-MEPHBIA MHOTOTPAHHUK HA3BIBAETCA NPABUAbHbIM, €CIUA €TI0 TH-
NEeprpaHu ABIATCA paBHBIMEU (1 — 1)-MEpPHBIMU TPABUIBHBIMU MHOTOT'DAH-
HUKAMU, U BCE €r'0 NBYTPAHHBIC YIVIBI PABHEL

Kiaotdesyio poab mpu KIaCCHPUKAIUA TPABATLHBIX MHOTOTPAHHUKOB
UrpaeT u3ydeHue ux rpynn cummerpun. Cummempueti MHo202parnuKa Ha3bl-
BaeTCA ABUXKEHUE TMPOCTPAHCTBA, MEPEBOAIICe MHOTOTPAHHUK B cebsa. Muo-
XKECTBO BCEX CUMMETPHNM MHOTOTPAHHUKA P ABIAETCA IPYNION, HA3LIBAEMOU
2pYNNot CuMMEMPUY MHO202PaAHKUKE, 1 0003HAIaeTca Sym P.

Hpem,l[e BCEro 3aMe€TuM, 9TO BCE€ CMMMETPUN NTPABUJIBHOI'O MHOT'OT'DaHHMU-
ka P mmeroT o0uIyo HEMOABUXKHYIO TOUKY. FKio 6ymeT mMeHTp MHOTOTPAHHU-
K2, KOTOPLIA MOXET OBITL OMpeNeNeH KaK MeHTP MacC MHOXECTBA €ro Bep-
mH. 3HauuT, rpynma Sym P sasiaserca noarpynmnou rpynnel O" aBUXKEHUU
(n—1)-mepnoi chepsr S” 1. Kpome Toro, rpynma Sym P ABIgeTca KOHETHOM,
TMOCKOJABKY CAMMETPHA OMPEAEIAeTCa 00pa3aMyu KOHEIHOrO HHUCIA TOYEK —
BEPpUIMH MHOT'OT'DAHHUKA.

MOXHO paccMaTpuUBaTh CUMMEMPUL 2PANHY MHO202PAHHUKG, TIOCKOIb-
Ky TPaHb CaMa ABIACTCA MHOTOTPAHHUKOM. CUMMETPHUA IPAaHU — BTO [IBU-
XCHUE, onpenceJseHHOe TOJBKO B IJMIOCKOCTU T'DAaHU. OAHaKO, €ero JerxkKo
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TIPOJOIXKUTEL HA BCE MPOCTPAHCTBO, OIMPENEINB HA OPTOTOHAILHOM JOTOTHE-
HUM K DTOU IJIOCKOCTH TOXJIECTBEHHO. B nanbueneM OygeM CIuTaTh JH00Y 0
CUMMETPUIO TPAHU ONPENEIEHHON Ha BCEM MPOCTPAHCTBE, UMESA B BULY TAKOE
ee TIpofoIXKeHre. B TacTHOCTH, €Cau CUMMETPHI I'PAHU ABIAETCA OTPAXKEHU-
€M, TO €€ TMPOMOIKEHNE HA BCE TPOCTPAHCTBO TAKXKE ABIACTCI OTPAKECHUEM.
Ero sepkanom ABAAETCS TUMEPILIOCKOCTD, TPOXOAIIAA I€PE3 3ePKAI0 OTPa-
XKEHUA B TNOCKOCTU TPAHN U MEPIEHAUKYIAPHAL eH.

[TPEANOKEHUE 1. Cummempus 2pany NPasuUsbH020 MHO202PAHHUKG A6~
AACTNCA TNAKNHCE CUMMEMPUET 8CE20 MHO202DAHHUKA.

JOKA3ATEJILCTBO. /loKa3aTeabCTBO JOCTATOYHO MPOBECTH TOJBKO A
rUneprpa’en, a 3aTeM BOCIOJbL30BATHCA UHAYKIMEN. Jlobas cuMMeTpus ru-
neprpauu F npaBuabrHOro MHOrorpamawka P mepesogumT ee B cebs, a ru-
neppebpa npu F' — npyr B apyra. llockoasky Bce ABYTpaHHBIE YIVIBI IIPU
oTux runeppebpax paBHBI, CMEXHBIE ¢ F' rUIEPTrpaHU TAKXKe MEePEXOAAT APYT
B apyra. lIpogoaxas aHAJOTUYHBIE PACCY XK ACHUA, TOJYIAEM, 9TO TUIEPTPa-
HU, CMEXHBIE CO CMEXHBIMU ¢ F', Takke mepexoaAT B TUIEPTPAHU, U T. 1.
[TosTomMy Bce rumeprpaHu mepexoaaT B rumeprpanu. U3 sToro cregyer, 9To
MHOTOI'DAHHUK TMEPEXONUT B Cceb.

IIpuBemem eme oguH TpUMEP CAMMETPUY TPABAIHLHOIO MHOTOT'DAHHAKA, —
OTPAXKEHUE OTHOCUTENLHO OUCCEKTOPHON TUIEPILIOCKOCTH ABYTPAHHOTO YA
[IpY HEKOTOPOM rureppedpe. DTO OTPaKEHUE TIEPEBOJAUT APYT B APYra CMeX-
HBIE 110 DTOMY runeppebpy runeprpaHu U ABJAAETCA CUMMETPUEN MHOIOIPAH-
nuka. [onyckas BOTBHOCTL petin, OyAeM HA3LIBATH €€ OMpPa#CeHUEM OMHOCU-
meabHo 2uneppedpa.

Pasymeetcs, oqaa m Ta Xe CHUMMETPHUA MOXET OLITH OTHOBPEMEHHO CUM-
MeTpUeN HECKOABKUX PA3IAIHBIX TPAHEN U/WIN OTPAKEHUEM OTHOCUTEILHO
HECKOJBbKWX Pa3JWYHBIX rurneppebep.

[IPEAJIOXKEHUE 2. I'pynna cumMmempuy npasuabHo20 MHO202DAHHUKAE
deticmsyem na MHONCECMEE €20 2unepepareti mpanaumusno. Apyzumu c408a-
Mu: Oas 410601 napvl 2unepepareti NPasusbH020 MHO20ZPANHUKA CYULECTNEYEM,
CUMMEMPUA, NEPEBOJAWAL 00HY U3 HUL 8 Ipy2Yylo.

HOKA3ATEJABCTBO. [[0CTaTOYHO UCIOMB30BATH TOJABKO KOMIIOSUIIUIO OT-
PaXeHU OTHOCUTENBLHO TUneppedep: OJHUM TAKUM OTPAKEHUEM MBI MOXKEM
MepeBecTu J0yI0 TUNEPrpaHh B CMEXHYIO, 8 MHOTOKPATHBIM — B JHO0YIO.

PaccMoTpum eme oauH TUN CHUMMETPUU TPABUILHOTO MHOTOTDAHHUKA.
[lnsa oToro BeIGEpEM HEKOTODPYIO €ro T'HUIEpPBepInHy. B HEW CXOAATCA He-
CKOJIBKO TUMEPrPaHed, KaX1asd U3 KOTOPBIX CMEXHA POBHO C NBYMS APYTH-
Mu no runeppebpam. Kaxaoe runeppebpo, B CBOIO Otepenb, MPUHAICKAT
poBHO AByM rumneprpasaM. 3 5Toro caegyer, 9T0 KOIWIECTBa runeppebep u
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TUNEpPrpaHen, COMEPRKAINMX BHIOPAHHYIO TUTIEPBEPUINHY, PABHEL MEX Y COOOM.
O6o3naunm 510 9ucao wepes m. Torga moBopoT Ha yroa 27/m OTHOCUTENb-
HO (N — 2)-MepHOU TWIOCKOCTH (€€ €CTECTBEHHO HA3BATH 2UNEPOCHI0 NOBOPO-
ma), TPOXOAAIIEN Hepe3 BLIOPAHHYIO TMIEPBEPIINHY U IEHTP MHOTOTDAHHU-
Ka, MEePEeBOJAUT APYT B APYra MO IMUKIY CXOIANIMECA B DTOU TUMEPBEPUINHE
TUNEPTPAHU, & TAKXKE CXOAANIMECT B HeW runeppebpa, U ABISAETCS CUMMETPH-
el MHOTOTPAHHUKA. ByneM HAa3LIBATEL TAKYIO CUMMETPUIO NL080POMOM 80KPY2
2UnepsepULUHbL.

IpuBegerHOE BBINIE MHOTOMEPHOE PACCY XK JEHUE TOJHOCTHIO AHATOTWIHO
TpexMepHOMy cay4aio. [[na 060CHOBAHUA MPABOMOYHOCTH 3TOTO PACCYXKIae-
HUA B JI000M PAa3sMEpPHOCTH BHIGEPEM HEKOTOPYIO BHYTPEHHIO TOYKY T'H-
NepBEPIIMHBI (HATOMUHAEM, 9TO TUIIEPBEPIINHON HA3BIBAETCA (N — 3)-MepHAas
rPaHb), U PACCMOTPUM CEYEHME MHOTOIDAHHMKA TPEXMEPHOHU ILIOCKOCTBIO,
OPTOTOHAJLHON DTOW TUIEPBEPIINHE W IPOXOLAIIEH Yepe3 BLIOPAHHYIO TOU-
ky. Torga, 3aMeHUB KaxX IBIA OOBEKT IO TPEXMEPHBIM CEYEHUEM, MBI CMOXKEM
COXPAHUTH BCE PACCYXKCHUA, OTOPOCUB BCIOAY MPUCTABKY (TUTIEDPH.

IIPEAIOXKEHUE 3. I'pynna cummempuu n-mepHo2o npasutbHO20 MHO20-
2PAHHUKG NOPOACIAEMCA N OMPANCEHUAMY.

[JOKA3ATEJLCTBO. [okazaTelncTBO GyAeM HPOBOAUTL HHAYKIMEHN IO
pPa3sMepHOCTH MHOTOTpaHHUKA. i OTpe3ka yTBepXIeHue OYEBUIHO — €ro
IPYIINA CUMMETPUY MOPOXKAALTCA OJHUM OTPAKEHUEM.

Paccmorpum npaBuabHBIA MEHOTOrPaHHUK P pazmepHOCTH 60IbINE €MUHA-
bl u ero runeppebpo L, ABAfgOIIeecs NepecedeHneM ABYX CMEXHBIX THTep-
rpaneir F' u F'. Ham focTaTovHo foKa3aTh, 9TO rpynna Sym P nopoxaaeTcs
moArpynmnon Sym F' u oTpaxenuem s OTHOCUTENBHO Tuneppebpa L. [las sTo-
0 0603HAYHUM MOPOXK JEHHYIO Ipynmon Sym F' u oTpaxenunem s rpynmy wgepes
I', m 6ynem mokaswiBaTh, ITO JAI06as CHUMMETPHUsA MHOTOTpaHHUKA P mpunani-
aexut I

Jlro60e runeppe6po L' MHOrorpaHHWKa, NpuHAJICKallee runeprpanu F
(oA Hee OHO SABIAETCA TUHOEPIPAHBIO), MOXKET OLITH MOIYYEeHO U3 L HEKOTO-
peiM aBrKeHUeM g € Sym F' (B cmy TPAaH3MTUBHOCTH AEUCTBUA 3TOU T'PYIIIIHI
HA MHOXECTBE Tuneprpanen muororpanauka F'). Torga orpaxenue oTHOCH-
TenrsHO L' mpegcTaBaeTca B Buge gosog | (TaKad KOMIIO3WINA HABLIBACTCA
COnpANCEHUEM NBAKECHAA S NBUKEHUEM ¢). [[eNCTBUTENBHO, €CIM MBI CHAYALA
IPOM3BOUM [BUMKEHIE ¢ |, 3aTeM — OTPaXKeHWe OTHOCUTEIbHO pebpa L, u
HaKOHEI — JABUXKEHUE ¢, TO PE3yIbTaT OyJeT TOT XKe, 9TO U IPU OJHOM OTPa-
XKEHUN OTHOCUTEIbHO runeppetpa L' (puc. 1). DTo caegyer u3 Toro, 9To napa
TOYEK, CAMMETPUYHBIX OTHOCUTENBLHO L, MEPEXONAT NpU ABUXKEHUU ¢ B Mapy
TOYEK, CAMMETPUIHBIX OTHOCUTEIbHO L' = g(L). 3HauuT, OTpaXeHus OTHO-
CUTENBHO BCceX Tuneppedep MHOTOTPAHHUKA, TPUHAIIEKAITAX Tuneprpana £,
npuHagrexart rpymme [
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Puc. 1. Puc. 2.

Amanoruano, paccMOTpuUM CompaXeHue ¢’ = $0 g 0 § CAMMETPHE § OTPa-
XKeHueM $ (3/1eCh TMOCAEAHUN COMHOXUTENb MOXHO HE 00ODAIIAThH, MOCKOIBbKY
571 = ) (puc. 2). Buifupas B KagecTBe ¢ BCEBO3MOXHBIC CAMMETDHUM I'H-
neprpauu F, MBI IOAY9IAM B Ka9eCTBE ¢ BCEBO3MOXHBIC CHMMETPHU THIED-
rpasu F’/, MOCKOMBbKY ¢ MOXHO BHIPa3uTh depes ¢ 1momo6HOM ke dopMyJon
g = sog’os. lloaTomy Bce cumMeTpun runeprpann F/ rakxe npuHagiexatT [

MoOXHO TIOBTOPUTEL DTHU pacCyXjaeHus, samenus F na F’, zaTem Ha Jro-
6yro rpamb, cMexuyio ¢ F/, u T. 1. B pesyibTaTe 0KasbBAeTCA, ITO TPYIIIIE
I’ mpuHagmexaT Bce CHMMETPUE BCEX THMEPTPAHEN MHOTOTPAHHUKA U BCE OT-
pPaXeHWs OTHOCUTENBHO Tumeppebep.

Paccmorpum Teneps mpousBoabHOE ABMXKEHUE g € Sym P v HEKOTOPYIO
runeprpans F' muororpanauka P. Mur yxe 3HaeM, 9TO CyIIECTBYET KOMIIO-
BUIAA OTPAKEHUN OTHOCUTEILHO TUmeppebep MHOTOTpanHuKa P, mepesos-
wasa F' B g(F). O6oszuatum ee depes w. Kaxmnoe oTpaxenue OTHOCUTEIHLHO
runeppe6pa npusagiexut I, 3aqnt, w € . Kommosunua h = w™! o ¢ me-
peBoauT runeprpads F B ceGsa, mostomy h € Sym F C I'. CaegoBaTensmo,
g=woh €TI. A sro n osnaqaer, uto Sym P =T

U3 mokasaTenbCTBa BHITEKAET CAEAYIOMAN WHAYKTUABHLIN CIOCO6 MOCTPO-
€HUA TOCAEJ0BATENBHOCTH S1, S92, - - . , Sy TOPOXAAONMX Tpynmy Sym P oTpa-
xeuun. Ha nepom mary Beibmpaem HekoTOpoe pebpo F| muororpannuka P,
cogepxaiiee Bepmuay Fy. B kadecTBe s; 6epeMm cumMeTpuio pebpa F, mepe-
BoAAmIyio BepmuHy Fy B apyryio ero sepmmuny. Ha k-m mary (2 < k < n) Mbt
BeIOMpaeM k-MepHYyO rpatb Fj, cOmepxalyo yxe BEIOPaHHYIO rpadsb Fiy_1,
B Ka4ecTBe S 6epeM cuMMeTpuio rparu Fj, ABIAIONIYIOCA OTPAXKEHNEM OTHO-
cuteabuo runeppebpa Fi_o. Ilepseie k oTpaxenun s1, So, ..., Sk ABIAIOTCA,
0YeBUIHO, 06pa3ylomuMu rpynnsl Sym Fy, cumMerpuun rpauu F.
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Takum o6pazoMm, cucTeMa 06pas3yomux rpynnst Sym P cBasana ¢ Habopom
MOTAPHO BJIOXKEHHBIX APYr B apyra rpamen Fy, Fy, ..., F,, rae dim F, = k
(0<k<n)umFyp_1 C Fyupuk > 1. Takon Ha60p rpaHEN HABBIBAETCA HAG20M
muozoepannuka. [louarue gaara MoxeT OBLITH BBEIEHO A JIOO0T0 BBHILYKJIO-
ro, a He TOJBKO NMPABWIBLHOTO, MHOTOIPAHHUKA W UTPAET BAXKHYIO POJbL IIPU
M3yYEHUU €ro rpynnel cumMeTpun. [liasg mobon napsl GIaros CymecTByeT He
6071e€e OMHOTO ABUKEHUA, TEPEBOJANIET0 OAUH B IPYTOU. ['pynns cummMeTpun
TMPABUIBLHBIX MHOTOTPAHHUKOB ABIAIOTCA B HEKOTOPOM CMBICIE CAMBIMEU 00-
raTbIMKU: CHMMETPHEN MOXHO mnepeecTu aw6ou duar B aobou. [locremnee
CBOUCTBO MOXET OBITH B3ATO B KAUEeCTBE ONPENEICHUA MPABUILHOTO MHOTO-
TpAHHUKA.

C kaxabiM GJIaroM CBA3aH MHOTOTPAHHBIM KOHYC C BEPIIMHOU B IEHTPE
MHOTOTPDAHHUKA, U HATIPABIEHHBIMY B IEHTPHI BCEX TPUHAIEKAIUX MY I'Pa-
Hen peGpamu (puc. 3). O Ha3BIBACTCA PYHIAMEHMAALHBIM KOHYCOM TPABUID-
HOT'O MHOTOT'PAHHUKA. | MIEPILIOCKOCTH OTPAXKEHUR S1, 89, . .., Sp ABIAOTCA
runeprpasaMu QyHIaMeHTAILHOTO KOHYCA.

[IPEAJIOXKEHUE 4. Dyndamenmasvubili KOHYc NPasusbHo20 MHO202PAH-
HuKa A6aReMCcA muozoepannurom Koxemepa; ezo crema Koxcmepa aunetina
u ceazna. (Onpedesenus cu. 6 [2].)

TOKA3ATEJBCTBO. [lokaxewm, urTo ecau || — k| > 1, To runepniaockocTu
OTPAXEHUU Sp U §; MEPIEHIUKYIAPHLI. Be3 orpaHu<ennsa OOMIHOCTH MOXHO
cunTaTh, ITo k < [. PaccmoTpuMm Takoe ¢, uto k < i < [. Torga rumepmioc-
KOCTb OTPAXKEHUA Si NMEPHEHIUKYIAPHA F;_1, & IrUIepIIOCKOCTh OTPAXKEHUS
sy comepxut F;_ 1. 3HAYUT, DTU MIOCKOCTU NEPNEH TUKYIAPHBI.
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Teneps HAOEM yTroa MeXIy TUIEPINIOCKOCTAMEU OTPAXKEHUU Sp_1 U Sk.
Komnosunus aByx J0GBIX OTPaXEHUN — DTO MOBOPOT BOKPYT (k — 2)-MepHOU
IIOCKOCTH, ABISIOMIENACA MEPECeYEeHNEM MMIEPILIOCKOCTEN DTUX OTPAKEHUN.
Yron moBopoTa paBeH YABOEHHOMY VIVIY MEXAY STUMU TMIEPILIOCKOCTAMU.
Mpubr 3HAEM, 9TO KOMIO3UIUA OTPAKEHUN Si_1 U Si ABIAECTCA TOBOPOTOM BO-
Kkpyr runepsepumssl Fj_3 rpanu Fj ma yroa 2m/m, roe m — KOIXIECTBO
CXOAALIMXCA B DTOU TMIIEPBEPIINHE runeprpanen (uau runeppebep). SHATUT,
YOI MEX 1y TUIEPILIOCKOCTIAME OTPAXKEHUN Sg_1 U Si PABEH m/m. 3aMeTuM,
9TO M 2> 3, MOITOMY DTH THUIEPINIOCKOCTH HE TEPIEH UKy IAPHBL.

WNrak, yron mexny aoObIMU AByMs TUNEPrPaHAME (PYHIAMEHTAIHHOTO
KOHYCa, ABIAETCA MEION FACTBIO 7, TMOSTOMY OH ABIAETCA MHOTOTDAHHUKOM
Koxkcrepa. I'panu ¢ HecocequrMu HOMEpaMU TEPIEHIUKYIAPHBL, TIOITOMY €ro
cxema Kokcrepa aunenna. ['panu ¢ coceHUMEI HOMEpaMU HE MEPIEH JUKYJIAD-
HBI, TO3TOMY OHA CBA3HA.

DyHmaMEHTATBHBIN KOHYC BhICEKaeT Ha (1 — 1)-MepHOU cdepe CHuMILIEKC
Kokcrepa. Hampumep, mia gomekasapa m MKOCA3APA MOIYIAETCA TPEyTOlb-
HUK ¢ yraamu (7/2,7/3,7/5). 3amomenue cdepbl TAKMMI TPEYTONILHUKAMY
npuBeneHo Ha puc. 9 craTbu [3].

Kax oMy npaBmIbHOMY MHOTOTPAHHUKY MBI TOCTABUIA B COOTBETCTBHE
cxemy Kokcrepa ero ¢pymgaMmenTaasHoro Konyca. [aa mpocToTwr GyaeM Ha-
3BIBATE €e cremoti Kokemepa npasuavnoz2o mnozoepannuka. IIoCKOMBKy rpa-
HU PYHAAMEHTATLHOTO KOHYCA €CTeCTBEHHBIM 00pa30M MePEeHyMePOBAHbI, DTa
XKe HyMepallua COXPAHAETCA W A4 BEpIMH cxeMbl KokcTepa.

OTpaxenus $; W S, COOTBETCTBYIOT ABYM BUCAYUAM BEPUIMHAM CXEMEI.
[TosToMy TIpu 3aJaHUKA TPABAIBHOTO MHOTOrpaHHMKa cxemon Kokcrepa cyme-
CTBEHHYIO POJIb UTPACT €€ OPUEHTALNA — a UMEHHO, KaKasd BUCATAA BEPIIMHA
COOTBETCTBYET MEPBOMY OTPAXKEHUIO (S1), & KaKasd — mocaeqHeMy (S, ). Cpss-
HYIO IuHEUHYO cxemy KokcTepa Mbl Oy 1eM HA3BIBATE 0OPUEHIMUPOEAHHOT, €CIU
YKa3aHO, KaKad U3 JBYX €€ BUCAIMX BEPIIUH ABIACTCA HAIAMOM, 8 KAKad —
KOHIIOM.

CdopmyaupyeMm aBa cBOUCTBa cxeMbl KoKcTepa IpaBUIbHOTO MHOTOTPAH-
HUKAa, KOTOPbIE (DAKTUICCKN yXKe ObLIM JOKA3aHbI PaHee.

> OTMmerka Ha pebpe, coegmusaomeM (k — 1)-10 u k-10 BEPIIMHBI CXEMBI
Koxkcrepa, (mmm, 9T0 TO Xe caMoe, yBeIUIeHHAA HA ABA KPATHOCTH 3TO-
ro pebpa) pasHa kommdectBy (k — 1)-mepubix (wam (k — 2)-MepHbIX)
rpaHed MHOTOIDAHHUKA, COAEPKAIINXCA B HEKOTOPOH (PUKCHPOBAHHON
k-MepHOU TpaHU M COAEPKALIMX HEKOTOPYIO (puKCHpOoBaHHYIO (k — 3)-
MEPHYIO I'DaHb.

> [logcxema, comepxaimiad TepBbie k BEPIIMH CXEMBI, ABIAETCA CXEMOU
Koxkcrepa k-mepuou rpanmu.
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[TPEANIOXKEHUE 5. Kaxcdas opuenmuposannas C8A3HASA AUHETHAL IAAU-
nmuueckas crema Korxcmepa coomeememeyem posro 00HOMY NPABUALHOMY
MHO202PAHHUKY.

[IOKABATEALCTBO. CymecTBoBanme. PaccMOTpuM MHOXECTBO OTpaxe-
HUHT S1, 82, - - -, Sp, COOTBETCTBYIOMAX 3aAaHHON cxeMe KokcTepa, mopoxaa-
eMyIio UMK Tpynny [\, CUMILITUIUATLHBIN KOHYC, TPAHAME KOTOPOT'O ABIAIOTCA
TUMEPIUIOCKOCTH PACCMATPUBAEMOr0 MHOXKECTBA MOPOXK AAKOIINX OTPAKEHUN,
a Takxke pebpo r HTOr0 KOHYCA, ABMLIIONICECS TePEeCeTeHneM BCeX ero THUIep-
rparen, kpome nocaeauen (puc. 3). Ilyers II — rumepmiockocTs, opToro-
HaIbHAS paccMaTpuBaeMoMy pebpy, a [I7 — moaynpocTpascTBO ¢ TpaHunen
I1, comepxkaiee BepmmHy KOHyCa. Torga mepeceveHue CEMEeUCTBa MOMYIPO-
CTPAHCTB, HoayYaeMbix u3 [1~ aBuxkenusaMu us rpynmnsl I, ABAgeTCS UCKOMBIM
OpaBUILHLIM MHOTOrpanunkoM. [lokaxeMm »To. ['mmepmiockocts I ogmon ma
€ro TUIEPrpaHel MOXHO MEPEBECTH ABUXKEHUeM u3 rpynnsl [' B a100y0 aApy-
ryo mo moctpoeHuio. llpm 5ToM camu rumeprpaHu TaKXke MEpeXOmaT APYT
B Apyra. 3HAYUT, BCE TMIEPrPAHA MHOTOIDAHHUKA paBHBL. OHEM ABIAOTCA
NPABUILHBIMA MHOTOTDAHHUKAMK (TyT, CTPOTO TOBOPS, HYyXHO NPUMEHUTH
nHAYKIWo). ['pynna, mOpoXAeHHAA S1, S92, . . ., Sp_1, ABIAETCA TPYIIION CAM-
METPHUHU 3TOU TUIEPTPAHH, TO3TOMY NeUCTBYET TPAH3UTUBHO HA MIPUHA, ITEK A~
X e’ runeppedpax. SHAYUT, BCe IBYIPAHHBIE YIVIBI IPU DTUX TUIEppedpax
paBHbL. Cre0BATEIBHO, TOCTPOEHHBIN MHOTOIPAHHUK — MPABUIBLHBIN.

EaunacrBenrocTs. [lokaxeMm, 9T0 dI060M NTPABAIBHBIA MHOTOTPAHHUK C
3aJaHHBIM (PYyHIAMEHTATHHBIM KOHYCOM MOXET OBITH MOCTPOEH MpPUBEAEH-
HBIM BBIIIE (IPU JOKA3ATENLCTBE CYMIECTBOBAHUA) CIOCOGOM. [|efCTBUTENBHO,
TUNEPIIOCKOCTD OJHOW W3 €r0 TUIeprpaHed JOJXKHA ObITH OPTOrOHAILHOU
pe6py 7, a ocTaIbHBIE TIOAYYIAIOTCA U3 Hee MBUKEHUAMHU w3 rpynnst ['. Erua-
CTBEHHAA UMEIOMIAACA TTPU TAKOM TOCTPOEHUU CBOOOIA COCTOUT B BRIOOpE T'H-
nepriockocTu 11 U3 ceMencTBa mapaielbHbIX rUOepIockocTer. O4YeBuHO,
9TO BCE MOMYYIAEMbIE TAKUM 00Pa3OM MHOTOTPDAHHUKHU TIOJ00HBI.

[Ipu w3aMeHeHUUM OPUEHTAIMU CXEMBI COOTBETCTBYIOIIUU €U TPABUILHBIN
MHOTOT'PDAHHUK TEPEXOANT B ABOUCTBEHHBIN. Takmm 06pasom, HECHMMETPH-
HbIe CBA3HBIE TUHEWHBIE cXeMbl KOKCcTepa COOTBETCTBYIOT IapaM ABOUCTBEH-
HBIX MHOTOTPAHHUKOB, 8 CUMMETPUYIHBIE — CAMOJIBONCTBEHHBIM MHOT'OTDAH-
HUKAM.

Bce cmasubie smmmntraeckme cxembl KokceTepa nepedncaensr B Tabr. 2 ¢Ta-
Tou [2]. Bocnoas3zoBasmucs sTon kaaccuuKanue, HeTPYJHO BHIIUCATH BCE
OpUEHTUPOBAHHBIE CBA3HbIE TUHENHEBIE HITANTHIecKue cxeMbl KokcTepa u qis
KaX/OU U3 HUX YKA3aTh COOTBETCTBYOINN MTPABMIHHBIN MHOTOTPAHHUK. JTO
cnenano B Taba. 1. Hymepamus Bepimu BCerga waeT CieBa HAMPABO. JeThbI-
peXMepHBIE aHAJIOTY TPEXMEPHBIX NPABIILHLIX MHOTOI'DAHHUKOB MBI HA3BAIN
TEeMU Xe MMEHAMMU, TOOABUB MPUCTABKY «TUIEDPS.
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n Cxema Muororpanauk
1]|o OTPE30K
2 | oo M-yTOILHIK
3| o—o0—o0 TeTpasap (cumILIEKC)
o—0—o0 Ky0
o—o=o0 okTasaAp (KoKyO)
o=0—0 IOIEeKasIp
o—c=0 UKOCAD P

TUNEPTETPAdAD (CUMILIEKC)

o=0—0—0 runepky6 (xyo0)
o—o0—o=0 ruUnepoKTasap (Kokyo)
c=0—0——0 runeppoaekasap (120-rpanauk)
o—o—c=0 runepukocasap (600-rpanHuK)
o—0c=0—0 24-TpaHHUK
>5 | o—o0—o0—o- CUMILICKC
o0—0—0—o0—- KyO
0—0—o0---- -0=0 | KOKY0
Tab. 1.

Bonee nmogpobHO 0 cTpoeHMM MPABUABHBIX MHOTOIPAHHUKOB HAIKMCAHO B
kuurax [1,4]. Tam ke uMe0TCA IByMepHBbIE M300PaKEHUA HEKOTOPLIX YeTHI-
PEXMEPHBIX MPABUWIBHBIX MHOTOTDAHHUKOB.

SAIAYA. HokaxwuTe, 9TO 3aMOIIEHUA N-MEPHOTO €BKJIMA0BA MPOCTPAH-
CTBa NPABUALHBIMUA MHOTOTPAHHUKAMU KIACCUPUIUPYIOTCA OPUEHTUPOBAH-
HLIMY CBA3HLIMY JUHETHLIME HapaboandeckuMu cxemMaMmu Kokcrepa. Hangute
BCE TAKMe 3aMOIIEHUA ¢ IOMOWbLI0 Tabl. 3 craTbu [2].

CHnuCOK JIMTEPATYPBI
[1] Bepxe M. I'eomempuas. Tom. 1. M.: Mup, 1984. 560 c.

[2] Byraenko B. O. Kaaccugurayus mnozozpannuros Koxcmepa [/ Mare-
maTmndeckoe npocsemenue, 2003. Cep. 3. Boim. 7. C. 82-106.

[3] Bunbepr 3. B. Kasetidockonw u epynner ompaxcenud // Maremarnde-
ckoe mpocaerienne, 2003. Cep. 3. Brin. 7. C. 45-63.

[4] Kokcrep I'. C. M. Bsedenue 6 2eomemputo. M.: Hayka, 1966. 648 c.



116

CUMMeTpPHUH MOBEPXHOCTEN U BEIICCTBEHHBIC
aJarebpanvaeckKme KpuBbIe

C. M. Haranson

Eie apesnume camTanum, 9TO KPacoTa U COBEPIICHCTBO CBA3AHLI C CHMMe-
Tpuer. C DTOU TOYKU 3PEHUSA CAMOU COBEPIIEHHOU MTOBEPXHOCTHIO ABIAETCSA
cdepa, mMenas 6ECKOHeYHYIO TPYIILy CUMMEeTpuu. PazyMmeeTcs, me BCe mMo-
BEPXHOCTH 00JaAI0T TAKOU GOALLUION TPYNION CUMMETPHHM. B 5TOU CTAThLe
MBI 006CYMM, KAKWUMUA TPYTIaMA CAMMETPHAN MOTYT 06JaaTh TOBEPXHOCTH
B 3aBUCAMOCTH OT WX TONOJOTMYIECKOTrO TUna. MBI yBuauM, 9TO 3Ta mpobae-
Ma CBA3AHA ¢ TOMOJOTUYIECKUMU CBOUCTBAMY BEIIECTBEHHBIX aareGpanmTecKux
KPWBBIX.

1. [lepengemM K TOYHBIM ONPEAEICHUAM. B3auMHO OJHO3HATHOE W B3AWM-
HO HEIPEPLIBHOE 0TOOPAXKEHUE HA3BIBACTCA 2omeomopduzmom. lloBepxHoCcTH,
MEX Y KOTOPBIME CYIIECTBYET IOMEOMOPMU3M, HAZBIBAIOTCI 20MEOMOPPHbI-
mu. TomeoMopdHBIMEU ABAAIOTCA, HanmpuMmep, chepa u kKy6 (puc. 1). He Bce
TIOBEPXHOCTH, pasyMeeTcda, ToMmeoMopdHEI chepe. He romeomopden coepe,
Hanpumep, Top (puc. 2).

Pazmutmbie mOBEPXHOCTH MOXHO CKICHBATEH MEX Yy cobou. [lasa s3Toro Ha-
[I0 BBIPE3ATH y KAXI0U U3 HUX TI0 JUCKY ¥ CKIEUTH TOBEPXHOCTH MO TPAHUIIAM
paspesos (puc. 3). Ecim k chepe npukaenTs TOP, TO TMOLYIUTCA CHOBA TOP.

Puc. 1. Puc. 2.
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Puc. 3. Puc. 4.

Ho ecau x cdepe npukientsh g > 1 TOpOB, TO MOXYIUTCA TIOBEPXHOCTH, HE
roMeoMopgpHaa Hu cdepe, HE TOPY. BedKkas MOBEPXHOCTH, TOMEOMOpPgHAA TO-
BEPXHOCTHM TAKOTO THIA, HA3BIBAETCA nosgepruocmuio poda g. Cdepa mmeer
pox 0, Ttop — pon 1. (Ha puc. 3 u 4 nuzo6paxensr gBe moBepxHOCTH poaa 4).
Besakas xoMmakTHas CBA3HAA OpPUEHTHPYeMas MOBEPXHOCTHL P 6e3 rpaHmirbi
ABJAETCA NOBEPXHOCTHLIO HEKOTOPOro poaa g = g(P). IosepxrocTn pasimd-
HBIX POJIOB HE TOMEOMOP®HHIL.

2. B mpEBLIYHOM €O WIKOJIBI MOHMMAHWKA CUMMETPHA — BTO OTOOpaxKe-
HUE MOBEPXHOCTHU B ¢e6s, COXPAHAMONIEE PACCTOSHUE MEXIYy TOYKaMu. Takue
oTobpaxenus 00pa3yoT rpyniy, Ha3bBaeMyoo 2pynnot uzomemput. Camyro
6OIBIIYIO IPYIITy m3oMeTpui uMeeT cdepa S = {(z,y, z) € R3 |22 +y2+ 22 =
= 1}. Beckoneunyio rpynmny msomerpuit umeeT u TOp T, MOLYAIOMUNIC Bpa-
meruem BOKpyT ocu Y okpyxuoct: {(7,y) € R?|(z — 2)% + 4? = 1}. Moxmo
IOKAa3aTh, OAHAKO, ITO MOBEPXHOCTH POAa ¢ > | HMEIOT WL KOHEIHYIO
CPYIILY X30METPHH.

Besakas cuvmeTpus moBepxHocTH P ABASETCS aBTOrOMEOMOP(U3IMOM, TO
€CTh TOMEOMOP(PU3IMOM MOBEPXHOCTH Ha, ¢e0s1. VIMEHHO 5TO CBOUCTBO ABIAETCA
PEIIAIOIIAM MPA UCCACIOBAHUM KOHEUHBLIX TPYIIN U30METPUU MOBEPXHOCTH.
[MosToMy MBI GyIEM MOIB30BATHCA CAEAYIOIMIAM ONPEACACHUEM:

IHlosepzrocmoio ¢ cummempusmu HasbiBaeTcsa mapa (P, G), cocroaman u3
CBA3HOUW MOBepXHOCTH P m KoHedHouM rpynmnbl G ee aBTOrOMEeOMOP(U3MOB.

TMosepxrocTu ¢ cummerpuavu (P, Gy) u (P, G2) camraioTes mono.ao-
2UYECKU IKBUBAACHMHBIMU, €CIA CYIECTByeT ToMeoMopdusMm ¢: P, — Py
Taxon, aTo 9G1p ! = G.

Ecam Bce aBToromeomopdusmbl u3 (G COXPAHAIOT OPUEHTANUIO, MbI Oy1€M
rogoputh, 9T0 (P,G) — noeeprnocms ¢ 0pUENMUPYEMBIMU CUMMEMPUSMU.

[TosepxuOCcTAME poga 0 ¢ OPUEHTUPYEMBIMEU CAMMETPUAMY ABAAIOTCA, Ha-
npumep, maps (S, G), rae
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1) G — rpynma nmoBopoToB c¢depbl S BOKPYT ocu Z Ha yrabl 27 /n;

2) G — rpynmna, NopoX IeHHAA OTPAKEHUAMHE B IPAMBIX £, . . . , £ _1. 31€Ch
¢y — »t0 ock X, a { monydaeTcs us £y MOBOPOTOM Ha yroa km/n B IOCKOCTH
X,Y;

3) G — opueHTHpyeMas IPyNNa CUMMETPUH ILIATOHOBOTO TEIA, BIUCAH-
voro B S. (HamomHuMM, 9TO CymecTByeT POBHO NATH MAATOHOBBIX TE, T.e.
MPaBUIBLHBIX MHOMOTPAHHUKOB: TETPAdAP, Ky0, OKTA3AP, AOJAEKADAP, UKOCA-
sap. I'pynner cuMmMmerpun ky6a u OKTasapa coBmagaioT. | pynnel cuMMeTpun
DOJEKadApa W UKOCA3APa TaKXke COBmAagaioT [1], cM. Takxke crarsio [2] B Ha-
cTosAmemM COOPHUKE. )

OxaswiBaeTca, 9T0 Mobas MOBEPXHOCTH poaa 0 ¢ OpUEHTUPYEMBIMU CUM-
METPUAMY TOMOJOTHIECKY DKBUBAJIEHTHA, OJHOU U3 DTUX MOBEPXHOCTEN.

IlosepxuocTy pona 1 ¢ OPUEHTUPYEMBIMEA CAMMETPUAME TAKKE IO IAI0T-
ca kaaccudukanuu. OHA CBOAUTCA K KAACCU(DUKAIIUN TBYMEPHBIX KPUCTAIIO-
rpaduIecKuX TPYOM, T.€. MTUCKPETHBIX T'PYIN ABAXKEHUN EBKIUIOBOU TLIOC-
kKocTu. Bee Takme rpymnnel onuckiBaoTca TeopeMon Pegoposa [3].

[MosepxuocTu ¢ cummerpusamu (P, G) poga 0 u 1 MOryT umMeTh Ipymmmy cuMm-
MeTpuu (G POU3BOILHO GOMBIIOTO TOpAAKa. [laa moBepxHOCTER poga g > 1
sTo yx)e He Tak. Cornacuo Teopeme ['ypsuna [4], B ToM ciydae nmopsaiok opu-
EHTUPYEMOU IPYNIbLI cuMMeTpuu He ipesocxoauT 84(g—1). Orcrona cregyer,
B JACTHOCTH, UTO TUCJIO TOMOJOTUIECKAX TUTOB TOBEPXHOCTEN ¢ OPUEHTHUPY-
eMBIMU CUMMETPUAME KOHedHO. /1 meGoabmux ponos (¢ < 6) Bce Takume
Tunel yaaercs HauTH [5,6]. MoxHO HAWTH TakXke BCE TONONOIMYECKUE THU-
MBI TOBEPXHOCTEN ¢ OPUEHTUPYEMBIMA CAMMETPUAME, OOPA3YIONUMEA TPYIITY
BUAA Zyp X -+ X Ly, TAE P — MPOCTOE IHUCIO [7].

3. Ilepengem Ternepb K CUMMETPUAM, MEHAOIINM OPUEHTAIIAU TOBEPXHO-
ctu P. ViMeouuy HEMOABUXHLIE TOYKA U MEHAOIIAN OPUEHTAINIO aBTOrO-
MeOMOpP®U3M T Ha30BeM 3epraasvhoti cummempueti. Ipynna (1), mopox gaemas
3epKATBLHON CHMMETPHEH T, COCTOMT U3 2 d1eMeHTOB, T.e. 72 = 1. CBsasHas
HOBEPXHOCTE ¢ cumMmeTrpuen (P, (7)) GyneT HA3BIBATLCA 3€PKAAbHOU NOBEPL-
HOCMbIO.

[Ipocrenmmui npuMep 3epKAILHON MOBEPXHOCTH — 3TO cdepa S ¢ MHBO-
motmen 7(x,y,z) = (z,y, —2) (T.e. T — 5TO oTpaxeHue B WIOCKOCTU z = ().

[TocTpouMm Temeps 6oIee MUPOKYIO CEPUIO IPUMEPOB.

llaBayiTe pacCMOTPUM TIOBEPXHOCTH POAa, h, PACIIONIOXEHHYIO B TPOCTPAH-
cte R3 = {(z,9,2)} Taxum o6pazoMm, 4TOOH ee TACTh, JEKAMAA B IIOLY-
npocTpancTse z < 0, COCTOATA U3 N OTAEILHLIX AucKOB. O003HAYMM €epes
P <acTh moBepxHOCTH, JeXalIyio B moaympocTparcTse z > . OTob6paxe-
wue 7(2,y,2) = (z,y,—2) nepesoaut ee B nosepxuocth P~ . MuBomonus T
HHAYOUPYeT Ha HoBepxHOCTH P, = Pt UP™ poga g = 2h +n — 1 unso-
JIoIuio T,. Takum o6pasom, (P, (T,)) — 3epKalbHad MOBEPXHOCTH POJA .
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Puc. 5.

HGIIO,E[BI/I}KH])IG TOYKU WHBOJIOUUU T, — 3TO 'PAHUYTHBIE KOHTYDHI C1,...,Cp

3

nosepxuHocTa PT. OHE paselsioT HOBePXHOCTH P, , va aBe dacTm Pt u P~
(puc. 5).

3epkanbHble moBepxHocTU (P, (7)), TOmOJOrmyUecKM OSKBUBAJIEHTHBIE
(Py,n,(Tn)), MBI Oy 1eM HA3BIBATD 3€PKAALHBLMU NOSEPTHOCMAMY muna (g,n,1).
WuBomonusa 7 B 3TOM CIy€ae HA3LIBACTCA pasdedaouwet. OUeBUAHO, ITO TO-
BepxHOCTH THNA (g, k, 1) cymectByer, eciu u Toabko eciu 1 < k< g+ 1m
k=g+1 (mod 2).

Mo audunupyem Temnepb 3Ty KOHCTPYKINo. Kax Ibi U3 KOHTYPOB Cq, . . . ,
Cp MMEET CBOK CHMMETDPHIO 7);: ¢; — C; — «IOBOPOT Ha yroa 7. [laBante
paspexeMm Py, 1m0 KOHTYpaM ci,...,¢ (1 <7 < n) 1 CKIeWM UX BHOBB «C 110
BOPOTOM Ha 7. [[oIyIuTCA HOBaA MOBEPXHOCTH ﬁg,n poia g, Ha KOTOPOU UHBO-
JIOUAA T, UHAYIUPYET HOBYIO UHBOJIOIAIO Ty - ﬁg,n — ISg,n. Hemoapuxubie
TOYKM WHBOMIOUUA Ty — ITO KOHTYDPBI Cpil,-..,Cp. VI OHE HE Pa3sObUBAIOT
NOBEPXHOCTH ]Bg,n (KOHTYDHBI €1, ...,Cp TIOJ AEUCTBUEM WHBOJIOUUY Ty, TI0-
BOPAMMBAIOTCA (HA YIOX T», ¥, CICJOBATEILHO, HE COAEPKAT HEHOJBUKHEIX
Toiek). CormacHo mammmM ompegererua™m, (Pyn,(T,—,)) — 3epKarbHas IO-
BEPXHOCTH POJA ¢.

3epkanbHble moBepxHocTu (P, (7)), TOmosormyueckm OSKBUBATEHTHBIE
(ﬁg,n, (Tn—r)), OYOYT HA3BIBATHCA 3€PKAALHBIMU NOBEPTHOCTNAMY MUNG
(9,m —r,0). UHBOMIONIMA T TAKOU MOBEPXHOCTU HA3BIBACTCSI HePa3deastowed.
PaccMoTpeHHas KOHCTPYKIUA MOKA3BIBAET, 9TO TOBEPXHOCTH Tuna (g, k,0)
cymecTByer, ecam u Toabko ecim 1 < k < g. Hemoasmxubie Touku oTo6pa-
XKEHUA B 3TOM CAYUae PACHaJaloTCa Ha k TPOCTHIX 3aMKHYTHIX KOHTYPOB, He
pa3buBaIOMINX TTOBEPXHOCTh.
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3ameuaTenbHas TeopeMa Banxonnaa [8] yTepx naeT, 9To 40604 3eprab-
nas noseprrocmy (P, (1)) asasemca aepraavnoti noseprnocmuio muna (g, k, €)
(ede € = 0 uau 1). Boree Toro, 3epraabnbie NOBEPLHOCIU MONOAOLUYECKY
IKEUBAAEHMMNDL, €CAU U MOABKO ecat onu umetom odunaroswviti mun. (IIpo-
CTO€ N0KA3aTeIbCTBO DTON TEOPEMbI MOXHO HauTu B [9]).

W3 Teopembr Banxonbga ciaegyer, B 9aCTHOCTH, YTO MHOXECTBO HENO-
OBIKHBIX TOYCK 3€PKAILHOM CUMMETPHUH T PAaCIafaeTca Ha k MPOCTHIX 3a-
MKHYTHIX KOHTYPOB, HA3LIBAEMBIX 3epraaami. Ml 6ygeM 0603HAYATE THCIO
3epkaJa 1depes |T|.

4. TIpomsBoabHas MOBEPXHOCTL ¢ cummeTpusamu (P, G) moxer, pasymeer-
A, COAEPKATH HECKOIBLKO 3€PKATBHBEIX CUMMETPHA T1, ..., T, € G. OKka3wiBa-
eTcs, 9TO 3TOT HAGOp {T1,...,T,} 0bIagaeT PAAOM 3aMEIATENLHEIX CBOMCTB.
[TepBoe us Hux |7;| < g+1 (HepasencTBo XapHaka) Cpasy CleAyeT U3 TEOPEMBbI
Banxonbga. U3 mee ke crenyer, 9To 5Ta onenka gocruraerca. /locturaercs

Takxe U oneHka |7i| + |m2| < 2¢9 + 2 (cm. puc. 6).

Puc. 6.

Tem Gosee yIUBUTENLHON KAXETCA TEOPEMa, YTBEPXK JAIOIIAId, ITO
n
> lnl <42(g— 1) mpu g > 1 [10]
i=1
u gaxe, 60onee TOTO,
n
> Iml<12(9—1) mpu g >9 [11].
i=1
Ecin o € G aBiasercsa 3epkaibHON cuMMmeTpuen u h € G, To = hah™!

OyIeT TOXEe 3ePKATLHON CUMMeTpuen. Takue CHMMETPUN HA3LIBAIOTCA CONPA-
acenmnbimu. OKa3BIBACTCA, 9TO MAKCHMAIBHOE IHCIO TIOTTAPHO HECOMPSIKEHHBIX
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3epPKATLHBEIX CAMMETPHUR He TpeBocxoauT 2(y/g+1) m 5Ta onenka 1ocTUraeTea
11t GeCKOHEIHOro uncaa pasubix ¢ [12]. Ecin Bce ot cummeTpun pasnensio-
e, TO CyMMapHOE YUCI0 UX 3€PKal He IPeBOCXoauT 2g — (1 — 9)2"’3 —2<
< 2¢9+30 [13]. Ecan xe g — "4eTHOE, TO MOMAPHO HECONPAKEHHBIX 3€PKAILHBIX
cumMmeTpun He Gosee deThipex [14].

YaaeTcsa Takke MOTHOCTHIO MEPEYUCAuTh Bce rpynmbl (G, cOmepKaliume
3epKaJbHBIE CHMMETPUM C YUCIOM 3€PKaJ, PABHBIM WAM OOJBIIAM YEM PO
nosepxHocru [10, 15].

5. 9TM YMCTO TONOJOTMYECKUE PE3YAbTATHI MMEIOT BAXKHBIE TTPUIOKEHUI
B TEOPUU ANTeOpANTIECKUX KPUBLIX. HatHeMm ¢ ompeaenenun.

Haockas adPunnas xpusas nad nogem K ompemenserca MOIMHOMOM
F(z,y) ¢ xoappunmentamu uz K. Mroxcecmeon ee K-mouex asasercsa muo-
xecto nap (z,y) € K? Takux, aro F(z,y) = 0. ToBOps 0 KPUBEIX Ha| TOJEM
K, mb1 6yem Bcerjga camTaTh, 9TO OHU uMEOT K-ToUkn.

[Ipocrenman HeTpuBnaibuan apPUHHAA KPUBAT — DTO 2UNEPIAAUNINUYE-
ckaa wpusas F(z,y) = y> — f(z), rae f(z) — MHOrowIeH ¢ momapHO pas-
JAUYHBIMA KOPHAMU L1, L9, ..., Lo,—1. Lean F' — BemecTBenHas kpusas (T. e.
K=R)u f(z) = [[7, " (z —z;), nie £1 < ... < 22,1 € R, T0 ee BemecTren-
HBEIE TOYKM — 9TO mapkel (z, £+/f(x)), rge © € [xoi_1,22] (i=1,...,n —2)
wm L > Zon_1. Llocae noGaeaeHusa TOUKU (00, 00) MHOXKECTBO BEIIECTBEH-
HBIX TOYEK KPUBOU F' pacrajgaercs Ha n 3aMKHYTHIX KOHTYDOB, HA3bIBAEMBIX
oBamamu (puc. 7).

Y

/_\ m N
1 \jﬂa T3 UM Ton—1

Puc. 7.

[TockoabKy BeIIeCTBEHHBIE YMUCIA ABMAIOTCA YACTHBIM CIYIaeM KOMILIEKC-
HLIX <mcesT, MBI MOXEM paccMaTpuBaTh addurmyo xpusyo F(z,y) = y? —
— f(z) u xak xommrekcHyio kpusyio (T.e. K = C). Ee xommiekcubie ToYkn
umeror Bug (x,£4/f(x)), roe B KadecTBe T MOXET Temephb BLICTYNATH JIO-
60e xommrekcuon wmcao r € C. [losToMy MHOXECTBO KOMILIEKCHBIX TOYEK
KOMILIEKCHOU KPWBOW CBA3HO W ABYJAUCTHO HakpbiBaeT MHOXecTBO C. [ocae
006ABICHUA TOUKH (00, 00) TO MHOXKECTBO IPEBPAIIAETCA B KOMIAKTHYIO MO~
BEPXHOCTEL pona g =n — 1.

[Toxoxee cTpoeHmEe MMeeT WM MHOXKECTBO KOMILIEKCHBIX TOYEK MTPOU3-
BOJIBHOU MJIOCKOU KOMIUIeKCHOU adduunou kpusou F. OHO momydaercs
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BBIKAJIBIBAHUEM U CKICMBAHUEM KOHETHOIO THCJIA TOYEK HEKOTOPOU (BO3MOXK-
HO, mecBasuom) nosepxuocTu C(F'). Ecim C(F) — cBA3HAA MOBEPXHOCTH, TO
TOBOPAT, 9TO KPUBAS HENPUBOIUMA.

HamoMuuM, 9TO payuonasbroti @Gyrkyueld HA3LIBAETCA OTHOLICHUE MHO-
rowieHoB. [IpOM3BOIBHAA PANMOHATBLHAA 3aMEHA TEepPeMeHHBIX I — &(s,t),
y — n(s,t) ¢ xoodpdpunmenramm 3 K nepesogut adpdunnyo kpusyto F(z,y)
B ad(pUHHYIO KPUBYIO ﬁ(s,t). Ecmu cymecTByeT u o6paTHad paluoHATLHAA
samena ¢ koddduimentavu u3 K s — a(z,y), t — B(z,y), To roBopaT, 9TO
kpusbie F(z,y) un ﬁ(s, t) 6upammonaasuo m3omopduer Han K. Krace 6upary-
OHAJIBLHOU M30MOPMHOCTH TIOCKOU a(PUHHON KPUBOU HABBIBACTCA G42€0DAU-
yeckot Kpusod.

TMosepxroctu C(F'), orBevaromme GupanmoHATEHO H30MOPGHBIM adduH-
HBIM KOMILUIEKCHBIM aJare0pamvIecKnM KPUBBIM, OTOXIEeCTBIAIIOTCI. [looToMy
MOXHO CINTATDL, ITO HEIPUBOANMON KOMILIEKCHON AIre0pamdecKon KPUBOU
F orBeuaer nekoropas nosepxuocts C(F) poxa g = g(F).

Bocmoassyemcsa Temepb TeM, UTO BEIIECTBEHHLIE UHUCAA ABIAIOTCA TaCT-
HBIM THUIOM KOMILIEKCHBIX TUCET. [103TOMY MBI MOXEM PaCCMaTPUBATDH ILIOC-
KYIO BEIIECTBEHHYIO KpuBYHO F m kak adpPuHHYIO KOMILIEKCHYO KpuByio F.
Ha aseike TOYek 5TO O3HAYAET, YTO KPOME BEHNIECTBEHHBIX PEIICHUN ypaB-
uHenusa F'(z,y) = 0 MBI paccMaTpUBaeT M €ro KOMILIEKCHBIE pernenus. Berre-
cTBeHHAA KpuBag F' HaswiBaeTca wenpusodumotl, ecim Fr — Henpusommmas
KOMILIEKCHAA KpuBasd. /lagbime MBI CIMTAEM, 9TO BCE PACCMATPUBAEMBIE KPU-
BLIE HEIPUBOIUMEL.

Beugy BemecrBerHOCTH K03DPUIUEHTOB MOIMHOMA F' BMECTE ¢ KaXIBIM
pemenuem (z,y) € C ypasmenma F(x,y) = 0 pemenuem >TOro ypasHEHUs
ABJsETCA Takke u napa (z,y). Takum o6pasom, coorsercrsue (z,y) — (Z,9)
nopoxaet 3epkanbayio cummerputo 7p : C(Fr) — C(Fr). Ero menoasuxubie
TOYKHN — 9TO BEHIECTBEHHBIE TOYKN KpI/IBOﬁ F KaK MbI YK€ 3HAa€M, 0T TOYKHU
obpasyroT k < g + 1 3epkai. ITu 3epKaja HA3BIBAIOTCA 06a.40MU BEIIECTBEH-
Holt KpuBok F. BemecTBennas rumepammunTudeckas kpusag F = y? — f(z),
HAIpUMEp, UMeeT N = ¢ + 1 0BaJOB, OTBEYAIIWMUX OTPE3KaM [T1, T2, T3, T4],

- [®an—1,00] (cM. puc. 7).

Takum 06pa3oM, MBI COMOCTABIIN KaXIOU BEIIECTBEHHOU AareOpamte-
ckon kpuson F' sepkanbuyio nosepxaocts (C(Fg), (77)). MoxHO nokasars,
YTO HTO COOTBETCTBHUE ABIACTCA B3AMMHO OTHO3HAYHBIM [16)].

6. CooreercTBrE MEX Ay AArebpanveCKUMU KPUBBLIMEA U TMOBEPXHOCTAMU
MO3BOJAET MCCICAOBATL CAEAYIOUIMN BAXHLIM [JAA IPWIOKEHWHN BOMIPOC: Ha-
CKOJIBKO MOJHO KOMILIEKCU(pUKaAIuUsa Fr BEIeCTBEHHON aarebpamdeckon Kpu-
Bou F' ompegenseT caMy BEHIECTBEHHYI) KPUBYIO!

Ha s3pike adppUHHBIX KPUBBIX STOT BOIPOC 03HATAET CACAYIONEe: KAKAMU
CBOUCTBaMHU 00/a1a10T OMPAIMOHAJbHBIE KOMILIEKCHBIE 3aMEHbI IePEMEHHBIX



CuMMeTpHuE TOBEPXHOCTEH M BEIECTBEHHBIE alreOpandeckue Kpuppie 123

(x,y) = (f,n)LnepeBo,qﬂmme APYT B APYra BEMIECTBECHHEIC ad@UHHBIC KpPH-

Boie F'(x,y) u F(s,t). [IpuBegem npumep, MOKA3BIBAIOMIAN, 9TO TAKAE 3AMEHBI
CYIECTBYIOT.

prumer. Kpusas Fy(z,y) = y? — z(2® — 1) nepesogurca obparumoi 3a-
MCHOM (s — & = €'58,¢ — y = ei%”t), (£ —s=e 5z, y—t= e_i%”y)
B kpuByio Fy(s,t) = t2 — s(s® + 1). DTa xe xpusasa F| mepesogurca o6pa-

o o U—1 4¢'% d—=z
THMOH 3aMeHOR (u — & = ——, v =y = ——=0v), (z — u =1 )
i —u—1 (u + 2) 1+x
Y v = 864453/) B xpusyo F3(u,v) = v? — u(u? — 1)(u? — 6u® + 1).
(z +1)

Ha reoMeTputvecKoM A3LIKE BEIIECTBEHHLIM KPUBBLIM C OOIMIEN KOMILIEKCH-
duKanmen OTBEYAIOT PA3IUIHLIE 3ePKAILHLIE CUMMETPUHA T OJHOA M TOHU XKe
nosepxaocTn P. YTounmMm sTo coorBeTcTBme. Ha camMoMm gere moBepxHOCTH
P = C(L), orBevaomas KOMILIEKCHOM anreGpandeckon KpuBou L, aBiser-
CA PUMAHOBOU IOBEPXHOCTLIO, TO €CThL 00JaJaeT KOMILIEKCHON CTPYKTYPOMU.
ITO O3HATALT, ITO MATCHBKAA OKPECTHOCTH KaX JOM TOYKH TTIOBEPXHOCTY B3a-
MMHO OJJHO3HAYHO TIPOEKTUPYETCA HA KOMILIEKCHYIO TuockocTh C, m Bee oTm
TMPOEKIIAU COTIACOBAHBI MEX Iy cobon. Hampumep, B ciytiae KOMILIEKCHON T'H-
MEPRUIATTAYECKON KPUBOU DTa MPOEKITUA TOYMTH A BCEX TOUEK MMEET BU[
((z,\/f(z)) — ). Ipu g > 1 aBTOroMeoMopduU3MBI, COXPAHAIOLINE DTy KOM-
IEKCHYIO CTPYKTYPY, 00pasyioT KOHEUHYIO I'PYIIY, HASLIBAEMYIO T'PYIIION
aBTOMOP(U3MOB PUMAHOBOU TTOBEPXHOCTH.

Ecim L = Fr — xoMmiuekcndUKaIua BEIIECTBEHHOM AareOpamnmdeCcKou
kpuBon F', To 3epkanbHAA CUMMETPUA Tp MEHAET KOMILIEKCHYH) CTPYKTY-
Py Ha KOMILUIEKCHO COTpPAXEHHYIO. [lpyrumum cioBaMu, Tp ABIAETCA AHTH-
TOMOMOPGHON MHBOMIOIUEN. Bomee TOTo, OKA3LIBACTCA, UTO JI00Ad AHTH-
romoMopdHad WHBOMONUA C HEMOABMKHBLIMU Todkamu 7: P — P umeer
BUA T = Tp, rAe F — mekoTopas BemecTBeHHAs anrefpamteckas KpH-
Basg [16].

Kpowme Toro, npousseaeaune qo00BIX ABYX aHTUTOJOMOP(PHBIX WHBOJOIAN
ABIAETCA ABTOMOPPUIMOM PUMAHOBOW TOBEPXHOCTH. Taxkmm 00paszomM, aHTH-
TOIOMOPGHEBIE WHBOMIOIUA TOPOXK AAIOT KOHETHYIO TPynny (G, M MBI MOJLy1aeM

HOBEPXHOCTE ¢ cummerpuamu (P, G).

Bupanuonannupin mzoMopdmsM Hag R BemecTBeHHLIX KpuBLIX F u F
O3HAYAET, YTO OTPAXKEHUA Tf U Tj CONPAKEHBL B IPYyIIIE G. Takum o06pazom,
BEIMIECTBEHHLIM KPUBLIM C PUMAHOBOU MOBEPXHOCTHIO P B3aMMHO OMHO3HAM-
HO OTBEYAIOT KIACCHI COMPAXEHHOCTHW 3€PKATbLHBIX cuMMeTpuu u3 G. ITo
COOTBETCTBME MEXJY BEHIECTBEHHBIMU ANTeOPAMYIECKAMU KPUBBIMU W 3€p-
KaIbHBIMU CUMMETPUAMU MO3BOJIAET UCIOAB30BATH TOMOJOIMIECKUE CBOUCTBA
3EPKAILHLIX CUMMETPUHN A UCCACTOBAHUA OUPAIUOHATLHBIX OTOOpAKEHUN

MeX Iy aareOpanvdeCKuMu KPUBBIMHA.
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IIpounmrocTpupyeM 3TO Ha IpUMeEpE ONUCAHHLIX BHIIE BEIIECTBEHHLIX aJl-
re6pamveckux KpuBbix F, Fy, F3. Ux obmas KOMIIEKCUDUKAIUA ABIICTCI
PUMAHOBOU MOBEPXHOCTHIO P poaa 4. DT KpUBBIE UMEIOT COOTBETCTBEHHO
IBa, OMUH U 9eTHIpe OBada. TOMmoIOTUHIecKas KIaCCu(pUKAINA MOBEPXHOCTEN
¢ cummerpuavu (P, G), rae rpynmna G COAEPXUT CAMMETPUM C TAKUM U-
CJIOM OBAJIOB, TTOKA3BIBAET, YTO B 3TOM CJIydYae MHOXECTBO 3€PKATBLHBIX CHAM-
MeTpui w3 G pacmagaeTca Ha 3 KIacCa COMPAXEHHOCTH. Takum o6pasoM,
BCAKaA 3epKalbHasd cuMMeTpusa u3 (G COMpAXKeHa 3ePKAILHOU CHMMeTPHHU T,
rae ¢ = 1,2,3. Ha sa3bike OUpanMOHAIBLHBIX OTOOPAXEHUU DTO 03HAYALT, UTO
eCJI MeX Yy BeIIeCTBeHHLIMHE aarebpantieckuMu KpuBsIME F' u ) cyecTByeT
obpaTuMoe OmpanmoHaIbHOE OTOOpaXeHrne ¢ KOMILVIEKCHBIMY KO3(pPUITMEHTA-
Mu, TO Mexay kpuBou F m ommon m3 kpusweix F; (i = 1,2,3) cymecrsyer
obpaTrumoe OGupanmnoHaIbHOE OTOOPAXKEHUE C BEIIeCTBEHHBIMU KOD(DPUITUEH-
TaM#u. IJTOT, Ka3a10Ch ObI (POPMYILHBIN (HAKT, TMO-BUAMMOMY, HEBO3MOKHO
J0Ka3aTh 6e3 UCHOAB30BAHUA TONOJOrHYecKux coobpaxenun [10] u meTon0B,
OCHOBaHHBIX Ha reomerpuu Jlo6adesckoro [15].
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Ham CEMHUHAP: MaTEMAaTHUIECCKHE
CIOXKETHhI

HeaneMeHTapHOCTH HEKOTOPHIX MHTETPAJIOB
DJIEMEHTaPHBIX (PYHKITIHA

B. B. IIpacosos

B 1833 r. Jluysuuis [4] mocTpous nepsbie HprMepsI 5IeMEHTapHBIX ) dyH-
KIIAW, HHTErPAILI OT KOTOPBIX HE 3IeMEHTAPHBI. B YacTHOCTH, OH TOKA3AJ,
YTO HEOUPEeJIeHHBIN HHTErpat | e*’dz me aBIAETCA HIEMEHTAPHOU (HYHKITA-
er. JlmyBuiab nokazan Takke BeChbMa, OOIIYI0 TEeOpeMy, KOTOPas MO3BOJIAET
CTPOUTDL APYTHE MPUMEPHI DAEMEHTAPHBIX (DYHKITUU, HMHTErPAIBI OT KOTOPBIX
HE 3JEeMEeHTAPHEI.

HauGonee ecrecTBenro Teopema JluyBuwiis pOpMyaupyeTcs U TOKA3BIBA-
eTcA Ha A3bIKe AUMPEPEeHInATbHBIX TOMeN, KOTOPBIN Oauxke K aarebpe, dem
K aHanu3y. Bo3aMoxHO, MeHHO TO>TOMY TeopeMma JIuyBUmIs HE CTOJIb XOPO-
0 M3BECTHA, KAK OHA TOTO 3acAyXuBaeT. Tem 6osee, 9TO ee COBpEMEHHOE
JOKAa3aTeabCTBO (IPUBEJEHHOEe, HAIpUMED, B [7]) He Tak yX CJIOXKHO, a caM
mpeaMeT BeChbMa WHTEPECEH.

JlmyBmans qobwiaca ycmexa B pEeIIeHud STOU TPYAHON 33a0a<U BO MHOTOM
OGaarofaps TOMY, 9YTO OH BBEI yAa9HOE ONPENEIEHUE DIEMEHTAPHOU (PYHK-
unu. JluyBuaIbL BOCHOAB30BAJICA TEM, 9TO TPUTOHOMETpUIECKUE (PYHKIUU U
oOpaTHBIE K HUM BBIPAXAIOTCS Hepe3 3KCIOHEHTY u JorapudM, a DKCIOHEH-
Ty ¥ JOrapudM MOXKHO OMPEJAEIUTH ¢ TOMOMIBIO CAEAYIONEr0 CBOUCTRA: €CIu
g(z) = /), w0 ¢/ (x) = f'(x)g(x).

B Teopun Jluysuias ocuosHON 060HEKT — 5T0 duddepenyuarvroe nose K,
T.e. ToJe, B KOTOPOM 3ajaHa onepanusa dugddepenyuposanus a — a', obaa-
naomaa caegyromumu ceoucteamu: (a +b) = a’ + b u (ab) = a’'b + ab' paa

1)Onpe,qeﬂeHne DIEMEHTAPHON (PYHKIUN TPUBENEHO IyTh HIIKE.
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JMIOOBIX 3AeMeHTOB a, b moasa K. Mol Bcerga OymeM NMpeanoaaraTh, ITO Xapak-
TepucTtuka nois K paBHa HYJIO.
Ecm a # 0 u @' = ba, To aneMenT a HA3LIBAIOT 2KCnoOHenMOt dIeMEHTA
b, a DaeMeHT b HABBLIBAIOT 402GPUPMOM DIEMEHTA, a.
a'b—ab’
v
nesoro n u 1’ = 0, mockoneky 1/ = (12) =2-1-1".

n—1

!/
a
Jlerko mpoBepuTh, UTO <Z) = (a™) = na"'a’ pna mo6oro

daemenT ¢ € K maswBatoT xoncmanmot, ecmu ¢ = 0. KorcraaTs o6pa-
3yI0T moanoae B moae K.

Nudpdepenrmmansraoe none L O K HazuBaoT duddepenyuaibmubim pacuss-
penuem moaa K, ecim muddepennupopanne moas K coBmagaeT ¢ OrpaHmte-
muneMm Ha K muddepennupoBanus nouasa L.

HamoMuuM, <TO moie, MOAyUeHHOE HNpHUCOeIWHEHWeM K moao K sremen-

TOB 1, ..., tp, 0603HA9aOT K (i1,...,1,). [uddepenumansaoe pacmmpenne
L D K HasbIBaOT s4eMEHNMAPHbIM, WIA pacuwuperuem Juysusan, ecam L =
= K(t1,...,tp), T KAXIBIA SIEMEHT t; YIOBIETBOPAET OJHOMY U3 CIEIYIO-

IIUX TPEX YCIOBUU:

> t; anreGpamsen mag K; = K(ty, ... ti_1), T.e. P +ay_ 117 4 4ag =0

[JI HEKOTOPOI'O HATYPAJBHOI'O N U HEKOTOPHIX 4Q, ..., Gn—1 € Kj;
> t; — DKCIIOHEHTA dJaeMeHTa moasa K;;
> t; — JorapudM saeMeHTa moaa K.

Kommaexkcuosuaunyio ¢yurkinuo, onpegerernyio B obractu U C C, 6Oy-
JIeM Ha3BIBATD d4EMEHMAPHOT, €CIN OHA JEXKUT B HEKOTOPOM DIEMEHTAPHOM
pacumpenun nois panuoHaabHbix GyHknun C(z). Bee npusbranbie nms HAC
QYHKIINYT — MOTWHOMBI, PAIIMOHAJILHEBIE (DYHKIIUU, SKCIIOHEHTHI, JOTapudMbI,
TPUTOHOMETPUIECKUE (DYHKITUA U OOPATHBIE K HUM SBIAIOTCA 3I€MEHTAPHBI-
Mu 110 JInyBuLIIO.

Teopema, mokasammas JlmyBmirem, COCTOUT B TOM, ITO €CJAW WHTErPAT
DIEMEHTAPHOU (DYHKIMU (¢ ABIAETCSA DJIEMEHTAPHOU PYyHKIUEH, TO (HYHKIUSI
(r IMEEeT BEChbMa CIEIUATLHLIN BUA. A MMEHHO, CIPaBENINBO CICAYIONEe Y-
BepXKAeHne (KOTOPOE MBI MPUBOJAMM B COBPEMEHHOU (hOPMYIUPOBKE).

TEOPEMA 1 (JIuyBWILIB). Ilycms o € K, 2de K — nexomopoe dugde-
penyuaavroe nose. Ecau ypasnenue y' = a umeem pewenue y, aexcauee 6
HEKOMOPOM IAEMERMAPHOM DPacuiupenut noas K, umerowem mo e camoe
noae Koncmanm, mo 6 nose K cywecmsyom Koucmanmot Ci, ..., Cp U d46-
MEHMBL UL, - . .y Uy, U, 048 KOMOPLIT

n /

_ Uy /
a= ci— +v.
- U;

=1
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[Ipexme weM mepenTH K AOKA3ATEILCTBY TEOPEMbI JINYBULIA U K TOCTPOE-
HUIO HA, €€ OCHOBE TTPUMEPOB DIEMEHTAPHBIX (PYHKIIAN, HEOIIPEIEJEHHBIE UHTE-
rpajibl KOTOPBHIX HEXIEMEHTAPHBI, JOKAXKEM B3, BCIOMOTATEIbHBIX CBOUCTBA
nud @ epeHuaTbLELIX PACIIIPEHNN IOAEH.

JIEMMA 1. ITyems L — pacwupenue dugdepernyuanprnozo noas K. Toeda
duddepenyuposanue noas K moxcno npodosrcums na L, a ecau pacwupenue
L asecebpauueckoe, mo Jupdepenyuposanue noas K npodoascaemca wa L
EOUHCNBENHBIM 00PAZOM.

[IOKABATEALCTBO. [Ipeanosoxum, 4o saement X mpancuyendenmen
(r.e. e aare6pawmven) Hang K. Torma Ha koabino MHOrowieHos K[X]
nuddepennuposanne moad K MOXHO TPOJOIXKUTL CACAYIONMM OOpPa3oM:
D(Y apX*) = > a} X*. Ha mone parmmorarsabix dynknuit K (X) nomyden-
HOe aucpdepeHnupoBaHAEe MOXHO IPOAOMKXUTE 0 POpMYyIe

D (E) _ (Du)v ;(Dv)u.
v v

[Ipeanonoxum Temepb, 4To saeMeHT z anrebpawden mag K m f(X) €

€ K[X] — ero munumanbubii MEHOTOWIEH. PaccmoTpum guddepernmuposanue

ai koibua K[X], sagannoe ¢popmynon
xT

(% <Z aka> = Zkakafl.

OTrOCHTENBHO 3TOr0 AudgPEPEHIIPOBAHAA BCE BICMEHTEI H0Id K ABIA0TCA
kKoHCTaHTaMu. [losToMy mms mo6oro ¢uxcupoBanHOro MHOrodneHa g(X) €
€ K[X] omeparop D + g(X)9/0x asnserca naddepeHnmpoBaHnEM KOTBIA
K[X], orpanuvenue koroporo Ha K coBmagaer ¢ D, T.e. COBIajaeT ¢ UCXOJ-
ueIM guddepennuposanunem monsi K. [log6epem muorowren ¢g(X) tak, 9To0bI
yKazanHoe auddeperunposanue nepesoaunio B cebsa ngean (f) koapua K[X],
nopoxaeaabn MEOrOwieHoM f(X). /lgxa 5Toro HEO6XOAUMO M NOCTATOYTHO,
9TOOBI BHIIOMHAIOCE PABEHCTBO

0
(Df)(@) +g(@)f'(x) =0, rre fI(X)==f(X).
Ho f'(z) # 0, mockonbKy f — MUHMUMATBLHBIA MHOTOWIEH daeMenTa z. [loaTo-
MY KOPPEKTHO OMpEeNETIeH 3JIEMEHT

9(x) = —(Df)(2)/f'(z) € K(z) = K[z] = K[X]/(f).

ITOMy BIEMEHTY COOTBETCTBYeT MHOrowieH kombia K[X|, koTopwin ompe-

JeTeH C TOYHOCTBIO M0 NPUOABICHWA K HEMY MHOrOWIeHa, KpaTHOro f(X).

[TocTpoennoe Takum o6pazom auddepennuposanne konbua K[ X] naayuupy-
)

et auddepennuposanue noas K[X]/(f) = K(z), npomomxkaromee UCXOLHOE
nuddepennupoBanne moas K.



HesmemeHTapHOCTE HEKOTOPBIX UHTETPAIOB SJIEMEHTADHDBIX (DYHKIITHN 129

Mer mokazaau, 4T0 AudpepeHnmpoBaHNE TOMA MOXHO TPOAOIXKUTH Ha
ToJie, TOJYYIEeHHOE B PE3yJbTATe MPUCOSIUHEHUA K UCXOTHOMY IIOJIO OIHOTO
saeMeHTa (aarebpamveckoro uam TpaHcueHaeHTHOro). [losTomy nuddepen-
IUPOBAHUE MOXHO MPOJOIKUTH HA MOJE, TMOIYUYeHHOE B PE3YJbTaTe IIPHUCO-
eIMHEHNUs KOHETHOT'0 MHOXECTBA daemMeHToB. Hac 6yayT MHTEPECOBATEH TOJIb-
KO TaKWe PACIIMPEHUs, TOITOMY MbI He OyneM 06CyXIaTh MOKA3aTEALCTBO B
cIydae, KOTJa IPUCOCAUHACTCA OECKOHEYHO MHOTO 3aeMeHTOB. (B sToMm ciy-
Yae JOKa3aTeIbCTBO IPOBOAUTCA ¢ MOMOIIBI0 JeMMel [opHa.)

llokaxeMm Temepnb, 9TO B cay4dae aarebpam<aeckoro PaCIIMPEHUs PO I0I-
x)erue nudpGepeHTupPOBaAHUA OTPEAeIeHO 0qH03Ha4HO. [lycts D1 u Dy — aBa
muddepeHTupoBaHua moad L, orpaHnydeHus KOTOpeIX Ha K coBmamaror. Hyx-
HO [I0Ka3aTh, 9TO ecau daeMeHT x airebpawmyen wax K, To Dix = Dox. Pas-
HOCTh D — Dy sBasercs nuddepeHnupoBanueM, annyaupyomum K (T.e.
oTobpaxkaromuM Bee saeMeHThl K B Hynab). [losToMy HyXHO ZOKa3aTh, 9TO
ecau auddepeHnnpoBanne aHHYIUPyeT mojae K, TO OHO aHHYJUPYeT U JI060u
sJeMeHT x, KoTopwin aarebpanmven Han K. Ilycrs f(X) € K[X]| — vunnw-
MaJbHBIN MHOro4uneH siaemenTa z. Torga f(z) = 0 u f'(xz) # 0. losTomy
0= (f(x))/ = f/(z)2’, a smaaur, 2’ = 0.

JJEMMA 2. ITIyemos K — odugdepenyuaavnoe noae, K(t) — dupdepen-
yuaabroe pacwupenue noas K, umerowee mo dce camoe nose KoOHCManm,
npuuem saemenm t mpancyendenmen naod K.

a) Ecau t' € K, mo das arob6o2o mmozousena f(t) € K[t] nosoxrcumens-
HOT cmeneny 24eMeRm (f(t))/ ABAAEMCA MHO2OUAEHOM AUOO MOT He camoti
cmenenu, wmo u f, aubo cmenenu wa 1 menbuie, 8 3aBUCUMOCTIU OM MO20,
omauvuer cmapwuli Koadduyuenm muozousena f om Koncmawmer uaAu Hem.

6) Ecau t'/t € K, mo das aw0b6020 saemenma a € K* = K \ {0} u wobozo
HAMYPasbHO20 wucaa n umeem mecmo pasewcmso (at™) = dt", 2de d € K*.
Hanee, das aoboeo muozousena f(t) € K[t] nosorcumeavroti cmenewu sae-
MEHM (f(t))/ ABAAETNCA MHOROUAECHOM MOU dce camoli cmenenu, 4mo u f;
amom mHuo2ousen deaumca na f moeda u moavko moeda, xkozda f(t) — mo-
HOM.

IOKA3ATEILCTBO. a) Ilycts f(t) = ant™ + an_1t" "' + --- + ag, Tae ag,
...y ap € K ma, #0. o ycrosuto t' = b € K, nosromy

(1) = apt™ + (nagb + al_ )" ' + - + (a1b + ap).

Ecam a], # 0, To (f(t))/ — MHOUOWIEH cTenenu n. IIpenmonoxum, uto a, = 0
u napb + al,_; = 0. Torga (nant + ap—1)" = nayb+ a),_; = 0, T.e. snement
nayl + ay—1 ABIAETCA KOHCTAHTOM. 10 yCIOBHUIO BCe KOHCTAHTHI nexaT B K, a
sgawT, t € K. JTO IPOTHBOPEYAT TPAHCUEHAEHTHOCTH BaeMeHTa t. [losToMy
ecmn a), = 0, To (f(t))/ ~—— MHOTOWJIEH CTenenu n — 1.
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6) flcmo, wro (at")’ = a't"+nat" 't = (a/+nab)t", rae b = t'/t € K. Ecrm
a’ + nab = 0, To (at™) = 0, T.e. at" — KoHCTaHTa, a 3HA4IMT, 1" € K. IT0
OPOTUBOPEYNT TPAHCHEHAeHTHOCTH daemenTa t. [looTomy d = a’ + nab # 0.
Hycts f(t) = ant™ + an_1t" "' + - + ag, vA€ ag, ..., a, € K u a, # 0.
Toraa
(f(®)" = (a}, + nanb)t" + - - + ap.

MEI TOBKO 9TO HOKa3anu, 9To a, +napb # 0. llosTomy (f(t))/ — MHOTOIeH
CTENEHN 1.

[Ipeanonoxum, 910 MHOTOWIEH f () He MOHOM, T. €. OH COAEPXKUT IO KPau-
HEW Mepe [[Ba HEHYJEBBIX CAAraeMbix ant” m an,t™. Ecaim muaOrOwIen (f(t))/
penutca Ha f(t), TO KO>(pPUIUEHTH STUX MHOTOWICHOB MOMXKHBI OBITH IIPO-
IOPIMOHAILHEL. B wacTHOCTH,

! ! !/ ! !/ !/
an + nanb A + mamb a t a t
n g " e Te 24+ n—=-""+m-—.
an am an t am t
[Ipu ycaoswun, 9TO ayamt™ ™™ # 0, mocae Eee PABEHCTBO SKBUBATCHTHO PABEH-
ctBY (ant™/amt™) = 0. 3HaamT, a,t"/apt™ € K, 9T0 CHOBA NPOTUBOPETNT
TPAHCIECHAECHTHOCTH DIEMEHTA, t.

Teneps MOXHO IPUCTYIUTH K TOKA3aTEILCTBY Te€OPEeMHEI JInyBMLIA.

JOKA3ATEJALCTBO TEOPEMEI JINYBUIILIA. MBI OpeamonoXuInA, ITO CY-
MIECTBYET MOCJAE[OBATEILHOCTE AU PePeHIInATbHBIX pacupenun noaern K C
CK(t1) C---C K(t1,...,tN) CO CIeAYyIOMMMUA CBOUCTBAMU:

> y BCEX DTUX MOJEN OJHO U TO XK€ MOAIOJNE KOHCTAHT;

> KaX[IBbI >7eMeHT t; aun6o aareGpamtder uag noaeM K (ti,...,t;—1), mubo
ABJIAETCA SKCIOHEHTON WIU JOTapupMOM BIEMEHTa DTOTO TOJIA;

> cymecTsyeT anemenT y € K (ty,...,tx), Aaa koToporo y' = a.

llokazarenscTBo npoBegem umHAykimen mo N. llpu N = 0 yreepxge-
HUe O9eBUAHO. [[eNCTBUTENLHO, 3AEMEHT § JeXUT B mote K, mo3TOMy MOX-
HO momoXUTL v = Y. lIpexmonoxum, ato N > 0 u maa N — 1 yTBepxge-
HUE yXe [0KasaHo. Torga 5TO yTBEPXKAEHWE MOXKHO NPUMEHWTH K IOJAM
K(t1) € K(t1,...,tN) 1 HIOAy9NTH, 9TO DIEMEHT (@ MOXKHO 3aIMCATh B TPeOy-
€MOM BH[E, HO TOABKO BIEMEHTHI U7, ..., Up, U OyAyT dexaTh B moae K (i),

a He B K, Kak 510 HyX)HO. OcTaercs 5170 ucnpasuTh. [lomoXuM 1 KPATKO-
cru t; = t. llo ycaoButo saemenT ¢t aubo aarebpawmden wang K, nubo asiaseTcs
JA0TapupMOM WU SKCIIOHEHTOUN daeMenTa moad K.

Paccmorpum cuadana ciaydau, korjga saemenT ¢ anreOpamden Hanx K.
Tormga cymectBytor muOrownenst Uy, ..., Uy, V ¢ kosdpdunuentamu u3 K,
s KoTopex up = Uy (t), ..., up = Up(t), v = V(¢). IlocTpoum anreGpamde-
ckoe 3ambikanue nona K(t) u BeIGEPEM B HEM DIEMEHTHI T| = &, To, ..., Ts,
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conpsaxennnie ¢ ¢ Hag K. Cormacuo semme 1 Ha anrebpamveckoe paciinpeHue
InddepeHnnansHoro noas auddepeHnupoBaHue MPOA0IXKACTCA eIUHCTBEH-
HBIM 00pa30M, IO3TOMY W3 TOI'0, YTO PABEHCTBO

/

a Ui(75) /
o = ;CZ% + (V(T]))

nMeeT MeCTO miad j = 1, caemyeT, 9TO OHO MMeeT MEeCTO U AJad Bcex j = 1, 2,
..., 8. lIpocyMMupOBaB mMOMyYeHHBIE PABEHCTBA U TOEIUB UX HA S, TIOJYINM,

9TO
n

o=y allit) e Uilm)' (L +---+v<rs))’;
- S Ul(Tl)Ul(Ts) S

3/16Cb MBI BOCIIOIB30BAINCH TOX IECTBOM

fi fo _ (froooofs)

e I e 1

f1 fs oo fs (1)
Bripaxenns Ui(ry) - ... - Ui(rs) m V(1) + - - - + V(7,) aBnaiorca cuMmeTprte-
CKAMU MHOTOWIEHAMH OT T1, ..., Ts C Kodpdumuentamu n3 K, mosTOMy >TH

Beipaxenns jexaT B K. Takum 06pasom, MbI MOAYUWIN IS (¢ BBIPAKEHUE
TpebyeMoro BUIA.

B ocrasmmxcsa caydasx, korga t — DKCIOHEHTA WU JOTAPU(PM DIEMEHTA,
nosnsa K, MOXHO mpeanosarats, 9To saeMmenT ¢ TpancuenaenaTer Hag K. [lpnm
DTOM

i(t)

rae ui(t), ..., up(t), v(t) — panmonambEBIE QyHKIUEM C KOS(DOUITUEHTAMY
3 K. Kaxnayo panmonanbayo GyHKIMO Ui(f) MOXHO NPEJACTABATEL B BUJE
NPOM3BEIEeHNA HEHYJIEBOTO dJaeMeHTa mond K w menpusBoguMbix Hag K MHO-
FOYWIEHOB €O cTapumM Ko3(pdUIueHToM 1, KaX 16U 13 KOTOPHIX BO3BOAUTCA
B HEKOTODPYIO CTEIeHb, NONOKUTEABHYIO Wi OTpunaTenbHyo. [losromy, Boc-
MOMB30BABIIACH TOX eCTBOM (1), MOXHO IEepenucaTsh CyMMy Y | ¢; (ul(t)),/ u;(t)
B BH/€ TAKOU Xe CyMMBI, HO B KOTOPOHU u;(t) — HENPUBOAMMBIE MHOTOTIE-
HBL co crapmuM kodddunmerTom 1. [lercTBuTensno, mis m000r0 HeIoro 7
umeer mecto pasenctso (") /f™ = nf'/f. Moxuo TakXe cauTaTh, ITO BCE
MHOTOWIEHBL U7, - . . , Uy TOMAPHO PA3MUYIHEL U BCe KOD(PDUIUEHTEI ¢; HEHYIe-
Bole. [lanee, paunoHanbHy0 GYHKIUIO v () MOXKHO NPEJACTABUTE B BU/E CyMMBI
MHOTO'ICHA M HECKOTbKIX craraemeix suga g(t)/(f(t))", tae f(t) — mempnm-

a= Zcz(uuzﬁ + (v(®)),
i=1

BOJUMBIA MHOTOYIEH €O cTapmuM KoddduuuenToM 1 u g(t) — MHOrOwIeH,
CTEIeHb KOTOPOTO MEHBIIE CTENeHr MHOTOWIeHa, [ (1).
Paccmorpum caywan, korga ¢ — Jaorapudgm saementa K, T.e. t = d'/a

nas Hekoroporo a € K. Ilycts f(t) — NpoMsBOIBHBIN HENIPUBO JMMBIN MHOT'O-
WIEH TOJOXUTENLHOU cTenedu Haj nojteMm K co crapmum koddduiumenTom 1.
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CoracHo aemue 2(a) anement ( f(t)), ABJISAETCSA MHOT'OYIEHOM, CTEHEHb KOTO-

/
pPOr0 MEHBIIE CTENeHW MHOrOWIeHA f(t); B IaCTHOCTH, ( f(t)) HE JCIATCA HA
f(t). peamonoxumM, 9T0 MHOTOYIEH f TPUCYTCTBYET B PA3JIOKEHUU PAIMO-
HaabHOU pyHKIMM v(t) B KadecTse craraemoro g/ f", roe r > 1, npuyaem r —
MAaKCAMAILHO BO3MOXHOE 3HAICHHE. PaBeHCTBO

/ ’ /
(£) -4~ ®

/
NOKA3LIBAET, YITO B PA3IOXKEHUU (v(t)) IPUCYTCTByeT APOOL CO 3HaMeHaTe-

aem 7T mockoapky rgf’ me memnTcs ma f. B BEIpaxeHHE 414 @ Takasg 4poOb
HHA C 9eM HE MOXET COKPATUTHLCA, MOCKOILKY AaXe eCIM OAWH U3 MHOTOWIe-
HOB u; coBmajaer ¢ f, To u,/u; — Apobb CO 3HAMEHATENEM BCErO Jumb f.
Takum o6pasom, v(t) — muOrowrien. Kpome Toro, muorowren u;(t) e Mo-
KET 3aBUCETH OT ¢ (T.€. IMETh HOMOXUTEIBHYIO CTENEeHb), IOCKOIAbKY UHAYE
u) /uj — HecoKpaTHMad ;qp06b. 3uaunT, u;(t) € K. Teneps Bopaxenue mia o
nokaseisaet, aro (v(t)) € K, v.e. v = ¢t + d, rae ¢ — koncranTa m d € K.
A mockoneky ¢ = a'/a, nonyvaem BeIpaxkeHme TpeGyeMOro BmA:

A
a:Zci——l—c——l—d.
i1 (73 a
Paccmorpum, Hakorern, ciaydan, KOrja t — DKCIOHEHTa daemenTa K, T.e.
t'/t =V, rge b € K. Ilycts f(t) — MHOTOWIEH NOTOXUTEILHON CTEICHU.
Coraacuo memme 2(6) (f(t))/ — MHOTOWIEH TOW XK€ CAMOM CTENeHU, IPUIeM
(f(t))/ nemurca Ha f(t) Torma m Tombko Toraa, korga f(¢) — momom. Ilo-
sToMy ecau f(t) — HENPUBOAMMBIA MHOTOWIEH MOMOXUTEILHON CTENEHU CO
crapumM KoddduimenToM 1, OTIRIHBIN OT ¢, TO (f(t))/ He geautcsa Ha f(1).
Te e caMble pacCyX IeHWUs, 9TO U B IPEABIAYIIEM CIydae, MOKA3bIBAIOT, ITO
TAKOU MHOTOICH f(t) HE MOXET BCTPETUTHCA B PA3JIOXKEHUNU v(t) B KAdeCTBe
3HAMEHATE/s U HU OJVH U3 MHOTOWIEHOB u;(t) He MoxeT ObITh paseH f(t). [lo-
sromy v(t) = S50 aytk, npuaem mmb koredHOE TMCIO KOADPUIIEHTOB ay
oramuno oT mHyxa. Kpome Toro, Bee u;(t) mrexat B K, 3a UCKIIOYUeHUEM, OBITD
MOXeT, 0gHOro, paBHOro t. Ho B TakoMm ciyvae Bce BHIpAXKEHUA (uz(t))//uz(t)
nexat B K, mosromy (U(t))/ € K. Cornacuo memme 2(06) (v(t))/ = S ditF,
rae di € K m ecmm ag # 0, To di # 0. Tlosromy v(t) = v € K. Ecan Bce u;(t)
aexaT B K, TO MBI HEMEIEHHO moxy4uaeM Tpebyemoe Bhipaxenue. Ecim xe,
HAnpuMep, 41 () = ¢, TO MBI MOTy9IaeM BBIPAKEHUE

n n

t/ u ul

a:cl——i—g ci—t 4+ = E ci— + (c1b +v)'.
bE i

IDTO BBHIPAXEHNME UMEET TPpeOyeMbId BU [, TOCKOAbKY ¢1b+ v € K. O
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ITokaxem Temepb, KaK C MOMOMILIO TEOPEeMHl JIMYyBWIIA MOKA3BIBAETCA
HEDIEMEHTAPHOCTh HEKOTOPBIX KOHKPETHBIX MHTErpatoB. [lna oTux meren
JInyBuaiab gOKa3aad CACAYIOIUNA KPUTEPHUHA DICMEHTAPHOCTU MHTErpaaa
ff(z)eg(z)dz, rge f m g — panuoHAILHBIE PYHKIWKA (OTHOLICHW MHOTOMIE-
HOB).

TEOPEMA 2 (KPUTEPUA JINYBUMIA). ITycmo f(z) u g(z) — payuonaan-
wole Pynryuu, npudvem @yrryus [ — ne moocdecmsennvit nyab, a GyHK-
yua g — He xowcmanwma. Uumeepas ff(z)eg(z)dz ABAAEMNCA IAEMEHTNAPHOT
Pynryuetd moada u Moavko moada, Ko20a cywecmsyem pPayUoHasbHas Gym-
kyus a(z), das Komopot umeem mecmo pasencmso f =a' + ag'.

ITOKABATENLCTBO. I[Ipexge Bcero gokaxkewm, uro ¢ynkmus e9?) me ar-
re6pamana mHag noaem C(z). Tlpegnonoxmm, aTo dyrknus €9 ynoBreTBopaeT
HEIIPUBOAUMOMY yPABHEHUIO

e +arem VI 4. pa,=0
nan noaem C(z). llpoanddepernnposas 5T0 ypaBHEHUE, OTYIMM yPABHEHIE
ng'e™ + (ay + (n — 1)alg')e("_1)g +-4a, =0.

OJTO HOBOE YDPaBHEHUE [OJKHO OBLITH MPOMOPIMOHAIBHO UcXOmgHOMY. Caeno-
BarenbHo, ng' = al /a,. Ho ecim MBI mpepcTaBum a, m ¢ B BUAE CYyMMBI
DJIEMEHTAPHBIX Apobenn Buga p/(z — ¢)™, To momy<wum, 91O al,/a, ABaseTCA
CYMMOWU DIEMEHTAPHBIX APOOEU C TMHEUHBIMYU 3HAMEHATENAMY, 4 TMPENCTABIE-
e ¢’ BOOOLIE He MOXET COAEpPXKaTh DIEMEHTAPHBIX ApPOGEd ¢ JMHeHHLIMU
BHAMEHATEIAMA. 3HAYIMT, ¢’ = 0, T.€. ¢ — KOHCTAHTA, & BTO MPOTHBOPEIAT
YCJIOBUIO TEOPEMHI.

Honoxum ef = t. Torga t'/t = ¢'. [lpumennm Teopemy JluyBumis B caydae,
korga K = C(z,t) u @ = ft. B pesyabrare mOLy<duM, ITO €CAM HHTEIDAT
[ fe9dz aBnserca snemenTapHOU QyHKIHUEN, TO

n /
ftzzci%+vla (3)
i=1

rae ¢, ..., cp €ECumug, ..., uy, v e C(z,1).

onoxum F = C(z). Torga f,g € F u uy, ..., up, v € F(t). llpume-
HAg npu HeoGxomuMocTu ToxAecTBo (1) (cm. c. 131), MOXHO cUmTaTh, ITO
BCE U;, OTJIUYHBIE OT DIEMEHTOB F', ABIAIOTCA HEMPUBOAMMBIMU HAJ F MHO-
rowieHamMu OT t co crapuuM KoddgduinmenToM 1. 3amumieM v B BHAE CyM-
MBI BIeMeRTa Kombma F[t] m meckorpkumx craraemerx suaa g(t)/(f(t))", rae
f(t) — menpuBogmmbn Hag F MHOTOWIEH cO cTapmmM KoddunuerToM 1 un
g(t) — MHOTOWIEH, CTENEHb KOTOPOTO MEHbIIE cTenenn MEOrOwieHa f(t). Tod-
HO TaK Xe, KAK U DA TOKA3ATEALCTBE TeOPeMBI JIMyBUIIsi, ¢ MOMOIIBIO JIeM-
Met 2(6) monyaaem, aTo v = Y axt® (cymma xomeunas) u Bce u; aexar B I, 3a
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Ui
UCKIIOUeHneM, OBITh MOXET, OHOTO, paBHOTO t. B Takom cayuae Y ¢;— € F.
U

Kpowme Toro, v’ = Y dytk, vae di, = a), + kayg' € F. losTomy paserctso (3)
nokaseBaer, 9to ft = (a] + a1¢')t. Homaras a = a1, nonysaem Tpebyemoe
paserctso f = a’ + ag'.

Hao6opor, eciu f = a’ + ag’, To (ae?) = fed.

2
ITPUMEP 1. UaTerpan /ez dz He pneMeHTApEH.

ITOKABATEJBLCTBO. B arowm ciyuae f(z) =1 u g(2) = 22. Tloaromy ypas-
uerve [ = a' + ag’ umeer Bug 1 = a’ + 2az. HyxHo n0okaszaTh, 9T0 5TO ypas-
meame He mMeeT pemeruin a(z) € C(z). Ecim B pasnoxenwnm panmoHATLHOM
dbysknuu a(z) B KadecTBe claraeMoro MpUCyTCTBYeT Apo6b CO 3HAMEHaTe-

aem (z — )", rae v > 1, npudeM r — MAKCUMAJIbHO BO3MOXHOE 3HAYEHUE,
TO ToXAecTBO (2) Ha c. 132 mokasbiBaeT, 9TO B Bhlpaxenuu o + 2az Tpu-
cyTcTByeT Apobs co sHameraterem (z — )" 1. Tlosromy a(z) — MHOrOWIEH

HekoTOpon crenern n. Torga o' (z) — mBOrOWNen crenenu n — 1, a 2za(z) —
MuOrouwnen crenenu n+ 1. [loaTomy nma MEOTOWICHA @ paBeHCTBO 1 = a’ 4 2az
BBIMIOTHATHCA HE MOXET.

eZ
ITpuMmEP 2. NaTerpan /—dz He DJEMEHTAPEH.
z

[MOKA3BATEJBLCTBO. B stom cayuae f(z) = 1/z u g(2) = z. Hyxuo no-
KazaTh, 9TO ypaBHeHMEe — = o + a He mmeer pemenmn a € C(z). Toano
z

TaK XK€, KAK ¥ B OPENbIAYIIEeM TIPUMEDE, JOKA3BIBAETCA, 9TO a(2) — MHOrO-
4ned. Ho Torga cymma a + a’ Toxe MHOTOWICH, HODTOMY OHA, HE MOXET ObITh
pasHa 1/z.

2 d
ITpumEP 3. NaTerpaas /ee dz, /l_z " /lnlnzdz He dJeEMEHTAPHBI.
nz

z
e
[TOKA3ATEJABCTBO. Bce sTu maTErpasbl CBOAATCA K WHTEIPATY / —dz.
z
e* u
Bo-mepBrix, mosoxus z = e", noxyaum / —dz = /ee du. Bo-BTOpBIX, 110J0-
z
z
e dw
X®uB z = lnw, moayanm /—dz = /l— Haxkomner, mHTerpupys mo 9acTaM,
z nw
eZ
TIOJIY TaeM /lnlnzdz =zlnlnz — / —dz.
z

PasGepeMm B xomme Gosee CIOXHLIN TPUMED, UCTIOAL3YA He KpuTepun Jlu-
VBUWLIA, 8 HEIOCPEACTBEHHO caMy TeopeMmy JImyBmiis.

sin z
ITPUMEP 4. Hnmeepaa /—dz HE DAEMEHIMAPEH.
z
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[JOKA3ATEJLCTBO. C HmOMOIILIO 3aMEHLI z > {2z HAHHLIA MHTErPAI CBO-
eZ _ e—Z
OATCA K UHTEIPAIY / ———dz. Kak u npu QoKa3aTelbCTBe KpuTepus Jlu-
z

yBuLis, paccmorpuM auddepennuansuoe mone C(z,t), rage t = e*. lpeamo-

e (&
JOXWM, ITO MHTErpan | ———dz saemenTapen. Torga cormacHo Teopeme
z

JInyBuiis mmeeT MECTO PaBEHCTBO

t2 -1 - oy
= Zci_l + /U/7 (4)
tz U;
i=1
rge ¢, ..., ¢p € Cuuy, ..., uy, v € C(z,t). Homoxum F = C(z). Torga
ULy « oy Up, 0 € F(t). CHOBa MOXHO CIMTATD, ITO Uf, ..., Uy — DPABIMIHBIC

HEMPUBOIUMBIE MHOTOICHBI HaO F' co crapmuMm kodddumuenTom 1, u cHOBaA

MOXHO MPEACTABATHL U B BUJAE CYMMBI MHOTOWIEHA U APOOEU Ompe/eJeHHO-

ro suga. [Ipumenus semmy 2(6), momytumMm, uto aubo u; € F, aubo u; = t.
!/

U; Y o
CrenoBatensno, »  ¢;— € F. Kpome Toro, B kadecTBe 3HAMEHATENCH APOGEn
u;

PA3JIOKEHUA ¥ MOTYT BCTPETHTHCA TOAbKO cTemenu t. Ilycts v = ), apt”,
ar, € F. IlpupaBuusas B paBencTse (4) k0adPUINEHTE IPH ¢, TOLYIAEM pa-

BEHCTBO — = a)} + a1. B mpumepe 2 OGbLI0 DOKA3aHO, ITO A PALMOHAILHON
z

dyHKUMM a1(2) TAKOEe PABEHCTBO BBINOMHATHCSI HE MOXET.

SaMHTEPECOBAHHLIA YUTATEIL MOXET 6ojee MOAPOOHO O3HAKOMUTHCA C
muddepernuanbaon anrebpon, obpaTusmuck K kauram [1], [2], [3], [5] u cTa-
Tbe [6].
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O HeckoabKIX Teopemax danHa,
06 Jumpioce, [lancone
1 00 YIYIIEHHEIX BO3MOXKHOCTAX!

U. ITax*

BBEJEHUE

UcTopusa mukorga e yCTPOEHA B COOTBETCTBUM C HAIIAMU MPEACTABIC-
HUAMHE O TOM, KaK BCE MOJKHO OBLIO TPOMCXOMUTL, OCOOEHHO €CIU CYIUTH O
COOBITUAX, MOKPHITHIX MBLTBIO BEKOB. 10 Xe caMOe BEPHO U B MaTemaTnke. W3-
BECTHO MHOTO CAYYaeB, KOTa PEMIeHne 3303491 He OBLIO HAUJEHO COBEPIIESHHO
CIYy9IanuHO, TPOCTO M3-33 HEYAAYHOTO CTEYeHWs 00CTOATENsLCTB. B 3HAMeHH-
ton cratbe [15] dpumen [Jancon ommcan HEKOTOPHIE «YIIYIIEHHBIE BO3MOX-
HOCTI!), B 9aCTHOCTH, HCTOPUIO TOrO, KAK OH He OTKPHLI TOXAecTBa Mak-
JoHaabAa A N-pyHKmuu. B creayiomeM manee TEKCTE PacCKa3aHa UCTOPUA
Teopem DariHa 0 pazsbUeHUAX U KOMOMHATOPHBIX AOKA3ATEABLCTB DTUX TEO-
pem. Bugno, 4To 5TH TeopeMmbl MOIIU (M, BO3MOXHO, NOMXKHBI OBLIH) OBITH
MOKA33aHO 3HAMUTENLHO PAHBINE, 6CIN Obl HE MPECAOBYTHIE «YIYIIEHHBIE BO3-
MOXHOCTH).

Baxwueniee coObITHE, TOJOXKUBINEE HAYAIO BCEU HAIIEH UCTOPUU, — IIy-
6rukanus 3amerku [18] Haranom daunnom. Caenys [5], MOXHO cKasaTh, 9TO
DanH (AHOHCHPOBAJI HECKOJIBKO SJICTAHTHBIX U MHTPUTYIONIAX TEOPEM O Pa3-
6uenmAx. PesyabTaThl OTAMYIAIACE CO9ETAHUEM MPOCTOTHI (POPMYJIUPOBOK U
[...] ray6unbr gokasareascTsy. He mocaras Ha ray6uHy M KPacoTy DTHX TeO-
peM, MBI MOKAXEM, €UTO MHOTHE W3 HUX WUMEIOT YAUBATEILHO TPOCTHIE
KOMOMHATOPHLIE MOKA3ATEILCTBA B CTHIE KIACCUYIECKUX MOKA3ATEMLCTB

*Department of Mathematics, MIT, Cambridge, MA 02139
pak@math.mit.edu
Pa6ora wactuuno nogaepxana rpantamu NSA u NSF.

THepeBOA B. B. Jouenxo.

YYpraress MOXET mOgyMATh, 9YTO AEPKAT B PYKAX BTOPYK CTATHIO, B HA3BAHNH KO-
TOPON BCTPETAIOTCA CIOBA «YIYIIEHHBIE BO3MOXHOCTHY. B NENCTBATEABHOCTH 3TA CTATHA
TpeThs, ubo no crefam crateu [lancona B xypHate «KsanT» mossunaces crares [27], npume-
TATEABHAT HE TOILKO CXOIHBIM OPOCKMM HA3BAHMWEM, HO U TEM, ITO OHA COAEPKUAT HAPALZY C
HAyIHO-IOILYIAPHBIM U3/I0KEHIEM UCTOPHA TOXAECTB MaknoHaIb1a OmmcaHme paccMaTpu-
BaeMOU HWXKe mHBOMOIMK DpankauHa ... —I[Ipum. nepes.
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TeopeM O pa3buenunax. BO3MOXHO, ¢ BAXHBLIMA PE3yIbTATAMA TAK U JOIKHO
OBITS . . .

Teopembr Daltna MOXHO Pa3buTh HA ABE (NEPEKPBIBAIOIINECA) TPYIIIBI:
AMEIOINe AeN0 ¢ pa3sOUeHuAMM Ha PA3INYHLIE U HEUIeTHLIE CAATaeMble — B
ayxe DWiepa — W UMEOIIUE [eJ0 ¢ PAHIOM Pa3OueHus — BEJIMIUHOU, OIpe-
nenennon PD. [lancornom HeMHOTUM Gosee moayBeka Hazal. [l0CKOIbKY CXOTHEL
BTHU CIOXKETHI B OCHOBHOM T€M, KAK PA3BUBAIUACH COOLITUA, MBI PACCKAKEM O
HUX TI0 OTAETHHOCTH.

B ynomunasmencs samerke Danna He OBLIO HOKA3ATENALCTB U JAXKE YKAa-
BaHUU K AOKA3ATEILCTBY HETPUBUAILHBIX (GOPMYJ, UCTIOTL3OBAHHBIX I BLI-
BOJA OMYOAMKOBAHHBIX TaM TEOPEM. 3aMEeTKa ObLIa HANEYATAHA B XKYypHAJIE
Hamumonansuon Axagemun Hayk CIIHA, nocesamensoM cpasy BceM 06aacTaMm
HAyKW. JTOr0 OKa3aJ0Ch AOCTATOYIHO A TOTO, 9TOOBI pesyabrarThl Darna
He TOMAJAINACH HA TJIa33 MPAKTUYECKW HUKOMY B TEUEHUE HECKOALKUX I€CH-
TrreTn nocae nybaukanuu. XoTda 3amerka PanHa U cogepxkana obemanue
OHy6JII/IKOBaTB NOJHOCTBIO NOKa3aTEJIbCTBA B XYPHaJeE, «ITOCBAIICHHOM JUIIHb
MATEMATHKE», 9TO 00eIanne HUKOTAa He ObuIo Bhimoaneno. Kak xairm!

[lanbHenas nCTOPUA PA3BUTHUA COOLITAN OTHOCUTCA K MIECTUNECATHIM IO~
naM, Korga J[XOpax OJHADPIOC, B TO BPeMA ACTUPAHT B YHUBEPCUTETE
[ercuapBanum, mpocayman Kypc Panma mo 6a3uCHBIM TUTEPTeOMETPUIECKUM
pagam. Kak on mumet B aBToOGmMOrpaduueckom ouepke [7], «ero [Panna —
Ilepes.] Kypc GbLT OCHOBaH HA PYKOHMCH, KOTODYIO OH COBEPIIEHCTBOBAJ Jje-
cATH JeT, BuocaeacTBun usaanaon B sujge [19]». Kuaura [19] Boiia 8 1988 ro-
1y, POBHO ©epe3 cOpPOK JeT mociae 3ameTku [18]. Ona, B 9aCTHOCTH, CONEPKUT
NOKa3aTeAbCTBA BCEX 3aABICHHBIX B 3aMETKE DPE3YyJAbTaTOB. rﬂ;O HYGJII/IKaHI/II/I
kauru [19] Dugproc xpaHua y cebs PyKONUCH M WCIOJAB30BAN €€ OT CIydas
Kk cay4daio. KpoMe mpowero, oH OTKPBLT HOBLIE AHATATHYECKAE MOKA3ZATENb-
CTBa pAAa PE3yIbTATOB, MPOAEMOHCTPUPOBAI CBA3L pe3yabTaToB dDanna ¢
IeATeNbHOCTBIO B nyxe Pomxkepca—Pamanynxana u, 970 118 HAC BAXHO, 06-
HAPYXWUI KOMOMHATOPHBIE AOKA3ATEILCTBA HEKOTOPHIX TeopeMm. Muorue me
myOINKOBABIIMECA B TEYMEHUE HOITOT0 BPEMEHU Pe3yabTaThl DanHa 0OI3aHbL
CBOEU M3BECTHOCTBHIO YCUIUAM JHAPIOCA.

B »ToMm mecte ucropusa geaurcs Ha ase. OcTaBiiagca 9acTb CTATbU B
MEHBIIE CTENeHN HAYYIHO-TIONyadpHasd. Ke 0CHOBHOE cOepXKaHme — HOBLIE
KOMOMHATODHBIE J0Ka3aTeabcTBa Teopem Danna. MMes B BUAYy HEKYHO JO-
I'MKY MOBECTBOBAHUA, MBI U3MEHWIN TOPATOK, B KOTOPOM OHH OOCYXTAI0TCA
B [18], 1 mcnoap30BAIM HEMHOTO APYrHe 0G03HAMEHUs. 3ABEPIIACTCA CTATHI
HECKOILKUMY 3aMETAHUAMEA OOMIETO XapaKTepa.

Heckoabko 06mmx cioB mpo o6osnadenus. To, ato A = (A; = -+ = )
ABIAETCA pa3bueHUeM 4mcaa n, obosHadaeTca A F n wim |\| = n. Hauboasmee
craraeMoe A pa3sOHeHMsa \ M IUCI0 CAAraeMbiX £ B 5TOM pasOueHnm 00603HA-
qaorca a(A) u £()\) coorBercTeenno. Uepes N 0603HAYACTCA COMPAKECHHOE
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pasbuenne. [Jaa mzobpaxenusa pasOneHn Ha IIOCKOCTU MBI UCIIOIL3YEeM A~
rpammbl FOHra. Bee cTamgapTHBIE CCBUIKYM, ONPENETCHUS W AETAIA MOXHO
HauTH B [2].

1. PA3BUEHUS HA PA3JIMYHBLIE CJATAEMBIE U UHBOJIIOLUSA
DPAHKJINHA

Haumem ¢ ¢popMyaupoBKu 0QHOTO U3 pe3yabTaTos [18].

TEOPEMA 1 (DATH). [Tyems DY u D) — mmoncecmea pasbuenut wucaa
N MO PABAUUHBIE CAGRAEMBIE C UETNHVIM U HEUETHBIM HAUOOALULUM CAGRAEMBLM
coomeememsenno. Toeda

k(3k+1
1, ecaun = %
0 1
_ - -1
Dul = D] -1, ecaun= %
0, umnaue.

ITy TEOPEMY €CTECTBEHHO COMOCTABATD C BHEITHE TTOXOXEH NeHMaA20HAAb-
ot meopemoti Iiaepa, KOTOPYHO MBI JJs BSAIIENO CXOACTBA CHOPMYIADPYEM
TaK:

TEOPEMA 2 (DiJEP). Hyemy Q° u QL — wmmoscecmea pazbuenuti wu-
CAG T HA PABAUYHBLE CAARAEMBIE C UECTIHBIM U HEUCTNHBIM YUCAOM CAGRAEMBIE
coomeememsenno. Toeda
k(3K +1)

(-1)%, ecaun = ;

Ol = 1Qn] =

0, unaue.

Komedno, 3To ¢XoacTBO He OCTATOCH 663 BHUMaHUA. DAlH OTMETHI, ITO
TeopeMa | «BHEITHE TOX0XKa HA 3HAMEHUTYI) HEHTATOHAIBHYIO TEOPEMY JHie-
pa, HO MBI HE CMOTVIE OOHADY XKUTH HAKAKOH BHYTPEHHEH CBA3U 3TUX TEOPEM).
B oG3ope [23] Jlemep oTMedaeT: «ITOT pe3y.IbTAT HAPALICICH U3BECTHOH Te-
opemMe Juaepas.

Huxe MBI TpOseMOHCTPHUPYEM, 9TO y TEOPEeMbI | €CTh I10Ka3aTeabCTBO,
KOTOpO€ MPAKTUYECKN UACHTUTHO 3HAMEHUTOMY MOKA3aTeIhCTBY DpaHKIn-
ua Teopemsbr 2. dpankaun B nepuog oOyuenus B yuuBepcureTe [Ixona [om-
kuHCa 6b11 cTygerToM CrabBecTpa u oIy GaMKOBaI CBOE T0Ka3aTeabCTBO B [20]
HE3a00IT0 [0 MOABJACHUA W3BecTHOro o63opa Cmabsectpa [25]. Bozmoxwo,
9TO DTHU [BA TEKCTa 0OBACHAIOT, MOYEMY «KOHCTPYKTHUBHAsA Teopus pasbue-
HUW» BCE eIle CyIECTBYET.

Bpsax mu moxuO BunuTE DarHa B TOM, 9TO CBA3b MEXAY DTUMU TEOpE-
MaMu He 6bLIa TorAa oOHapyXeHa. B Te mHU 6UEKNINU MaJjo KCIIOAbL30BAINUCH
B MIOKa3aTeJIbCTBaX. JII/IIHB B KOHIEC IMECTUACCATHIX I'OJ0B 9TOT METOJ BHOBBb
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CTAJ TOMYJAAPHBIM, O €M CBUIETEILCTBYIOT MHOTHE CTATHU, T TEOPEMBI O
pasObMeHnax NOKa3bIBAIOTCA C IOMOIIBIO OCTPOEHUA ABHLIX Ouexknuu. Hamura,
HOBBIC TIPUMEHCHUA U WHBOJIOIIUA quaHKJII/IHa, UCIIOJBb30BaHHAA KaK IS 10-
Ka3aTeIbCTBA PAA YTOYHEHUN IEHTATOHAIBLHOU TeopeMbl Junepa [22], Tak u
JJISL IOKA3aTeIbCTBA HOBOrO KOMGMHATOPHOrO ToXAecTBa [11]. 2Kans, uro ee
MpUMEHEHUE IS TOKA3aTEeIbLCTBA TeopeMbl (DalHa 0CTABAIOCH HEU3BECTHBIM
TaK TOATO.

JNIOKA3ATEILCTBO. O6ozmasum 1epes D, = DIUD] mmoxecTso pastue-
HUI 9MCIa N Ha PA3IrdHbe craraeMele. ONIIeM HHBOIONMIO? Ha MHOXKECTBE
D,,. Paccmorpum pasémenme A\ € D,. O6o3nauum 4vepes s()\) HammeHnbmee
craraeMoe pasbuenus A, a depes b(\) mambombimee b < /()\), nma KOTOPOro
Ap = A1 —b+ 1. 'eomerpuaeckn s(A) u b(A) — IINHBI HUHCHEZ0 OCHOBAHUA T
nobounoti duaeonasu amarpammbl FOura paséuenus A (puc. 1). Mer onuimem
oTob6paxenue Kak pas B repmuHax auarpammbl FOura. Ecam s(A) < b()), yaa-
MM HUXXHEE OCHOBAaHUE U A06ABAM MOGOHUHYIO AMAroHaAb mauHbl $(A). Ecim
s(A) > b()N), ynamum mo6oYHYO AMATOHANL W NO0OABMM HVKHEE OCHOBAHUE
amwebl b(A). Ecim B 0JHOM M3 ONMUCAHHBIX CIy9aeB NPEJNUCAHHBIE JEUCTBUSL
IpUBOAAT He K aumarpamme IOura, To Hudero genaTsh me Hago. Ompepenen-
Hoe HaMu oTolOpaxenne « : D, — D, HaswpiBaeTca mupomonuen Opankinna.

Puc. 1. /lmarpamma FOnra [\], coorBeTcTByMOmas pa3OueHUIO
A =(9,8,7,6,4,3). [na sroro pazbmenunsa s(A) = 3, b(A) =4 u
a()) = (10,9,8,6,4)

3aMeTuM, 9TO ecau pas3bueHue A\ He ABIAETCS HENOIBUKHOU TOYKOU, TO
oToOpaxeHne ( M3MEHAET YETHOCTh YHUCI3 caaraemMbix. Kpome Toro, Hemo-
IBUXHBIE TOUKMA COOTBETCTBYIOT IAATPAMMAM, Y KOTOPBLIX HUXHEE OCHOBAHUE
7 m060YHAA AMATOHAIL UMEIT 00Uy KIeTKy u $(A) — b(A\) paBHO HyII0 BN
equrunne (puc. 2). Yucno kBaapaTuKoB B Takon Anarpamme ects k(3k+1)/2 —
@enTaronampHoe =mcao®) . IlosTomy |Q%| — |QL| = 0, ecim n me aBrserca
MEHTATOHATLHBIM TUCIOM, & MHAYE 3Ta PA3HOCTH PABHA €IUHUIE WIA MUHYC

Dupomonua ma Muoxecrse A — 510 6uexnua f: A — A ¢ TeM ZONOIHMTEILHBIM yCIO-
BueM, ¥T0 f o f =id, T.e. oro6paxkenne f coBmagaer co cBouM o6paTHBIM. —IIpum. nepes.

3T, e. naruyrossuoe. JpeBHre IPEKY yMeIn BHIKIAJBIBATE IPABUIBHEI IATHYOIHIK
73 TAKOr0 KOIUYECTBA KaMYIIKOB. —IIpum. nepes.
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2m —1 2m

m m—+1

Puc. 2. HenoaBuxapie TOYKH HHBOIIONUN PpankinHA

eMHUIE: C TOMOIILID MOCTPOEHHOW MHBOJIIONUYN BCe Pa3OUeHus, KpOME HETo-
NBUXKHBIX TOYEK, TPYNNHUPYIOTCA B MApbl, TPUIEM DAa3OMEHUA, BXOJAININE B
OIHY Hapy, BHOCAT OAMHAKOBBIN BKJIAL — MO equHune — B |Qo| u | Q1 |, Bkaan
K€ HEMOABUKHBIX TOYEK JETKO BBIYACAAETCA. DTO NOKA3BIBAET TEOPEMY 2.

AHATOrMYHO MOXHO 3aMETHTBL, ITO OTOODPAXKEHWE (@ MBMEHAET IETHOCTH
Hamborpmero craraemoro. llostomy |DY| — |DL| = 0, ecrm n me asagerca
NEHTATOHANBHBIM YUCJIOM, 3 WHAYE DTA PA3HOCTH PABHA €UHWIE WIA MUHYC
enqmaune. Teopema 1 mokasaHa.

2. PA3BBUEHUA HA HEYETHBIE YACTU U BUEKIIUA CUJIILBECTPA

[pyras Teopema DuUIepa IIACUT, ITO KOIAIECTBO Pa30MEHUN IHCIA 1 HA
pa3IMYHBIEe CIATAEMBIE PABHO KOAMYECTBY PAa3OMEHUN <HUCAA 7 Ha HEIETHBIE
craraemble. B [18] aTa Teopema yTodHEHA TaK:

TEOPEMA 3 (DAWH). ITycmos Of u O3 — mmoxcecmea pasbuenuii wucaa
n na neuemuwie caczaemvie ¢ a(A) =1 u 3 (mod 4) coomeememeenno. Tozda

Onl = D3l |O5] = D], ecaun wemmo,

fer]

DL, |02 =D, ecaun mewemmo.

Kak MBI cenqac yBuAuM, 5Ta TeopeMma CJAeAyeT U3 APYroro pesyibTaTa
Damnna [19]:

TEOPEMA 4 (DAWH). Koauuecmeo pasbuenud p - n wa paszauvunvie caa-
eaempie ¢ a(p) = k pasno xoauuecmsy pasbuenuti A F n wa neuemmvie caaea-
emvie ¢ a(A) +20(N) =2k + 1.

B oanon u3 cBomx paHHUX cTaTen [1] DHAPIOC OMyOIMKOBAI KOMOUHATOD-
HOE [I0Ka3aTelbCTBO TEOPEMBI 4, HO HE 3aMeTW/I, YTO W3 Hee CIeAyeT Teo-
pema 3. BosmoxHo, geqo B Tom, uTo B [18] Teopema 3 6bl1a 0O6beAMHEHA C
TeopeMon 1, B TO BpeMs KaK MOKA3aTEALCTBA HUCIOAL3YIOT [BA COBEPIIECH-
HO PA3HBIX KIACCHYECKUX KOMOWHATOPHBIX paccyxpenws. Teopembr 3 u 4
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MOXHO [0Ka3aTh C IMOMOIILI0 KIaccmiIeckoro orobpaxenus «fish-hook con-
structiom®. Dra Gueknna MeX Ty pPa3OMeHuAME HA Pa3IUYHBbIE W HEYETHBIE
craraemble, JOKasblBamolas Teopemy Ouaepa (cum. [1,2]), usobperena Cuib-
BECTPOM.

Buekmua CuibBecTpa, Kak u uHBOMIONAA DPpaHKINHA, ABIACTCA XPECTO-
MATHAHBLIM TIPAMEPOM [IOKA3ATENLCTBA U3 KOHCTPYKTUBHOU TEOPHUU pa3due-
aun. Ona 6buia nepedopMyaIupOBaAHA MHOTUME CIOCO6aMu (B TOM 9UCIE 11
koopauaaT Ppobernyca HA MHOXKECTBE PA30MEHUN M MOLYJAPHOTO MPEACTA-
BJIEHUA pa3buennn mo Moayaio 2) B [5,10,24] u 6bi1a HCIOMB30BAHA A/ JOKA3A-
TeILCTBA APYIUX yTOUYHEHUN Teopembl Juepa [21]. Ecau 661 0 Teopeme 3 GbI-
JIO BOBPEMsI PAcCKa3aHO MMPOKOK obmecTBeHHOCTH (Hanmpumep, B [23] oHa He
YIOMAHYTA), IPABOAUMOE JOKA3ATEILCTBO MOIVIO OBLITH IABHO OOHAPYKEHO.

NOKABATEILCTBO. O6osmasam epes O, = O} U O3 mmoxectro pas-
OMeHUM 9MCaa 7 Ha HedeTHbIe caaraeMble. Onpegenum 6uexyuio Cuabsecmpa
v: O — D,, xax NOKa3aHO HA puUC. 3. 3ameTum, 9T0 ecau 4 = @(A), TO

a(p) = (a(X) —1)/2+£(N). IlockonpKy 5TO MOXHO mepenucaTs B Buge a(A) +
+ 24(\) = 2a(u) + 1, Teopema 4 poxasaHa.

FEH o

Puc. 3. Bueknua Cuassectpa ¢: (7,5,3,3) — (7,6,4,1)

Bamerum, uro npu A € O, BemoaHeHo cpasenme £(A) = n (mod 2).
OTcooga BUAHO, 9TO (¢ B JEeUCTBATEILHOCTH OCYLUIECTBIACT OMEKIINIO MEX Iy
MHOXECTBAMU W3 TEOPEMEBI 3, YTO JTOKA3BIBAET DTY TEOPEMY.

3. PAHT PASBUEHUA M OTOBPAXXEHUE [[ATCOHA

Dra wucropusa Hadaaack ¢ nybmukanum crarbu [lancona [12] B c6opHu-
ke pabor crygentoB KemGpumxka. B osrou pabore [lavcon onpememnma pama
pasbuenus u chOPMyIAPOBAT HECKOABKO TUIIOTE3 O KOJUTIECTBE PA3OUEHUN ¢
3aJaHHBIM DAaHIT'OM. I/IX HENMOCpEeACTBEHHBIM CJACACTBUECM ABJAKTCA, B 9aCTHO-
cTH, TeOpeMbl PaMaHy1XaHa 0 AeTUMOCTH (DYHKIUN pa3OueHu, He UMEBIITAE
[I0 DTOT0 KOMOUHATOPHON MHTepmpeTanun. [Jaicon Toraa He cMor J0Ka3aTh
cBou rumoresnl. Ux pokaszamum Arkun u Cywnuepron-/lauep [8] mecars ger
CITyCTA.

Ymage rosops, KOHCTDYKIOHUA C PEIOOJOBHEIMA KPIOIKAMH. B PYCCKOA3ZBLITHON AUTEPATY-
pe 570 >ddeKTHOe Ha3BaHMe IOKA He BCTPedarock. —IIpum. nepes.
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K cuactiio, [lancon, mepeexas B CIITA, ony6aukoBaa ¢cBOM IUMOTE3HI B BU-
ne 3agaqau B xkypHate «American Mathematical Monthly» [13]. Dron sanagen
samuTepecosancs Haran Pann, gokasasmmun B [18] Tpu Teopembr 0 nepedn-
CIeHUU Pa3OMeHuM ¢ 3aJaHHBIM paHroMm (cM. Huxke). Torga 5Tu pesyabTaThi
NPeCTABSINCH COBEPIIEHHO 3aragodnbivMu. W3 kauru [19] cramm maBecTHBI
ujeu, cTosABIMe 3a gokazareabcTBoM Parna (BaTcoHOBCKME [26] TOX mecTsa
Ha (pAIBIIUBEIE TeTa-(PYHKIMKAY) , MCIOIL30BAHHEIE U B [8]). 346Ch XKe MBI IpH-
BOAMM KOMOMHATOPHBIE MOKA3aTeALCTBa TeopeM dDalHa ¢ TOMOIIbI0 0TOOpa-
xeHus, onucansoro [Jaicorom B [14]. Dra crares [Jancona (cM. Takxe [17])
cofiepxaa MPOCTOe NOKA3ATEALCTBO (DOPMYJIBI A IPOU3BOAAIICH DYHKITAN
gucen pasOMeHuy ¢ 33JaHHBIM PaHTOM. OJTa (HOPMyJIa, BIEPBbLIE OIyOIAKO-
BaHHAA B YIOMMHABIIENCA CTyaeHdYeckou pabore [lancona, Oblia NOKa3aHA
(nesnemenTapso) B [8]. He 3nas o geareapnoctu Panna, /laricon mepeoTkpbul
ogHy 3 ero (Torga HeomyOIMKOBAHHLIX) T€OPEM U Al €i OUEKTUBHOE JOKa-
3aTEJBCTBO. JTO MOMOTJO €My A0Ka3aTh (POPMYJIY A TPOU3BOAAIICH (DYH-
KIWY U TOJIYYUTEH HOBOE JOKA3ATEILCTBO MEHTANOHAIBLHOU TEOPEMBI JUIEPA.
Mer oTcblIaeM YnTaTend K pacckasy camoro [Jaucona [16] 06 sTux coObITHAX.

K coxanenuro, To, uT0o oToOpaxenne /ancona, MHOTAa HABLIBAEMOE «Ial-
COHOBCKOE TIPUCOEAMHEHHOE pasbuenues [9], mo3BoAseT NOAYIUTH GMEKTUBHOE
IOKA3aTeIbCTBO pe3yabTaroB Panna, OLLIO MCIOIL30BAHO JIUIIL B 3aMETKE
Suapioca [4]. MuI emme ckaxeM mpo 5TO B caeayiomeM pasgene. OQHAKO gaxe
IDHIPIOC, TO-BUANMOMY, HE 3aMETHI, 9T0 0TOoOpaxenue /ancoHa TOKa3bIBAET
cpasy Tpu Teopembl DaliHa 0 paHrax.

Ounpegenum pawe pazbmenums A pasercTBoM 7(A) = a(A) — 4(A). Iycrs
Pp,r — MHOXECTBO Bcex pasbmenmn A F n ¢ r(A) = r, a p(n,r) = [Pyl
Eme mam monagobarca muoxectBa Hy, (Gpn,) pasbmenun A - n c r(A) <r
(r(A) = r). Ilycte h(n,r) = [Hp,l|, g(n,r) = |Gyr|. fcwo, aT0 p(N, 1) =
= h(n,r)—h(n,r—1) u g(n,r) = h(n, —r). Kpome toro, h(n,r)+g(n,r+1) =
= p(n), rge p(n) = h(n,n —1) = > p(n,r) — KoIM9IeCTBO BCeX pa3bueHUR
TUCTA N

TEOPEMA 5 (DPAVH). Jas ecex n > 0 sepuo pasencmso h(n,r) =
=h(n+r1—r).

[TOKA3BATEJILCTBO. [locTaToYHO HNOCTPOUTE Omeknmio : Hp,41 —
— Gparr—1. Paccmorpum guarpamvy FOmra pasbuenma . YpamuM nepBbii
cronben (cocrosmun u3 £ = £(\) K1eToueK) u 106aBUM BEPXHUU psfg u3 £ + T
kaetouek. [lomyuusmeecs pasbuenue o6o3uHaquM p (cM. puc. 4). OToGpaxe-
HUE 1) = Y, : A — u HA3BIBaETCA omoobpadxcenuenm Jaticona.

ITo npeanonoxennto pazbumenme A Takoso, ato r(A) = a(A) — £ < r + 1,
nostoMy £ + 7 > a(\) — 1 u BepXHUM pAJ NEUCTBUTEILHO CAMBIU IJIMHHBIN,

) HOr 12 HCIOAB3yETCA 60IEE BEICOKOIAPHBIN IEPEBO «TeTa-II0400HEIE (yHKIHI, HO OH
MPENCTABIACTCA HEJOCTATOYHO aJeKBATHBIM QHTIUUCKOMY CI0By “mock”. —ITpum. nepes.
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Puc. 4. Orobpaxenne [avcona : X — p gna A= (9,7,6,6,3,1) € Hzz 41,
1= (8,8,6,5,5,2)

T.e. monyunnacs auarpamma HOura. Kpome toro, |u| = |A| — £+ (L + 1) =
= n+r. Haxonen, r(u) = a(p) — €(p) = (X)) +r — (A, +1) > r — 1. Hostomy
¥r(X) € Gnirr—1. Teopema gokasama.

Cregyiomue YeThIpe COOTHOIICHNA O0BEJUHEHBl B OQHY TeopeMmy u B [18].

TEOPEMA 6 (DAVH). Humerom mecmo pasencmea:

)
2) p(n—1,0) —p(n,1) +p(n—2,3) —p(n —3,4) =0 npun > 3,
3) p(n,0) —p(n—1,1) —p(n—1,2) + p(n —2,3) =0 npun > 2,
4) p(n,r+1)—pn—1,7r)—pn—r—2,7r+3)+pn—r—3,7r+4) =0 npu
n>r+3
HOKA3ATEILCTBO. Ilosaras » = 0 u r = —1 B mociegHeM paBeHCTBE U

UCNONb3ys cooTHomenue p(m,r) = p(m,—r), MbI 6€3 Tpyaa yOexgaeMcsa B

CIIPABEIMBOCTYA BTOPOTO W TPETHLEr0 PaBEHCTB. IlepBoe M3 PABEHCTB JIETKO
BBIBECTH U3 TEOPEMBI 5 ¢ TMTOMOIBI0 HECKOABKUX OYUEBUMHBIX MEPEXOTOB:

p(n+1) —p(n) =
= (h(n+1,0)+g(n+1,1)) = (h(n,0)+g(n,1)) = (h(n+1,0)+h(n+1,-1))—
— (h(n,0) + h(n,—1)) = (h(n + 1,0) — h(n + 1,-1)) + (h(n,0) — h(n, —1))+
+2(h(n+1,—1)—h(n,0)) = p(n+1,0)+p(n,0)+2(h(n—1,3)—h(n—1,2)) =
=p(n+1,0) + p(n,0) + 2p(n — 1, 3).
TeMm xe ctoco60M MBI 6€3 TpyAa TOKAKEM U MOCJETHEE PABEHCTBO:
p(n—r—=3,r+4)—pn—r—2,r+3) =
= (h(n—r—3,r+4)—h(n—r—3,r+3))—(h(n—r—2,r+3)—h(n—r—2,7+2)) =
=h(n,—r—2)—h(n—1,—r—1)—h(n,—r— 1)+ h(n—1,—r) =
= p(’n -1, _T) —p(’fL, -r-= 1)a

orkyga p(n,r+1) —p(n—1,r) —p(n—r—2,7+3)+p(n—r—3,r+4) =0,
9TO ¥ TPebOBAIOCH.
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OTMeTHM,9TO NOKA3AHHBIE PABEHCTBA HEMENLICHHO CICAYIOT W3 COOTHO-
mennn Ha wwmcaa h(n,r). TlosToMy HETPYAHO TOAYYUTH M KOMOMHATOPHBIE
JNOKA3aTeqbCTBA, NEPEHECA CAAraeMble 13 OJHOW 9aCTh B APYTYIO TaK, 9TOOBI
HAMO OBLIO MOKA3BIBATH PABEHCTBO MABYX HEOTPHUIATENLHBIX HUUCET, W MPH-
MeHas oTobOpaxeHnue JancoHa K NOAXOIAIIMM MHOXECTBaM pasbuennu. Mbl
npuBeneM 31eCh TAKOe J0KA3aTeNbCTBO IS APYTIod Teopemsl u3 [18].

TEOPEMA 7 (DAUH). Ipur > n—3 sepno pasencmso p(n) —p(n—1) =
=pn+r+1,r).

[IOKA3BATEJBLCTBO. O6Go3uavyum 4depe3 F,, MHOXeCTBO paszbuenun A F n
¢ HamMeHbIIEW 4YacThio s(A) > 2. 3amermm, uto |Fp| = p(n) — p(n — 1).
[lencTBuTenbHO, B pa3zbuenne Iuciaa n efuHnNa aub0 He BXOAUT (M TOTAA DTO
pazbuenme u3 F,), mub0 BXxOAUT (M TOTAA MOXHO €€ BBIOPOCUTB, TONYYIUB
pasbuenue umcaa n — 1).

Bospmem mpomsBoabHOe pasbuenue A € F,, u IpuMeHUM K HeMy 0TOOpa-
xenme [larcona 1,41 (cooTBeTcTBymee panry r + 1), pesyabraT 0603HATAM
3a p. Bugwo, ato uy = A)+r+1>14+n-3+1=n-1 C gpy-
TOU CTOPOHHL, iy = A\ — 1 < n — 1, mockonbky A F n. [lostomy p1 = po,
T. €. TOAYIUA0Ch pasbmenme. [lockonbky A € F;,, MBI MOXEM BBIMUCAUTH T ([4):
r(p) = (€(X) +r+1)— (€(X) +1) = r. Hooromy p € Ppyyi1,r. Hame orobpa-
XKEHUE, KOHETHO, 06GpaTUMO, TTOSTOMY TEOpEMa JOKA3AHA.

4. UTEPALILA OTOBPAXKEHUA [JAVNCOHA

B zamerke [4] Dugpioc omy6IuKoBaI KOMOHHATOPHOE TOKA3ATEALCTBO ClIe-
IYIOIIEr0 yTBEPXK ACHUS, TOKA3aHHOrO B [18].

TEOPEMA 8 (DAWH). ITycmov Dy, — muoxicecmso pasbuenuti uwucia n
Ha pasavunble wacmu, umeowur pane v (m.e. Dy, =Dy N Ppy), Opoky1 —
MHONCECTNEO PABOUEHUT YUCAG T HA HEUYEMHBIE YACTAY € HAUOOALWET UACTNBIO
2k + 1. Toeda

’On,Qr—l—l’ = ’Dn,Qr—I—l’ + ’Dn,Qr‘-

ODTy TEOpEMY MOXHO PACCMATPUBATH KaK OUEPEAHOE YTOIHEHNE TEOPEMBI
Ounepa 0 pa3OumeHUAX HA PA3IWYHBIE M HEYETHHIC claraeMbie. [okasaTenb-
CTBO OCHOBAHO HA M3yYEHUU CBOUCTB oToOpaxenus [lancona .. 2Kaub, 9aTo
JOKA3aTeThCTBO JHAPIOCA OBLIO OMyOINKOBAHO B MAJOW3BECTHOM XKYPHATE U,
TIO-BUAUMOMY, OBITO OCTaBaeHO 6e3 BHUMAaHUA. [[peabasieHnoe HUIXE 0TOOpa-
wenne — Gueknua mexay O, u D,, otanvHas kak or Ouekiuu CuabpecTpa,
OTMCAHHOU BBINIE, TaK U OT Ouekiuu | isimepa, [2] Ee npeumymiecTBo B TOM,
UTO OHA AOKa3bLIBaeT TeopeMy 8. EcTecTBeHHO, HAINA KOHCTPYKINA MOTHUBU-
poBaHa 3aMeTKOR [4].
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IIycts A = (A1, A9, ..., A¢g) € O, — pa3buenue HA HEUYETHBIE CIATAECMBIE.
PaccMoTpuM nocieioBaTeabHocTh pasbumennit vb, 12, ... v rae vf cocrour
1+1

U3 OJHOU 9acTw Ay, a nipu | < £ paszbuenwue v’ momydaercs us ' OpUMeHe-
uHueM otobpaxenus [aucona y,. [lomoxum p = v!'. HazoBeMm oToGpaxemnue
& X — p umepayueti omobpaxcenus Haticona (puc. 5).

[T

| —

D/’D:Dj/

Puc. 5. Urepanusa oro6paxenna [avicona : X — p aag A = (5,5,3,3,1) €
€ 017.,57 n = (856: 25 1) € 017-,4

TEOPEMA 9. Umepayus omobpaxcenus Haticona & — Ouexyus mencdy
muoxncecmeamu Op u Dy,. Boaee mozo, (O or41) = Dpor UDp 27 41.

Acwo, 910 M3 3TON TeopeMbl caenyeT Teopema 8. BwuLIo GBI MHTEpPECHO
O0HAPYXUTH KAKUE-IU00 APYrue IPUMEHEHNI OTOOPAXKEHNI £ B TEOPUH Pa3-
OueHun.

TTOKABATEJLCTBO. Bo-nepebix, [Vf| = \; + A\is1 + ... + A, oTkyna |p| =
= [v!] = |A| = n. JlokaxeM Teneps WHAYKIUEH 10 § CIAYIONIEe yTBEPXK ICHUE:

Bce craraemeie pazbuenus V' pasau<IHbI, 4 €r0 PAHT PABEH \; miad \; — 1.

Basza unaykiuum: ¢ = £. YTBepX IeHNE OYUEBUIHO W3 OIPEACICHU e

[lycTs Hamle yTBep:JeHMe BBIIONHEHO AXA Viy1, T.e. a(vtl) — £(vit!)
paBHO aU60 Ai11, 60 Aiyq — 1. Tockomeky a(v') = £(v'l) + \;, mmeer
MECTO LENOYKA HEPABEHCTB

@)1 = a(@’) = (a(@™) = Xiy1) + N > a(@') — 1= (),

OTKyja caegyer, 9To v — paszbueHue Ha pasaudHble caaraemble. [ToHATHO,
aro sermmna £(1v') pasma £(v ) wrm £(v1T!) — 1. Smasmr,

r(v') = a(') — €0) = (L) + x) — 60 € (i di - 1

9TO JOKA3BIBAET BO3MOXHOCTH WHIYKTUBHOI'O TEPEXOa.

Iloka MBI He HMCOONB30BAAKM TO, UTO A — pasbueHWe HA HEYETHLIE CJIa-
raeMble. DTO BaXHO IMPU HOCTpoeHuu 06paTHOro orobpaxenud. Oupereaam
oTobpaxenue {1 MHIYKTUBHO, HAYMHAAL C [ = V| M IpUMEHAA KX IBIA pa3
oTobpaxenue, 0bpaTHoe K oTobOpaxenuto [lancona 1. [lns Toro, 90661 KOH-
CTPYKIuA OBLIA OIpemeaeHa, Hal0 OrOBOPUTH, KAK MMEHHO MBI BLIOUPAEM T
Ho MOCKOMBKY JOMKHO BBIIOTHATBCA OMHO m3 paBeHcTs T = a(vf) — £(VY),

3
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r=a(') —£(v') + 1, u r ZOMXKHO OBITH HEYETHHIM, " MOXHO BEIODATH €JWH-
crBerHbiM ciocobom. [TopTomy Harmme onpejeneHre KOPPEKTHO, U OTOGpaxe-
uue £ apasgeTcsa Ouekimen. Bropoe yTBepXK JeHUE TEOPEMBI TOXE MOMEHTAIBLHO
creyeT m3 MOKa3aHHOTO BHIME. TeopeMa 9 mokasaHa MOTHOCTHIO.

5. 3AMEYAHUSA

Oxna Teopema danna us [18] emwe He nOAyIMIA TPOCTOrO KOMOMHATOPHO-
ro A0Ka3aTeabcTBa. A MMeHHO, 0603HaYMM 4Yepe3 L, MHOXECTBO pa3OueHun
A 4mcIa n ¢ HedeTHOM HauMeHbIIen 9acTbio $(A). Teopema rmacut, 9to Ly
YEeTHO [ BCEX T, HE ABJAAIOIMINXCA IMOJHBIMU KBaApaTaMn, 1 HEIYCTHO UHAYE.
Mgl npeamnonaraeM, 9To CymecTBYeT MHBOMIONUA, JOKA3BIBAIOMIAA DTO yTBEP-
xperme®).

DopMyaupoBKu TeopeM 6, 7 ciaerka M3MeHeHBI [I0 CPABHEHUIO € MCXOTHEI-
vu dopmyauposkamu DaliHa ¢ MBI WX yTOYHEHWA W yNPOUICHWA (HAIPH-
Mep, 9T00H He onpeaenaTs p(n,r) npu n < 0). Tpaaumuornoe oToGpaxenne
[lazcona mOMy9IaeTCA W3 HAIIETO CONPAKEHHEM. JTa HE3HAUYATEAbLHAS MOU-
dukanusa mpegcrapageTca 6Goaee yaIOOHOU MU HAIIUX MEJIEH.

Wrepaumsa orobpaxenus [lanicona, cyas o BCeMy, ABAAETCA HOBOU CyITHO-
CTBI0. B OCHOBHOM, TO MaTepUaIU3alNaA PEKYPPEHTHOTO COOTHOIEHWA JH-
aproca Ha qucaa |Op op41| 1 |Dy | (cm. [4]). Bre 3aBucumocTn ot Toro, HamgeT
au orobpaxenve ¢ NPpUMEHEHUA B TEOPUU PA3OWEHWU WIW HET, DTO 0TOOpa-
XKEHMe MAeT CTOIbL Xe eCTeCTBEHHOE NOKA3aTeIbCTBO TEOPEMEI 8, CKOIb €C-
TECTBEHHO NOKA3aTEIbCTBO TEOPEMBI H € MOMOIILI0 0TOOpaxenusa [ancomna.
K coxamenuio, orobpaxenue £, mo-BUAUMOMY, 110 CBOEU TPUPOIE UTEPATUB-
HO ¥ He JomyckaeT Gonee mpocToro onucanua. Kak ckasan ognax b Kcasbe
BLeHHO aBTOPY 3TOT'0 TEKCTA, (MHOTA PEKYDCUBHAA OUEKIIAA — HAHOOJIBIIIEE,
9€r0 MOXKHO AOCTHYIB).

B megasHen crartse [9] Obuia onpeneneHa MOAYJIAPHAA BEPCUS MO MO YO
2 oTobpaxenus [lamcona. Vcmoansysa alCOHOBCKUU METOX AOKA3ATEILCTBA
HEeHTArOHATBHOU TeopeMbl Juaepa (cm. [14,17]), aBTOpHI cTaThbu NPUMEHU-
J TIOCTPOEHHOE 0TOOPAKEHUE 111 KOMOMHATOPHOIO 0KA3aTEIbCTBA TOX 16~
crBa [aycca. JIIOOOIBITHO U3YYIATH CBOMCTBA MTEPAIUHA STOT'0 OTOOPaKEHUA
7 BLIACHATD, KAKUE TEOPEMBI O Pa30MeHuAX MOXKHO JOKA3aTh TAKAM 00Pa3OM.

MoOTHBMPOBKOM A/ DTOTO TEKCTa IOCTYyXWIO 3aMedanue m3 crarbu [9]:
«Ilo-BuauMOMY, €AUHCTBEHHOE U3BECTHOE MPUMEHEHHE MpeoOpa3oBanua /an-
cora cogepxurca B [4]». Boamoxwno, 4ro ecium Obi mpenpuHT [9] He OBLI

6)BepHo naxe 6oJee TOYHOE yTBEPXKAEHUE, HATIOMUHAMIEee TeopeMbl 1, 2. A umenwo,
IyCTh Eg u E}l — MHOXKECTBA TAKUX PA3OMEHWU Ha YEeTHOE W HEYETHOE 9YHUCAO YaCTen
cooTBeTCTBEHHO. TeopeMa yTBepKAaeT, 9TO eCAu 7N He ABIAETCA IIOJHBIM KBAAPATOM, TO
|£%] — |£L| = 0, a umawe sTa paswocTs pasua (—1)". — ITpum. nepes.
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nomernieH B VIHTepHET, STOT TeKCT He ObLI OBl HANMMCAH. JTO CTAJO OBI O4e-
PEMHOU «YIYIIEHHON BO3MOXHOCTBIO) . . .
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BOKp}/F MOHI'OJIBCKOI'O HEPAaBEHCTBaA

A. U. Xpabpos

HepasencTso, 0 KOTOPOM 371€Ch TIOUAET PeYb, OBLIO TpenIoKeHo B. Axb-
AACYpIHOM Ha 31 MOHTOIbLCKOM omuMnuaje (B 3aJaHUAX A YIUTEIEH).

Lan noAoHCUMEABHBIT YUCER A1, A2, ..., Up, YOOBACMEOPAOUWUL YCAOBUIO
ar = a9 = ... 2 Qyp, UMEEM MECMO HEPABEHCMNEBO

a1 +a2 a2+ as an + a1

<
2 2 2 =

< a1 +as + a3 . as + az + aq an + a1 —{—ag' (1)
3 3 3

Pemenne, mamnevaTranroe B COOPHMKE OIMMIIMATHBIX 3a7a€, OKA3aJI0Ch,
VBBI, HEBEPHDBIM.

W3-3a cBoenn mpocTon hpOPMYJIUPOBKEA HEPABEHCTBO OBICTPO PACIPOCTPA-
HUIOCh. KaX b, KTO y3HABAL O HEM, OOBIYHO TOBOPHWI, YTO OHO HE MOXKET
OBITH OY€Hb TPYAHBIM, IPOCTO BCE HEJOCTATOYHO XOPOIIO cTapaauch. O gHa-
KO, 33 HECKOJILKO JeT HEPABEHCTBO YAAJIOChH IPOBEPUTH JHUIIL B HEKOTOPBIX
9aCTHBIX CAyYadx, HATpUMED, mid N = 4 wim mias n = 5, nocaegaee maxe 6e3
npegnonoxenus o6 ynopsagodennoctu (cm. §4.2). Kpome Toro, Geuta gokasa-
Ha COPaBEIIWBOCTL 3TOTO HEPABEHCTBA IPHU JOMOTHUTENBLHLIX OTPDAHUTIEHUAX
HA YUCTA G1, 42, ..., Gy. [lOKA32TH HEPABEHCTBO B O0IIEM CIyYae HUKAK HE
0y 9a10Ch. BOSHI/IKJIO JaxKe mMpeanojoxenme O TOM, 9YTO, KaK 1 HEPpaBEHCTBO
[MTanupo (cm. §4.5), mepasencTso (1) cupaBegIuBO HE MU BCEX HATYPAIb-
HBIX 1. OJHAKO KOMIBIOTEPHOE MOCTPOEHUE KOHTPIPUMEPA NpU OOILIIUX 71
TakXke He MpuUBOAMIO K ycrnexy. Hakonern, B 1999 romy mpowsomren mpophIB:

[. C. Yenrxak mpuayMaJ H0Ka3aTEIbCTBO HTOTO HEPABEHCTBA, OCHOBAHHOE Ha
b de
npeacrasrennn Inb—Ina = [ — (omo nmpusoamTes Huxe B §4). Tepes rog gt
T
a
BBIBOMA 3TOr0 HepaBeHcTBa C. E. Pykmuu npeqinoxun ucnoab30BaTh HEPABEH-

crBo Kapamatri. A yxe B 2001 roay Ha JeTHUX cO0Opax MO MOATOTOBKE KOMAH-
el Poccnn k Mex qyHapoauon onuMmuage no maremaruke M. . [Iparycesud
BBIJAJ DTO HEPABEHCTBO B KaUeCTBE YIPaXHEHUA K 3aHATUAM, HA KOTOPBIX
paccKa3bIBaJach TEOPWA MaXOPHU3AIUU W [JOKA3ATEIhCTBO HEPABEHCTB C I10-
mombio Beinykiaoctu no lllypy. HepaBerncTBo okasanoch creacTBueM noCTa-
TOYHO COMUIHO Pa3spabOTAHHOW TEOPUM — TEOpUU Maxopusanuu. [Iputdem
DTO eJWHCTBEHHOE M3BECTHOE ABTOPY HEPABEHCTBO, M3 MPE/NATABIINXCA HA
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OMAMIMAAX, KOTOPOE HE YAAIOCH MOKAa3aTh 6€3 3Tou Teopuu. IMeHHO sTUM
n 00yCAaBIMBAECTCA TOT (PAKT, 9TO TEOPUA MaKOPUBAIMKA YCKOJIBb3HYJIa OT
BHUMAHUA JIOOUTETEH MATEeMATUICCKUX oaumnuaj. V3 HepaBeHCTB, MMEo-
UM OTHOLIEHWE K TEOPUM MAaXOPU3ALNY, JUIIL HepaBeHCTBO Mopxena (cum.,
Hanpumep, [6, §11] wn [7, §2.18]) mupoko ucnoas3yercs y4acTHIKAMEA MaTe-
MATHYIECKUX OJAMIIAA.

HacToamaa cTaTba OBITAETCA B HEKOTOPOU CTENEHW BOCIOIHATEL 3TOT
npo6en. B Henm MBI pacckaxeM 0 Hamboaee IPOCTOM U IPHU 3TOM OYE€Hb MOII-
HOM CPEACTBE TEOPUU MaXOPHW3auuum — HepaBeHCTBe KapaMaThbl, NpuBeseMm
[BA T0KA3aTEIbCTBA MOHIOJBCKOTO HEPABEHCTBA, 4 TAKKE HECKOJLKIUX OJIM3-
KIX HEPABEHCTB.

§1. HEPABEHCTBO KAPAMATHI

ONPEAEJEHUE 1. HepospacTaiomun HaGop BEMIECTBEHHLIX <mcenl X =

cen Y = (y1,y2,...,Yn), €ctu ipu k or 1 10 n — 1 BBINOJAHEHBI yCaoBUA T1 +
+ro+... 2y t+y2+ ..ty a1+t .. F Ty =y Y2+ ...+ Yn.
Ecmun X maxopupyet Y, Mbl Oyzem mucats X = Y wim Y < X,

B cayuae, korma X = (21,29,..., ) n Y = (Y1,Y2, ..., Yn) — IPOU3BOIb-
HbIe HAOOPHI BEIIECTBEHHBIX YMCeJ, MBI 0y/1eM TOBOPUATH, YTO X MaXOpupyeT
Y moucates X > Y wim Y < X, eciu 414 uX HEBO3PACTAIOUINX MTEPECTAHOBOK
X* u YV* Bumonmeno X* - Y.

11 11 1
IIpuMmEP 1. (1,0,...,0) > (—,—,0....,0) e <—.—,....—>,1/113006-
’ 2°2° 7 n'n n
me, eClIu X1, 2, ..., Ln HEOTPUIATEAbHBIE YUCIA, CYMMA KOTOPBIX paBHa 1,
11 1
TO <—,—,...,—) < (z1,29,...,2n) < (1,0,...,0).
n n n

ITpumMmEP 2. Habopsr (5,5,0) u (6,2,2) HECDABHUMEL, T. €. HM OJUH U3 HUX
He MaKOPUPYET APYTOH.

IIPUMEP 3. Ecau Bce wmcaa y; paBHBI CPEJHEMY apA(PMETHIECKOMY TUCET

X1y T2,y vy Ty TO (L1, 29,y Tn) = (Y1,Y2,s -« -y Yn)-

HEPABEHCTBO KAPAMATHL. Ilycts f: (a,b) — R — Boinykaas ¢pyHk-
oud, T1, T2, -3 Tpy Y13 Y25 ooy Yn € (a‘7b) u (xl'/"'axn) - (917/yn)
Toraa

fl@) + fm2) + ..o+ f@n) 2 flyr) + fly2) +. . 4 Flyn) - (2)

Ecan f(z) — Borayras gyHKumsA, TO

fle) + fle2) + .o+ flzn) < Flyr) + fy2) + oo+ fyn)-

3AMEYAHUE. Haspanme mepaBencTBa (2) B wecTs KapamaThbl TOBOIBHO
copuo. B 1923 r. Ilyp [15] mokasan mepaseHCTBO (2), HECKOIBKO MHAME
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cpopmyaupoBaB ycrosue Maxopuzanuu. B 1929 r. Xapau, Jluttasyg u Ilo-
ama [12] copmyaupoBany 5TO HEPABEHCTBO M [NOKA3aAM €r0 HENpepbIBHLINA
ananor. Yepes Tpu roga Kapamara [13] Takxke ycraHoBuI HepaBeHCTBO (2) u
IOKa3aJ HEKOTOopoe ero obobireHue.

/TOKA3ATEJLCTBO HEPABEHCTBA KAPAMATHI. [leHTpajsbHBIM MOMEH-
TOM JOKa3aTeILCTBa ABIAETCA mpeobpasopaune Abeus:

n n—1
> apbp =Y Ap(br — bryr) + Anbn,
k=1 k=1

rae A = a1 + a9 + ... + ap. MoxHO cyuTaTh, 9TO T) # Yk, B IPOTUBHOM
clIydae COKpaTuM mpaByio u JeBywo dactu Ha f(zx) = f(yk). [Tomoxmm
Dy = flzr) — fyr)
Tk — Yk
Yeaosue X - Y osmHauaer, ato X = Yy upu k <n—1u X, =Y,,. Iz remmbr
0 Tpex xopgax ciaegyer, 9To Dy > Dy 1. Cramo 661Th,

Xk:ml—l—...—i—xk n Yk:y1+---+yk-

3

n—1
> (X = Yi)(Di — Diy1) + (Xo — Yu) Dy 2 0.
k=1
[Ipumenum x geBou dacTu mpeoOpasoBanue AbGensa (ap = xp — Y, by = D),

OOy IUM:
n

> (wx — yx) Dg = 0.

k=1
CuenoBaTeabHo,
SO0 ) = Fln) = 3w — ) - LI NP gDz 0. O
k=1 k=1 kT Yk k=1

3AMEYAHUE 1. [Ipyrme nokasaTeabCcTBa HepaBeHCTBa KapamMaTsl MOXHO
y3HaTh w3 kHUr Xapau, Jlurtasygna u Ilomma [7, §3.17] uin Bexkenbaxa u
Beanmvana [1, rnasa 1, §28].

3AMEYAHUE 2. YciaoBue X > Y ABAAETCA HE TOMBKO AOCTATOTHLIM MIJIA
BBITIOJHEHNA HEPABEHCTBA (2), HO W HEOOXOAMMBIM. A MMEHHO, €CIU Z1, T2,

y Tny Y1y Y2, -+ Yo € (a,b), a vabopwr wmcen X = (21,%2,...,Lp) U
Y = (y1,92,...,Yn) TAKOBBI, YTO HEPABEHCTBO (2) MMeeT MeCTO Ais J060u
Buinykaon dyuxmauu f: (a,b) — R, o X > Y.

Anpamornaneie PacCyX a€eHHUA IIO3BOJAIOT AOKa3aThb U

HEPABEHCTBO DYKCA (cM. [11]). Hycrs f(z) — Bhmykaas gpyHKIus,
D1, P2, - -y P — TOJOXKUTENBHBIC IUCAA, L] 2 L2 2 ... 2 Tn, Y1 2 Y2 = ... =
Z Yn,
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k k n n
> opiwi= Y piyi mpu I<k<n—1 wm Y pmi=» piyi
=1 =1 =1 =1
Torga

prf(z1) +paf(za) + ...+ puf(zn) = p1f(yr) +p2f(y2) + ..o+ puf(yn).

SAMEYAHUE. Eciz nomoxuts py +p2+...+p,=1lmy =... =y, =
= p1T1 + ... + PpZy, TO HepaBeHCTBO PyKca MPEBPATUTCA B HEPABEHCTBO
Nencena.

§2. IIPUJOXKEHUA HEPABEHCTBA KAPAMATEHI

ITpuMEP 1. [las a00BIX TOJOXWTENBHBIX YUCIAX @, b U ¢ WMEeT MecTo
HepaBeHCTBO
1Lyt LN N SO §
a+b  b+c c+a - 2a 26 2’

[Ipumenum mepaserncTso KapamaTol aas Boinykaon ¢gyuxuuu 1/z u Habo-
pos (2a,2b,2¢) = (a +b,a+ ¢, b+ ¢).

I[IPUMEP 2. (Asmarcko-Tuxookeanckas omumnuaga, 1996.) IIycts a, b un
¢ — [JWHBI CTOPOH TPEYroJbHUKA. 1Torja mMeeT MECTO HEPABEHCTBO

\/a+b—c+\/b+c—a+\/c+a—b<\/54-\/(;—1-\/5.

Ipumenum HEpaBeHCTBO KapamaTs! ans BOrHyTOM (yHKIMU /T 1 HAGO-
poB (a+b—c,c+a—bb+c—a) > (a,b,c).

ITpuMmEP 3. (Mexayrapoanas omummmana, 2000.) Tas wucen a, b, ¢ > 0,
VIOBJIETBOPAOUIAX YCIOBUIO abc = 1, cpaBemuBO HEPABEHCTBO

(a—l—l—%) <b—1+%> (c—1+%)<1.

W3 ycnosusa abe = 1 crepyet, 9t0o a = z/y, b = y/z u ¢ = z/x. B HOBBIX
0003HAYEHNAX HEPABEHCTBO npuMeT Buj (z—y+2)(y—z+7z)(z—x+y) < zyz
WK, TIOCHAE JOrapudMUpOBAHUA,

In(z—y+2)+In(y—z+2)+In(z—x+y) <Inzx+Iny+1nz.

[Mocnenuee caenyer us mepapercTBa KapamaTsl ana BorayTon GpyHKIUM In
u HAbOpoB (£ —y+ 2,y —2z+x,2 —x +y) = (2,9, 2).

ITpuMEP 4. (Hepasenctso Ceré, [18].) Ilycts p(z) — Bbinmykaas ¢yHK-
o, a1 = a = ... = asp—1 = 0, Torga

olar) —plaz) + plas) — ...+ plam—1) = plar —az + a3 — ... +azp—1).
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IlongoxuM @I KPaTKOCTH @ = G — Q2+ a3 — a4+ ... —a2,—1. HepaBeHCTBO
Ceré MOXHO MepenucaTh B BUE

plar) +ol(as) + ...+ plagn—1) = p(a) + plaz) + ... + p(azn—2).

Takum 06pa3oM, AOCTATOYHO YCTAHOBHTH, 9TO (G1,a3,...,02n-3,09n—1) >
= (ag,a4,...,09n,_4, 022, a), 9ITO OYEBATHO, MOCKOJILKY CYMMEI GHCET B Ha-
60pax paBHBI U aok_1 > Gog TIpH Beex k.

ITpuMEP 5. (Hepasenctso IIsennepa, [16].) Eciu M > ax > m upu k =
=1,2,...,n,TO

1 1 1 (m+M)? o
i - )< .
(a1+a2+...—|—an)(a1+ +...+ )\ - n°.

ag an

Hecnoxuo mokasats, 9T0 HauAyTCsa Takue ducia k € Z u p € [m, M), ato

(a1,a9,...,a,) < (mm pu, M, ..., M), rae amcao m Bemucano k pas, a
ancio M — n — k — 1 pas. Crano GbITh, HYXHO TPOBEPUTH HEPABEHCTBO
MIseunepa masa mabopa m, ..., m, u, M, ..., M. C moMompbio HEPABEHCTBA

Uencena sto cBoguTca K saeMeHTapHOoMy HepaBeHCTBY (0 < o < n)

a  n—a 9 (m + M)?
(am—i—(n—a)M)(E—i— = )gn e

[lBa nokazarenscTBa HepaseHcTBa lllBennepa, He UCOOIBL3YIOIIEE HEPABEH-

cTBO KapamaTbl, MOXHO IPOYUTATH B CTAThe aBTOpPa [8].

IIPUMEP 6. (Mexaynapoguas omuMnuana, 1999.) Ilycre n > 2. Onpege-
JAWTE HAMMEHBIIYIO KOHCTAHTY C TaKyo, 9TO HEPABEHCTBO

4
Z xxk(ac —I-xk Zxk

1<i<k<n
BBINOJHACTCA JId BCEX AEUCTBUTEIbHBIX YUCET L1, L9, ..., Ly = 0.

IMockoabky HEPABEHCTBO OMHOPOMHO, MOXHO CIATATDL, 9TO 1 + L2 + ...+
+ x, = 1. B 5ToM caydae HEPABEHCTBO MOXET OLITH MEPENUCAHO B BUIE

o3 (1 —xy) +ad(l—z9) +...+22(1 —xz,) < C.

Dynkmusa f(r) = 3(1 — z) Bomykaa ma orpeske [0,1/2]. Ilycts 21 — mam-
6oabiiee u3 umcen. Torga dwucia o, 3, ..., Lp He IpeBocxoaaT 1/2 u
(1 —21,0,...,0) = (z9,23,...,2,). CregoBaTensHo,

@)+ flen) < fla)+f(1—21) +(n=2)f(0) = f(z1) +f(1—21) <

I[TpuMEP 7. IlycTs ¢, S u v yriael Tpeyroabauka. Torma

OOl»—A

g) < (a,8,7) < (7,0,0) s BCex TPEYrOJILHUKOB,

w3y w3y

™ ™ T
5) < (e, B,7) < (5, 5,0) JUIA OCTPOYTOJBHBIX TPEYTrONbHUKOB,
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mw T T
(5, T Z) < (a, B8,7) < (m,0,0) A TYTOYTOTBHBIX TPEYTOJBHUKOB.

Moacrasass oTr HAGOPHI B HEPpABEHCTBO KapamMaTsl 1 KOHKPETHBIX BbI-
IOYKJIBIX U BOTHYTHIX Ha oTpeske [0, 7| GyHKIUU MBI TIOLY UM PAasHOOOPA3HBIE
HEPABEHCTBA Ha YyIILI TPEYTroabHuKa. HampuMep, Bce HEpaBEHCTBA U3 3a0at-
nuka [Ipaconosa ( [5], wacTs 1, rmasa 19, §5) MoryT GbITH HOLYYEHBI TAKUM
obpazom.

MHOXeCTBO NMPUIOKEHUN HEPABEHCTBA KapaMaThl MOXHO HAUTHU B KHUTE
Mapmamxta u Oaxuna [4]. Tam xe 06CyXKIAIOTCA CIOCOOBI TPOBEPKHU YCIOBUS
X =Y, ycranaBnuaeTca, qia Kakux GYHKIUU F 0T 1 mEpEMEHHBIX YCJIOBHUE
X =Y Baeder HEPABEHCTBO

F(ml,ﬁg,...,wn) >F(917925"'5yn)'

Hanpumep, 5T0 BEpHO [/ BCEX BHINYKJIBIX CUMMETPUIECKUX (PYyHKIUNA F miu
s mobon guddepeHnupyemMon cumMeTpudeckon Gpyuknuu F, nis koropou

F F
(1 — x9) <8__6_) >0 mnpu BCexX z1, Lo, ..., Lp = 0.

§3. JOKA3ATEJILCTBO MOHT'OJILCKOT'O HEPABEHCTBA

Ilonoxum OJI1 KPpaTKOCTH

ay +az apn—1+an an +ai
TL= T cees mn—lz%: Tn = =5
a1+az+as ap—1+an+ay an+ay+a
Y1 = ’ SR Yn—1 = = ’ Yn = = .
3 3 3
Ham TpebGyercs mokasaTh, 9TO T1T9 * ...  Tn < Y1Y2 © ... * Yy WIK, TOCTE
JOrapudMuUpPOBAHUA,

Inz; +Inzo+ ...+ Inz, <lny; +Inys + ... +1ny,. (3)
[Mockoabky Inx — BormyTas dyuknumsa, yauTeiBag HepaBeHCTBO Kapamarsr,
JLOCTATOYHO yCTAHOBUTH, 9T0 X = (z1,Z9,...,%,) > Y = (Y1,¥2,- -, Yn)-
O6osmaunm gepes X* = (zf,z5, ..., 25) u Y*= (y],v5,...,y;) HEBO3pacTaro-

mue nepectanoBku Habopos X u Y. Caepyromme COOTHOMEHMA JerKO CIeIYIOT
U3 ONpeeleHns IUceT Ty U Y
T1+x2+...+xp=ar+tax+...+a, =y1 +tyas+ ...+ Yn,
TILZ2Y Z2T22Y2 2 .. 2 Tp—2 2 Yp—2 = Tp—1,

k

1
Z(:):Z —yi) = E(a1 + 2a9 — agy1 — 2ag42) upm k< n—2.
=1

(

(
Ty 2 Tp—1 U Yp 2 Yn—1 2 Yn—2 = Tnp, (6

(

[Monoxum (a)+ = max{e,0}. Tas nposepkn maxopusanun X > Y cpaBHuM
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k k
* * _

cyMMmBl y |z} u ) y;. PaBencrBo npu k = n cregyer m3 cooTHomenusa (4),

i=1 i=1
HEPaBEHCTBO NpM k = n — | mosydaeTcs ¢ NOMOIIBIO BhIYMTaHWA U3 (4) He-
PaBEHCTBA Tp_1 < Yp—2. IIOCKOABKY 4mMCIA Z1, T2, ..., Tp—1 AAYT B HEBO3PA-
CTAIOIIEM MOPALKE, TO cpeau k HAUOOALUINX UCE]T 00I3aTEALHO Oy YT TUCIA,
Z1, T2, ..., Tk—1, & OCTABIMIMMCA TUCIOM OyAeT Ooablllee M3 UCET Ty U Tp.

k k
D oai =) @i+ (wn— ) (8)
=1 =1

Anamormano YCTaHABIUBACTCA PABEHCTBO

CuenoBaTeabHo,

k k
ny = Zyi + Wn = Y)+ + Wn—1 — Yk—1)+ - (9)
i=1 i=1

k

Nrak, HaM 0CTaIOCH IPOBEPUTH NpH Beex k < n— 1 HepaBeHCTBA ) | ] >
=1

k
> > yf upu o9 < Yp—9. Vam, yunroBas coornomenus (8) u (9),
=1

k k
S @it (mn—ze)e =Y i+ W — Yt + Wnot — Yr-1)4 -
i=1 i=1

MomHOXuM Ha 6, IEpeHeceM CyMMY Y ¥; B JEBYIO YaCThb, BOCIOAL3YEMCS COOT-
HomerueM (7) U 3amuimeM PasHOCTH T — Ly, Yk — Yn U Yk—1 — Yn—1 C TOMOIIBIO
amncen a;. POBHO K TaKOMy ke pPe3yIbTaTy MOXHO IPUUTH, €CIA CIOKHATH TPH
HEPABEHCTBA, JErKO MONYYaeMbIX U3 CBOUCTB ()4 :
2(ag — agt2) +2(a1 + ap — ap — agg1)4 =
> 2(an + a1 +ay — ag — a1 — Gp42) 4,
a; — agy1 = (@1 — agq1) + (@1 +ap —ap—1 —ag); =
> (ap—1+ an+ a1 — ag—1 — af — Qpt1)+
(an + a1 — ar — ag+1)+ = (ap+a1—ag—ag+1)+ + (ap—1—ak—1)+
> (ap—1 +ap+ a1 —ag—1 — g — Ag41)+ -

MoHronbCcKOe HEPABEHCTBO TOKA3aHO. ]

[IPUMEP 1. AHaIOrm<HO A/1d BOTHYTOH (DyHKIWHE /T 13 HepaBeHcTBa Ka-
paMaThbl AJaA HOJOXUTEIBHBIX 9UCEI 41, (2, ..., (p, YAOBICTBOPAKIINX YCJIO-
BUIO Q] 2> G2 2> ... 2= Qp, CIEyeT HEPABEHCTBO

a1 +a as +a an +a
1 2_|_ 2 3_|_+ n 1<
2 2 2
a1 + a2 +as as + az + a4 an + a1 + a2
<\/ 3 +\/ 3 +...+,/"f.
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IIPUMEP 2. Tak Xe MOXHO TMOKa3aTh, YTO AJd MOMOXKUTEILHBIX THUCEN ¢,
b u c mumeeT MeCTO HEPABEHCTBO

Va2 +4b+ Vb2 +dc+ 1/ +4a > Va2 +4da + Vb2 + 4b + /2 + de.

§4.IﬁHTEFPAﬂbHOE,HOKABATEHBCTBO MOHI'OJILCKOI'O HEPABEHCTBA

Byaem ucmonbzoBaTs obosnadenua npeabiayiiero naparpada. Ham Tpe-
OyeTcsa MOKa3aThb, ITO

Iny; +lnys +...+1lny, > Inxy +lnze + ... +Inz,.

[Tepenecem Inzy B J€BYIO YaCTh W BOCHOMB3YyEMCA MHTErPAJBHBIM MPEICTA-

BaenmeM Jorapudma Inb —Ilnag = b d—x:
a
Y1 Yn
(Inyy —lnzy) +...+ (Iny, —Inz,) = df—k...%— d—;}(). (10)
1 Tn
b da ¢ dx b
34ech, B CIydae, Korjaa a > b, MBI HOJaraeMm af; = — bf — UrTerpan &f;

PABEH ILIOIMIAAN, 3AKAIOYUECHHON MEXIY BEPTUKAILHBIMEA TIPAMBIMA Y = G U
y = b, pacnonoxennon Mexay runepboson y = 1/x u ocsio Oz. Ha pucynke,
IIOMIA, A, CIUTAEMBIE CO 3HAKOM «+», 3alITPUXOBAHBI CBEPXY-HATPaBO NY , a
CUMTAaEMBIE CO 3HAKOM «—» 3aIITPHUXOBAHBI CBEPXY-HATEBO 7. Haa xpaTko-
CTH B HEPBOM CIy€ae OTPE30K [a,b] OyneM HA3BIBATH MOJOKUTEALHBIM, & BO
BTOPOM CIyYae — OTPUIATETHLHBIM.

Tp—1 Ys Yn—1 T3 Y2 T2 Y x1
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3aMeTuM, 9T0 u3 ycaoBuA (4) caeayer, ITO CyMMapHAs IJIWHA IOJOXKU-
TEIBHBIX OTPE3KOB PaBHA CyMMApPHOW [IJIWHE OTPUNATENLHBIX. VI3 HEPABEHCTB
(5) u (6) sakmovaem, 9TO OTpE3KM [y1,Z1], [y2,%2], ..., [Yn—2,Tn_2] oTPH-
ATENbHBI U He TmepecekaioTca. CTano ObITh, MOJOXUATEILHBIMA MOTYT OBITD
TOJABKO OTPE3KU [Tn_1,Yn—1] U [Tpn,Yn|. 3HAUMT, UX 0OIEe YUCIO PaBHO 1
wim 2.

1. IlycTh MOMOXUTENLHBIN OTPE30K POBHO OAWH. JIEBHIM KOHEI] MOJIOXKU-
TEALHOT'0 OTPE3Ka PACIONOKEH JeBee OCTAILHBIX OTPE3KOB, 00 L) = Ty U
Yk = Tp—1 upu Beex k < n. Iockoabky dyHkumsa 1/x MOHOTOHHO y6bIBaeT,
TO ABUXKEHWE OTPHUIATEILHOTNO OTPE3KA [y, Tk| BAEBO TONBKO YBEAUTHUBACT

ap,

mHTErpan | df, KOTOPBLIM MBI GE€peM CO 3HAKOM «—». 1103TOMy mpm TakoMm
Y

JNBVDKEHUM MBI JUIIL YMEHBIIAEM JEBYI0 9acTh HepasencTsa (10). Korga mbr

CABHHEM BCE OTPUIATEIbHBEIEC OTPE3KW BIPABO, OHH B TOTHOCTH YMECTATCA

6€3 HATOXEHUU B MOMOXAUTEILHOM OTPE3Ke [Ty_1,Yn—1], OO AIMHA MOJOKA-

TEJIBHOTO OTPE3KA PABHA CYMMAPHOU IJIUHE OTpUlaTeabHbIX. CleioBaTenbHo,

CyMMa MHTETrPAJOB MO CABUHYTLIM OTPE3KAM PABHA HYMIIO WM, 3HAYMHAT, CyMMAa

HCXOMHBIX WHTETPAJIOB HEOTPUIATEILHA.

2. TlycTh MONOKUTEABHBIX OTPE3KOB POBHO ABa. [IO0CKOABKY OTpUITATENH-
HbIE OTPE3KM HE TMEPECeKaloTCA, HaM AOCTATOYHO TOKA3aTh, 9TO, NBUATAA
OTPHUIATEILHLIE OTPE3KH BICBO, MBI CMOXEM YMECTUTb UX B ABYX MOJOXKMH-
TenbHBIX. [[15 5TOro BCe OTPE3KM, YMEAWINECS B OTPE3Ke [Ty, Ypl, MBI 1O-
MECTHM B HEro, a OCTAJbHBIE [IOABUHEM €Ille JeBee B OTPE3OK [Ty_1,Yn—1]. I1pu
BTOM, BO3MOXHO, OWH W3 OTPUIATEILHBEIX OTPE3KOB MPUACTCA Pa3IeIATh
Ha JBe 9acTU. Bce OTpHMIATENbHLIE OTPE3KH JEXKAT MPABEE Ty 1, MOBTOMY
AOCTATOYHO OPOBEPUTH, 9YTO CyYMMapHasad MAJIWHA OTPUIATEIBHBIX OTPE3KOB,
JEXKAIAX TPABEE Ty, He MEHBIIE UeM INHA O0TPe3Ka [Ip,y,|. B sTom cay-
9ae CABUTAMF BIEBO OTPUIATENLHLIX OTPE3KOB, JEXKAIWX IPABEe TOUKA Ty,
YOACTCA HAKPBITH OTPE3OK [Ty, Yn| «0€3 MyCTOT», a B CHIY PABEHCTBA CYyMM
JJIWH ITOJMOXKUTENBbHBIX Y OTPUIOATEABHBIX OTPE3KOB OCTAaBUHINECA OTPUIIATEIb-
HBIE OTPE3KU B TOYHOCTU YMECTATCA B OTPE3KE [Tp_1,Yn—1].

____________ -« —_—————= - - -
Tp-1 Yn—-1 Yk Ti Tn Ye—1  Yn Tk—1 Y2 T2 Y1 T1
e Ee———" € ——————>_ __ _———— - -

Tn—1 Yn—-1 Yk Tn Tk Yn Yk—1 Tk-1 Y2 T2 Y Ty

Mycrs yi < T < Yk—1, B OTOM Caydae BCe OTPe3Ku [yi, T1], [y2, T2, ..,
[Yk—1, Tk—1] T€KAT OPABEE TOUKM Ty,. TaKkkKe, BOIMOKHO, IPABEE TOUKY Ty, J€-
XKUT IaCTh OTPE3KA [Yk, Tk|, AIUHA 3TOU 9aCTU PABHA (Tf — Ty )4 (MBI CIMTAEM
JJIWHY PABHOM HYJIO, ECIM TAKOW IaCTU HET). YOEeAUMCA B TOM, 9TO, CABUTASL
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BJIEBO 5TU OTPE3KU, MBI CMOXEM HAKPHITH OTPE30K [, Yp]. [Jast sToro mocra-
TOYHO IIPOBEPUTH, ITO

(1 —y1) + (2 —v2) + ...+ (The1 — Yh—1) + (Th — Zp)4+ = Yn — Zn.
[Mocregmee momydaeTcsa ¢ MOMOLIBIO MPUMEHEHUs COOTHOImeHusA (7) K cyMMe
HEPABEHCTB
+ 2 (ak _an)+ 2 0,
(ag + ag41 — ap — a1)+ = Gk + Gg41 — an — a1,
(ag + ag41 —ap —ay)y =0

ay — ag+1 + (ag + agr1 — an — ay)

Takum 00pas3oM, u B CIyUae, KOUJa HUMEEeTCA ABA HOJOXUTEILHLIX OTPE3Ka,
CIIBUTAA BJIEBO OTPHUIATETHLHBIE OTPE3KM, MOXHO YMECTUTH mX 0e3 HaJoXKe-
HI/H?I B IIOJOXKUTEIBHBIX OTPE3KaX. CyMMa MHTErpaJoB 110 CrZ[BI/IHyTbIM oTpes-
KaM PaBHa HYJIIO0 ¥, 3HAYAT, CYMMa MCXOAHLIX MHTErPAIOB HEOTPHUIATEILHA.
HepasencTBo mokasamo. ]

3AMEYAHUE. HemuOro mMoaudunuponas paccyxjeHne C ILIOIAaJAMM,
MOXHO TOKA3aTh U HEPaBeHCTBO KapaMaThl mia BHIMyKIou audepeHnupye-
Mol (pYHKITUH.

§5. HE TOJIbKO MOHT'OJIbCKOE HEPABEHCTBO

HepasencTBo, ¢ KOTOPOTO MBI HAYAIN W3JI0XKEHUE, TTIOPOXKIAET P BOIPO-
coB. Hanpumep, npu Kakux 1 MOXHO 000UTHUCEH 6€3 YCIOBUS YIOPAIOICHHOCTH
YqUCcen ay, a3, ..., Gp WA HACKOIBKO HYXKHO YBEIXUUTh MPABYIO 9aCTh, 9TOOBI
HepaBeHCTBO (1) mmeno mecTo Ge3 yeaosus yunopsagodennoctu. [lonpobyem B
HEKOTOPBIX CIyYaAX OTBETUTDH HA DTU Bompochl. /laa ymobcTBa Gymem mosa-
raTh Gpif = Qk.

1. llpu n = 3 HepaBEeHCTBO CAEAyeT U3 HEPABEHCTBA O CPETHUX [JA TUCET

1 1 1
5(&1 + ag), 5(@2 + ag) n 5(&3 + al).

2. [lokaxeM HEPABEHCTBO MPHU 1 = 5. 3aMETHUM, ITO [ MOJTOKUTEALHBIX
T U Y, YAOBJIETBOPAIOIINUX YCIOBUIO T + ¢y < 1 mMeeT MeCTO HEpaBEHCTBO

<§_1>(§_1>>(ﬁ_1>' (11)

B wactHOCTH, DyHKIMa f(z) = In <l — 1) BeImyKJaIa Ha oTpeske (0,1/2].
T

Ilomoxum S = a1+as+...+as. Torga nokasbiBaeMOe HEPABEHCTBO MOXHO
nepenucaTsb B BU/C

5
= )G )G )= 6)
al + a9 as + as as + ay 2
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ap + ag41 + k42 + QK43

S S
K mapaMm CKOOOK, MAYIINM 4Yepe3 OHY:

s N (s )
ap + ap+1 Ggy2 + Of+3

25 2 25 2
> —1 =(=-—-1] .
ag + ag41 + apro +agys S—ag_1

Taxum 06pa3oM, JOCTATOTHO MIPOBEPUTH HEPABEHCTBO

2 2 2 5
e )G ) Ga1)z6)
S —aq S —as S —as 2 ’
ABIAIOMIEECH CIEJCTBAEM HEPABEHCTBA VeHceHa mua (yHKmmm f(x) m wmcen
S — af
25
3. [lepenuuiem mepasencTso (1) B BUIE

< 1, mepaserncTio (11) MOXHO TpUMEHUTH

ITockonbky

a1 taz+az ax+az+as an + a1 + a2 >>\n7 (12)
ai + as as + as an + a1
rge A = 3/2.
IIpu n, ormuanom ot 3 u 5, HepaBeHcTBo (12) ¢ A = 3/2 He umeeT MmecTa.
[Mokaxem »To. Ilpeanmonoxvm cuadana, aTo n = 2m. Bosemem a; = a3 =
.=agm-1 =1umas =a4 =... = agy, = a. B aTom cayuae nepasencTso (12)

TIpUMET BHU[
<2+a)m (1+2a)m S A2 — (§)2m.
1+4+a 1+4+a 2
WzBnedem kopeHsb m-u cTenenu u nepeunjem K npegeay npu ¢ — 0, moaydum
9
2.1> ) = 7+ ITO HEBEpHO. CrenoBaTeabHO, IPU YETHBIX 1 HEPABeHCTBO (12)
¢ A > /2 He MOXeT GBITH BHITIOIHEHO A BCEX HAGOPOB {ay }.

Ilycte nanee n =2m + 1. BospMeM a] = a3 = ... = agm—1 = Aomy1 =1 1
ay =a4 =...= agy, = a. B oTom cayuae vepasencTso (12) mpumer Bup

()" () (5 == ()"
l+a l+a 2 )7 2 ’
Mepexoasa x npegeny npu a — 0, momyamm 2™ L. 1™ > A\2m = (3/2)2™ qr0

HeBepHO nipu m > 2. CregoBaTensHO, Mpu HEYETHBIX N > 5 HepaseHCTBO (12)
¢ A = 3/2 He MOXeT OBITH BHINOJIHEHO.

4. IokaxeM, 9To mpu A = /2 HepaBeHCTBO (12) BBIDOMHEHO M BCEX M.
BosBegem HepaBeHCTBO B KBaApPAT. 3AMETUM, UTO
(ak—1 + ag + ags1)(ag + aks1 + agt2) =
> (ak + akg1)(ak—1 + ag + ap1 + apt2) >

= 2\ ak—1 + ag (ar + ag1)\/ak+1 + agyo
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(omA mOKa3aTenbCTBA MEPBOI'O HEPABEHCTBA NOCTATOYHO PACKPHITH CKOOKH,
BTOPOE HEPABEHCTBO — DTO HEPABEHCTBO O CPEAHUX MaA AByX umcen). [Ipu-
MEH:AsA DTO HEPABEHCTBO /A BCexX k, moay4uaeMm Tpebyemoe.

Kak MBI ycTaHOBWIM, IpM Y€THBIX N HepaBeHCTBO (12) maa A > V2 me
MMeeT MecTa, MOITOMY HAMOOJbIIee BOSMOXKHOE \ PaBHO /2. [l HedeTHHIX
n HambomIbInee A, M KOTOPOTO BBIIOIHEHO HepaBeHCTBO (12), aBTopy Hems-
BECTHO.

5. Ecan nepenucats HepaseHcTBO (12) B BUIE

(1+“—3)(1+“—4)...<1+“—2)>A", (13)
a] + as as + as an + a1

TO OHO CTAHET MYJbTUIIMKATUBHBIM AHAJOIOM HEDPABEHCTBA IMTamupo [17}:
asz a4 as n

+ +...+— > 14

ai + a2 as + as an+a1/2 ( )

Wcropums 5TOr0 HepaBeHCTBA MOMYJAPHO PACCKA3aHA B cTaThe KypJsHrdn-
ka u Panbycosuda [3], a UCUEPHBIBAIOUIYI0O MHPOPMAIMIO MOXHO HAUTU B
crarbiax Kmayswmara [9] uw @uuka [10]. OTMeTnM, 9TO CXOLCTBO MEXAYy He-
pasencTBamu (13) u (14) me Tonbko BHemHee. Hepasencrso Ilanupo rakxe
CIOpaBeNInBO TOJBKO IIPU YCIOBUMW MOHOTOHHOCTHW YHCEI A1, A2, ..., Up. Be3
TPETONOKEHNA MOHOTOHHOCTH HepaBeHCTBO [[lanupo okaswbIBaeTCsa BEPHLIM
aums npu 1 = 3, 4, ..., 13, 15, 17, 19, 21 u 23, ana ocTamibHBIX N OHO He-
BepHO. [Ipuadens [2] ycTaHOBWI, 9TO HEPABEHCTBO OyAeT COPABEAIUBO IPH
BCEX M, ecau B aeBou wacTu n/2 3amenuTsh Ha 0,494 /n. Hoanbm cumcok n,
[ KOTOPLIX HEPABEHCTBO BHIMTOAHEHO, YAAJIOCH YCTAHOBATE TOIBKO Hepes 35
JaeT mocae nossienus 3agadu B “The American Mathematical Monthly”. 3a
5TO BpeMs BHILIO Gosee 30 cTaTen, MOCBAMIEHHBIX HTOMY HepaBeHCTBY. Ho m
37IECH €IIle He MOCTABICHLI BCEe TOYKM HAT i.

3aMHTEPECOBABIIAMCA TUTATEIAM MPEIIATaeM MOPA3MBINLIATEL HA HEPa-

BEHCTBOM
<1 st ) <1 ot ) (1+ ot ) > (1+8)"2
ar +as az + ag an +ai

WNuTepecHo ycTaHOBUTD, IPU KAKUX N ¥ ¢ OHO BLHINOTHEHO AJIA YIOPAJOYUEHHBIX
HAOOPOB G1 = G = ... 2 Gp ¥ IIPHA KAKUX N ¥ ¢ JJd TPOU3BOJBHBEIX HAOOPOB
a1, G, ..., Gp. OTMeTnM, aTo Tpu ¢ = 1 510 HepaserncTBo (13) ¢ A = /2, a
KO>(ppunmeHT npu t — HepaBeHcTBO [llamupo.

§6. 3AKJIIOYEHUE

Bce mepaBeHCcTBa, 0 KOTOPBIX ILIA PEYb, ABIAKTCA HUKIUIECKUMU, T. €.
OHU HE U3MEHAIOTCA NPU LUKINIECKOU IEPECTAHOBKE MEPEMEHHBIX. Takue
HepPaBEHCTBA OOLIYHO ABIAIOTCA TOCTATOUHO HPOCTLIMU, €CIM KaXA0€ ClIa-
raeMoe Wi¥ MHOXWUTEIb 3aBUCHAT JUIIL OT OfHOU nepeMenHon. QcrajibHbIe
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MUKIWIECKAE HEPABEHCTBA B OOJBIIMHCTBE CIYyTaeB OKA3BIBAIOTCA <IPE3BLI-
9auHO CJAOXHBIMU. [JOBOJIBHO MOIIHBIE METOABI MX JOKA3ATENALCTBA AAET Te-
OpWA MaXKOPU3AIWMW W, B YACTHOCTH, HEPABEHCTBO KapaMaTbl, HO 9acTO |
BTHUX METOAOB OKA3BIBACTCA HENOCTATOIHO. HeKOTOpLIE aApyrue crmocoOBl m0-
Ka3aTeabCTBa TUKINICCKAX HEPABEHCTB MOXHO HAUTH B O9C€Hb PEIKON KHUTE
IOTOCIaBCKUX MaTeMaTukoB MurpuaoBuya n [lewapuua [14].

o N o ot

S S A=A
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Teopema Jlesu — Il Tennumna

JTa TeopeMa, 0600IIAIOMAA XOPOIIO U3BECTHYIO TEOPEMY Pumanal) o me-

PECTAHOBKAX YCIOBHO CXOANINXCA GUCIOBBIX PAIOB, MABHO U YCIEIIHO OBITY-
€T B MAaTEMATUICCKOM (l)OJIBKJIOpe, 3a9aCTYIO IO HEMPABUJABHBIM Ha3BAHUEM
«(MHOTOMEPHOU TeopeMbl PumManas.

[l mocaeqoBATENBEHOCTEN U PAJOB, COCTABIEHHBIX U3 BEKTOPOB €BKJIU-
[IOBa TIPOCTPAHCTBA, TMOHATHAA TPEIea MOCASOBATEALHOCTH, A0COMIOTHON 1
YCIOBHOU CXOMUMOCTH PAMAA OMPEAEIAIOTCA AHAIOTUYHO YUCIOBOMY CIYIAIO C
3aMEHOU MOJIYJIA YMCIa HA MinHy BekTopa. Cama xe TeopemMa popMyImpyeTca
CIeyIIUM 06pa3oMm:

MHO)KGCTBO CyMM, TOJYYECHHBIX B DPE3YyJbTaTe BCEBO3MOXHBIX
IIePECTAHOBOK PAJla W3 BEKTOPOB €BKJIMAOBA IPOCTPAHCTBA, €CTh
aubo mycToe MHOXECTBO, aub0o addumaHOEe MHOTOOOpa3me.

ApPunnoe mmoeoobpasue — 1o Takoe moamuoxecTBo R%, KoTOpoe BMecTe ¢
JIOOBIMEU IBYMSA PA3JXYHBIMYU TOIKAMU COAEPEKUT BCIO MPAMYIO, TTPOXO ALY IO
gepes 5T TOYKHU. AddpurHOE MHOr00Opasue umeet Bul v+ L, e v — HEKOTO-
PHIT BEKTOpP, & L — TMpOU3BOALHOE IMHEHHOE TOATPOCTPAHCTRO. B dacTHOM
CIy<dae KOMILIEKCHBIX PSA0B, MHOXECTBOM CYMM IIE€PECTAHOBOK OyaeT aubo
IIyCTOE MHOXECTBO, MO0 TOYKa, MO0 MpAMad, TuOO0 BCA MIOCKOCTh.

Kax ykasano B ctaTne II. Poserrans? sra TeopeMa ObLTa BIEPBLIE TOKA-
zana II. Jlesu B 1905 ro;;yg). B 1913 r., I reitann®) 00HapYXWUI HETOTHOCTE B
nokazaTenbecTBe JleBu. OH JOTOMHUA JOKA3ATENLCTBO JleBu, a Takxke mpuBel
COBEPIIEHHO WHOU IIOLXO.

Hwuxe MBI mpuBO UM [BE 3aMETKU, B KOTOPHIX IPUBOAATCA PA3IUIHBIE 10~
Ka3aTerscTBa DTOU Teopembl. [leproe us vux, npennoxennoe A. Kycrapessim,
OCHOBAHO HA, M3YYEHWM CBOUCTB TEPECTAHOBOK KOHEUHBIE CYMM BEKTOPOB.
ITO [OKA3ATEIBCTBO, MAEUHO OIM3KOE K [IOKA3ATEABLCTBY, MPUBOAUMOMY B
ynoMmsinyTou cratke 1. PozenTans, npencrasiserca HanboJee HATJIAIHBIM U

Y Cu., manpumep, @uxrenroasn I M. Kype 1uddepeHIMaIbHOr0 I HHTETPAIBHOIO HC-
qucrenusa. B 3-a T. T. 2. M.: Hayka, ®usmaranr, 1966. C. 316.

»Rosenthal P. The remarkable theorem of Lévy and Steinitz // Amer. Math. Monthly,
1987. Vol. 94, no 4. P. 342-351.

$Lévy P. Sur les séries semi-convergents // Nouv. Ann. de Math., 1905. V. 64. P. 506-511.

“Steinitz E. Bedingt Konvergente Reihen and Konvexe Systeme // J. fur Math., 1913.
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164 A. U. Xpabpos

sreMeHTapHLIM. BTopoe mokasaTennbcTso, Hangennoe V. A, VpamosriM, He uc-
MOJIB3YeT MHAYKIKAU 10 PA3MEPHOCTH TPOCTPAHCTBA, (HO UCHOIb3yeT TEOPEMY
Pumana o nepecranoBkax 9ucaoBbix pagos). Oro 06006maeT [0Ka3aTeaLCTBO,
npuBegennoe B xuure 1. [lomma u I Ceré® mua CIytas IepecTaHOBOK KOM-
ILUIEKCHBIX PAMOB. BOsHE BO3MOXHO, ITO 5TO — CAMOE KOPOTKOE W3 M3BECT-
HBIX A0Ka3aTenabcTB TeopeMbl Jlesu — [llTennuna.

DMomma ., Cere . Bagaum u Teopemsl w3 amammsa. B 2-¢ 7. T. I. M.: Hayxa, 1978.
C. 119, 308.
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OrpaHuveHns KOHETHBIX BEKTOPHBIX CYMM 1
noKazaTerbCTBO TeopeMbl JleBn — [Tennna

A. A. Kycrapés

[loka3zaTeasCTBO, KOTOPOE MbI IIPUBENEM, XOTA U OTINIAETCA OT NOKA3a-
renbcTBa Tenmuna mocTpoeHneM u GOPMOR, HO CYIIECTBEHHO UCIOABL3YET
€0 OCHOBHYIO JIEMMY, HHTEPECHYIO U caMy IIo cefe.

JIEMMA IIITEAHUTA. Cywecmeyem makas kowcmanma Cyg, umo aroboe
CKOAb Y200H0 60abUWOE, HO KOHEUHOE, MHOHCECMBo 6ekmopos 8 RY, daumna
Komopuix ne npesocxodum £, a cymma pasua 0, MONHCHO YNOPAIOUUMD MAK,
YmMoObbl dauna cymmbl nepsvir k sexmopos das a06020 k ne npesviwana Cye.

ApyruMm cioBaMm, IEPECTABIAA ClaraeMble B 1I000M KOHETHOM IpeNCTaBIIe-
HUY HYJS CyMMOU BEKTOPOB JJUHBI HE 6oabine 1, MOXHO HO0OUTHCA TOrO, 4TO-
OBI BCE YACTUTHBIE CYMMBI HE MPEBOCXO U TI0 JINHE HEKOTOPOU KOHCTAHTHI,
BABUCAILIEN OT PA3MEPHOCTH, HO HE OT UUCAA CAATAEMBIX.

[loka3aTeabCTBO DTON JeMMBI OyeT OTAMYIATHCA OT TOTO, KOTOPOE Iaa
caM ITennn.

B ogmomepnom caydae gemma IllTennuna nourn ovesnana. Hyxmoe ymo-
PALOTIEHTE TIONYIaeTCA NHAYKTUBHO. BribepeM mepBoe craraeMoe IpOou3BOIb-
HO, a jlajiee BBIOMPAeM KaX10€ CIeYIoNee CIaraeMoe o IIPABUIY: €CIN TEKY-
masd YacTUTHAA CYMMa HOJOXUTENbHA, TO BLHIOMpaeM Ja000e U3 OCTABIINXCA
OTPUIATEIBLHBIX CIArAeMbIX, X HA000pOT. PABEHCTBO HYIIO BCEU CyMMBI BEK-
TOPOB MapaHTUPYET BO3MOXHOCTBH TAKOI'O YIOPAAOYEHUA. ICHO Takxke, 4TO
HY OJTHA M3 YACTUIHBIX CYMM [0 MO/YJO HE IPEBOCXOANT MAKCUMYyMa MOYJIA
craraemeix. Takum o6pasom, C = 1.

Mur gokaxem gevmy [llTenHuna nHAYKINEH MO Pa3MEPHOCTH TPOCTPAH-
cTBa. IHAYKTUBHBIN Tepexo 1 OyAeT NCIOIB30BATE ele nBa (hakTa O mepecTa-
HOBKaX KOHETHLIX CYMM BEKTOPOB. MuI chopmyaupyem 3Tu paKThHl, TOBOPS He
0 CyMMAaX BEKTOPOB, a O JOMAHBIX ¢ KOHETHLIM UHCJIOM 3BeHBEB. [lokazaTens-
CTBO TIEPBOU JEMMBI MCIOJAB3yeT JeMMy Ll Terrnna B MeHBIIEH Pa3sMEPHOCTH.

JEMMA 1. Iycmbs A — nauaio aomanoti 6 R ¢ komeunvim wucaom 36e-
HbeB8 U MOKCUMAALHOT daunoti 36ena £, a B — ee woney. Toada moscno max
NEPeCMasumy 36€HbA AOMGHOT, MO PACCTNOARUE 0M #1000T BEPULUHBL NO-
AYUEHHOT aomanoti do npamoti AB we npesviuianso Nge, 2de Ny — xoncman-
ma, 3a8UCAWAHA MOALKO 0M Pa3meprocmuy d.
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Puc. 1. IlepecTaroBka, onucaHHad B JeMMme 1

TOKA3ATEJBCTBO. CnpoeKTpreM JOMAaHYIO Ha I'HMIIEPILIOCKOCTH, OPTO-
ronanbuyio AB. Torga Touku A m B neperayT B Kakyio-To onuy Touky C Ha
STOU TUIEPILIOCKOCTH, KOTOPaA TaKke OyJeT BEePIIMHON JOMAHOU-IPOEKIINH.
ITo remme Mrennuna gaa pasmepHOCTH d — 1 MOXHO TaK IIEPECTABUTEH 3BEHbA
DTOU JOMaHOU, 9T0 paccTosuune oT C' 10 J0O0U BEPIIUHBI TIEPECTABICHHON JIO-
MaHou OyaeT He mpeBbimaTh Cy_1£. Torga coOTBETCTBYIOMAA TEPECTAHOBKA
ucxonuon gomanon B RY u Gyger mckomoin. [lna xoncranTel Ny mOMydaem
omenky: Ng < Cy_1.

JIEMMA 2. IIycmo somanas ydosaemeopaem ycaosuio aemmvr 1 (paccmo-
anus om scex sepuun 0o npamot AB menvue Nye) u donoanumesvrno ycio-
suto |A — B| > 2e. Toeda moxcno max nepecmasums 36enba 3moti 40manot,
UMO HEKOMOPLIL HAUAALHBIT KYCOK NOAYUEHHOU NOCAE NEPECMAHOBKY A0MA-
noti om A do nexomopoti sepwunst C' ydosaemaopsem 08Ym Yca08usm:

> |B—C|<2eVN2+1;

> PACCMOAHUSL OM BePULUN A0MaHOU, pacnosoxcennuir mexncdy A u C, do
ompeaxa AB we npesoczodam £(Ng+ /N7 + 1).

JTOKA3BATEJBLCTBO. [lokaxem, 9T0 MOXHO TaK BHIOPATH YaCTh UCXOJHOU
JIOMAHOW, HAMUHAOMYIOCA B Bepuuie C'4 1 3aKaHIUBAONIYoCa B Bepmuie Cp,
9TO!

> paccroarmusa ot Cy g0 A n or Cp g0 B me npesocxoaar v/ N2 + 1,

> mpoeknum Ha mpAMyio AB Bcex sepmun somanou mexay C4 u Cp aexaT
ma oTpeske AB.

3aHyMepyeM BEpIIMHBI JOMAHOU B mopsaake nsuxenus or A k B. Bynem
CcYUTaAThH, YTO TOYKA A jgexur «ieeer Touku B Ha npavou AB. Brigenum
MHOXECTBO BEPINUH, MPOEKINN KOTOPHIX JexaT caesa oT A. B mem mumeercs
BepUIMHA ¢ HAUOOABIIAM HOMEPOM. [IpoeKnus Creayromen 3a HEW BEPIIUHBI
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Dy

Dpg

Puc. 2. Brijenenne NpaBHILHOA IACTH

OymeT yXke JeXaTh COpaBa OT TOUkM A. ITa ciaeayomad u OyLeT BepInu-
uvou C'4. Ilpm 5TOM paccTosHme OT ee MPOeKIUK 10 TOYKu A MeHbiie £ (Tak
KAaK TpeabIylas BepmmHa dexuT crieBa or A) m paccrosaume ot C4 10 ee
npoekuuu Menbine Nge (no yemosuio). CregosaTensno, paccrosuaue ot C4 00

Bepumuael A menvime €y/ N7 + 1. Amanoruuso onpegemum Touky Cp, BHIOU-

pasd BepIIMHY, MPEABIAYIIYIO TOW, KOTOPAA UMEET HAUMEHBIINA HOMED CpeIn

naexammx npasee B. Ycaosue |B — A| > 2e rapanTtupyert, uto Cp # Cy4.
Ecam mepecTaBuTh BBEIIETEHHYIO 9aCTh JOMAHOU B HAUAI0 (TOuky A), TO

ee KOHeIl OyleT HAXOAWTHCA HA PACCTOAHUM He O0abIne 264/ Ng + 1 ot Bep-
umasl B. Paccrosnaue mo orpeska AB mpu Takou nepecTaHOBKE yBEIUIUTCS

He OoJiee 9eM Ha 5\/N3 + 1.

Iocregosarenpbuoe npuMeHnenue JeMM 1 U 2 K HEKOTOPOU JOMaHOHU, Pac-
CTOSHUE MEXY HAYAJIOM U KOHIIOM KOTOPOU MPEBOCXOAUT 2¢, NAET TaKYIO
MEePECTAHOBKY BEPIIWH, 9TO B JOMAHOU, MOJYUIEHHOU B PE3YILTATE TEPECTa-
HOBKWU, €CTh HENYCTAS NPGEUALHASL 9ACThH — TAKOU HAYAMBHBIN KYCOK JOMA-
HOU, KOTOPBIU yAOBJIETBOPAET YyTBEPKJACHUIO JEMMBI 2.

[OKABATEJHBCTBO JEMMBI IIITENHUIIA

Ecau cymMa BeKTOPOB paBHA HYJIIO, TO IaCTUIHBIE CYMMBI ABIAIOTCI BEP-
MIMHAMY 3AMKHYTOW JOMAHOU C JJIWHOW 3BeHA He Goublne €. bes orpanuvenns
OOIIHOCTH CYATAEM HUXKE, ITO € = | ¥ YTO HAYAIbHAS BEPUIMHA JOMAHOU
COBHAJAET C HAYAJIOM KOODAWHAT. BymeM mMOKa3bIBATBH, ITO

Ca<Ng+3VNZ+1+1.

3aHyMepyeM BepIIUHBI JOMAHOU B MOpAAKe 00xona. OmuineM mepecTaHoB-
Ky 3BEHLEB JOMAHOM, KOTOpad OyAeT yAOBICTBOPATEL JeMmme lllTenmuma. Boi-
OepeM B JIOMAHOU BEPIIMHY | ¢ HAUMEHBITUM HOMEDPOM, IS KOTOPOU

2VN+1<|Bi|<1+2VNj+1 (1)

(ecnm TakoW BEPIIVMHBI HEe HAUIETCA, TO BCE BEPIIUHBI JEXKAT B 2\/N3 + 1-
okpectrOCTH TOUYKU A). 3BeHbs, cToamme 10 B, ocrasum 6e3 namenenus. B
OCTABIIENCA TACTU JOMAHOU TEPECTABAM 3BEHBSA TaK, ITOOLI BLIAEIUTH MPa-
BUJIBHYIO 9aCTh, KOTOPAS 3aKAHIUBACTCA B Bepmmae By. Byjaem npomonxkars
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BEIIEIEHUE TTPABUILHLIX YACTEN U3 OCTATKA JOMAHOU. Keau Ha KAKOM-TO Ia-
re noay4aem BepmuHy By Takyio, uro |Bi| < 2, To npogonkaeMm JOMaHYO
[IPOM3BONBHBIMY 3BEHBAMM /10 TEX IMIOP, TIOKA HE MONyYnM BepinHy By 1, ya0-
BreTBOpsmomyio (1).

U3 memmbl 2 caegyeT, ITO PACCTOAHUE OT JIOGON BEPIIUHEI, TTOAYIEHHON B
pe3yIbTATE TAKOTO MPOIECCa, A0 TOYKA A He MPEeBOCXOAUT

1+2VN;+1+4 (Ng+ VN +1) = Ng+3VNj +1+ 1.

[JOKA3ATEJHBCTBO TEOPEMBI JIEBU — [II TENHUITA

[nsa moxasaTenbcTBa ap@UHHOCTH MHOXKECTBA CYMM IEPECTAHOBOK HEKO-
TOPOrO PALA TOCTATOYHO IPOBEPUTD, ITO €CJAU €CTh ABE PABMAIHBIC TOIKH —
CYMMBI IIEpECTAHOBOK PsAa, TO W BCA NPAMAasg, TPOXOAAMAA Yepe3 dTH TOU-
KU, BXOAUT BO MHOXECTBO CYMM IIepecTaHOBOK paga. [lockoabky TpyaHOCTD
MPEACTABIAET TOABKO CIyYall YCIOBHO CXOAAMIErOCS Psja, cauTaeM 0e3 orpa-
HUYeHUA OOIHOCTH, 9TO AAWHA o0mero 4ieHa crpeMuTca K 0.

Bo Beex ganpHeNIIMX PAcCyXAEHUAX Tojaraem e, = 1/2".

llokazaTeasCTBO TPOBEEM B ABa dTana. Buadane, mpumenss aemmy [ ren-
HUTIA, 3aMEeHUM CYMMEHI IPeJeIbHBIMI TOYKAMN MHOXECTBA IACTUIHBIX CYMM

paza.

JIEMMA 3. Ecau A — npedeavhnas moura MHONCCCMEQ UACTNUNHIL CYMM
HEKOMOP020 Pada, Mo Hatidemcs MaKxas NEPECMARO6KA 3020 PAda, 044 KO-
mopoti A — cymma.

[IOKA3ATEALCTBO. IlycTs S, — "9acTudHas CyMMa pAa, JeXaNaa B €y-
okpectaocTu A. /11 Kax)moro n pacCMOTPUM JOMAHYIO, BEAYUIYIO U3 S, B
Sp+1, ¥ JIOTIOTHUM €€ NBYMA BCIIOMOTATEIbHBIMU BeKTOpamm: u3 A B S, un u3
Sp+1 B A. Homyunm 3aMKHYTYO JOMAHYIO, Y KOTOPOM A — HAYATIO M KOHEIT
OJHOBPEMEHHO, a4 MAKCUMAJILHAA [IWHA 3BEHA HTOU JOMAHOU £, CTPEMUTCA
x 0 mpu n — oo.

[Ipumenum k Takon gomanon ademMMmy llTennuiia, mMOAydIMM TaKyo mepe-
CTAHOBKY, YTO PACCTOSHUA OT BEPIIMH MEPECTABICHHOU JOMAHOU 10 A He
npeBocxomAT £, Cy. Y IanmM BCIIOMOTATENbHBIE BEKTOPA U3 DTOU MEPECTAHOB-
ku. [TonyuuM HE3aMKHYTYIO JOMAHYIO, PACCTOAHUA OT BEPIIMH KOTOpou g0 A
ne npesocxogat £, Cy + 2e, — 0 npu n — oo.

[lanee mpeamonaraeM, ITO €CTh IBe pasanm<iHble cyMMHL paga A u B. Ha-
a, meJb — A0Ka3aTh, 9TO Ji06asg Todka npamon AB ABiseTcsS mpeneabHOU
TOYKOU MHOXECTBA YACTUYHBIX CYyMM HEKOTOPOU HEPEeCTAaHOBKHU paxa. [lrs
HAYAIA TMOCTPOUM TAKYIO TEPECTAHOBKY, ITO 06e Touku A m B ABIAoTCA
TMPEIETbHBIMEA I MHOXECTBA TACTAIHBEIX CYMM.

[lepBriMU TOCTAaBUM Takwe CAaraeMble, 9TO WX CyMMa S| JEXKHUT B €1-
OKPECTHOCTH TOYKH A. 3aTeM [JONONHMM WX APYTUMHU CIATA€MBIMU TaK,
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9TOOBI HOBAs YACTUYHAA CyMMa So JEXKAIA B £9-OKPECTHOCTU TOYKU B (Tak
MOXHO CJeJaTh, MOCKOILKY U A, u B ABIAIOTCA CyMMaMU Pa3HBIX MMEPECTa-
HOBOK OJHOTO W TOr0 Xe pana). IIpogonxkas 4YepemoBaTh CEPUM, BEAYIINE
B A u B B, monyYuM Takyo MEePeCTAHOBKY, IIA KOTOPOU YACTUUHLIE CyMMBI
Soj41 JTEXKAT B €9;41-OKPECTHOCTU TOYKU A, & 9aCTWYHBIE CYMMBI So; — B
€9;-0OKPECTHOCTN TOYKU B.

Yepes Py, k > 1, o603Ha4UM ciaraeMbie, KOTOPBIE BXOIAT B 9ACTUIHYIO
cymMMmy Sk, HO HE BXOAAT B YaCTUIHYIO CYMMY Sk_1.

Pacemorpum mekoropyio Touky C = (1 — t)A + tB na npamon AB. Bes
orpanudenus obuHocTu cauraeM, 9ro ¢ > 0. O6oznaunm N = [t].

IlepecTaBum wnensl paga TakuMm 06pa3oM, ITOOB TEPBHIMHA ILTU CIATAE-
MBIe U3 S, 3aTeM — caaraemeie u3 Po, Py, ..., Poy, mOCTe HUX — ClaraeMble

P,

(0,0) (0,0)

Puc. 3. Ilpumep a1a caydaa N = 2

u3 P3, Ps, Poyy1 u 7. 1. (kaxabii pa3 Beibupaem N deTHbIX Py, a 3aTem —
cooTBeTcTBYOmUEe N HEUETHBIX). 3aMETUM, ITO

oo
(B —A) = (Panty2 + Pantra + -+ Panyny)| < Z e = 272N,
n=2Nt (2)

o
(A= B) = (Panty3 + Pantis + -+ Pangny41)| < Z en, = 272N,
n=2Nt+1

K kax mout u3 yacren Py, nprMeHUM EPECTAHOBKY M3 JEMMBI 1, TOCae 9ero Bce
BEPIUINHLI JOMAHELIX, COOTBETCTBYIOUINX IacTh Py, 6yAyT OTCTOATEL OT MPAMOKI
AB ne 6oaee 1em ua Nyo+ 2k _1, T e 0 — MaKCUMAIbHAA JINHA CIATAEMOr0
u3 Py. O6a caaraeMbix B 3TOM BhIpaXeHuu ¢TpeMiaTca K 0 npu k — oo.

W3 coornomenun (2) cremyer, aro cymma Sont + Z;VZI Poniyoj 6rmska
kD = (1 — N)A + NB, a cymma Son; + Z;VZI P2Nt+2j + Z;V:1 P2Nt+2j+1
oamska k A. [Tockonbky C aexut Mmexay A u D, nna mo6oro € > 0 u aio6oro
JIOCTATOYHO GOJBIIOTO ¢ HAWJETCA YACTUIHAA CyMMa MeX 1y Sont U SN (141),
koTopaa orcrouT oT C' Ha paccrognme < €.

Taxum o6paszom, Touka ' — mpemelbHasd TOUKA MHOXECTBA IACTUIHBIX
CYMM YKa3aHHOU TIEPECTAHOBKY MCXOJHOTO PIIA.
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['naBHBIC HaIpaBICHUA
BEKTOPHBIX TOCIEIOBATEILHOCTEN
n TeopeMa Jlepu — lTennuma

N. A. lanos

[Mepedopmyaupyem Teopemy Jlesm — [llTennumna caegyommm oGpasoMm.

TEOPEMA. ITycmb ¢, — makasa nocaedosamenvnocms sexmopos uz RY,
wmo das awobozo f € R, f #£0, pad Yoiei(ci, f) yeaosno crodumca.
Tozda das awbozo r € R cywecmeyem maras nepecmanosra namypais-
noeo pada o(n), wmo lim Y7 coy = 7.
m—0o0

[Janee MbI 6ygeM pacCMaTPUBATL TOALKO TAKWE MOCAEIOBATEILHOCTH Cp,
KOTOPLIE YAOBJIETBOPAIOT YCJIOBHUIO TeopeMbl. [lokaxeM Aad HUX HECKOILKO
JIEMM.

JIEMMA 1. lim, ¢, = 0.

[JOKA3ATEJLCTBO. BribepeM OpTOrOHAILHLIA 0A3MC U3 € TUHATHLIX BEK-
TOPOB €1,...,eq. Bee pagsr » .o (ej,¢), rae j =1,..., d, yCI0BHO CXOAATCA.

3 3

3HAYMT, BCEe CKANAPHbIE IIPOM3BEAEHNA (€5, C;) CTPEMATCA K HYJIIO C POCTOM i.

ONPEAENEHUE. IlycTs e — egmumunsii sekTop B RY. Haszosem mampa-
BJIEHUE, 33/aBAEMOE BEKTODOM €, 2.4a68HbIM IS MOCIEI0BATETHHOCTH Cp, €CIU
CYMIECTBYeT TIOATIOCAE0BATENLHOCTD Cp,;, TaKad, ITO:

1) lim cos(e,cp;) = 1, T.e. BEKTOPHI ¢, CTPEMATCA K € [0 HALIPABICHUIO;
1— 00

2) pag > ;2| Cp; PACXOAUTCA.

3AMEYAHUE 1. Jlerko BUAeTh, 9TO MHOXECTBO TJIABHBIX HAIPABJICHUU
3aMKHYTO. [lefCTBUTEIBHO, IyCTh IMEETCA MOCICIOBATEIBHOCTD (; TIABHEIX
HAIIPABICHUH, CXOJAMAACA K HAIIPABICHHIO ¢. KaxXJ0MYy a; OTBeTaeT CBOA IOJ-
HOCIe0BATEILHOCTS BEKTOPOB, CXOAAMAACT K JAHHOMY HATIPABICHTIO, TAKad,
9ITO PAJ, COOTBETCTBYIOMXH STOH IOCIEIOBATEILHOCTH, pacxoqurcda. Ho To-
raa, 00BeIUHAA JOCTATOTHO JINHHBLIC HAIAILHEIE KYCKH 3TUX IIOAIOCICI0BA-
TeILHOCTEH, MOXHO HOAY9IUTEH HOANOCIC0BATEILHOCTD, CXOAAMYIOCS K a, U
TOXE ONPeJCIAIONIYI0 PACXOAAMIMANCA PAJ.

JIEMMA 2. Muoxcecmaso 2Aa8HbIE HaNPasACHUT HE COOEPHCUMCA MU 8 00-
HOM OMEPLIMOM NOAYNPOCMPAHCMEE.
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N OKA3BATEALCTBO. Ilycte m — rumepmiockocts B RY, pas6usaromas
MPOCTPAHCTBO Ha [ABA MOJYyIpocTpancTBa A m B, KOTopas He COAEpPKUT IIaB-
HBIX HampasieHu. JJOKaxeM, 9TO rIaBHBIE HAITPABJICHUS CYIIECTBYIOT B 060-
uX TOXynpocTpancTBax A u B.

BrigenruM B IOCIEAOBATEABHOCTH ¢y, ABE MOANOCIEAOBATEALHOCTH: Cp; CO-
CTABIEHA U3 YIEHOB Cp, JeXAuX B A, ¢p, — U3 WIEHOB Cp, Jexamux B B.
O6o3Ha4MM 4Yepes € eUHUYHBIA BEKTOD, TePIeH UKy IapHbT . Tak Kak panx
> iei(e,¢i) cxonmTea yeIoBHO, TO MOAPAXBL ) .2, (€, Cn,), D52 (€, ¢k;) pacxo-
AATCA, &, 3HAYUT, PACXOAATCA U MOAPAABL Y o Cn,; ;s 2;’;1 Ch; -

Iycts €1,...,eq—1 — Gasuc 7.

[MocnegoBaTenbHOCTD COS(€], Cp;) OPPAHUYEHA U, CJIEJOBATEIBLHO, UMEET
npefelbHbIe TOYKM. M3 PACXOJUMOCTH PALA Y ;oq Cp; CIEAYET, UTO MOXKHO
HAWTY IPeAEIbHYI0 TOUKY P nocaregoBarensHOCTH €0S(€71, Cp,) U IOAIOCIEH0-
BATEILHOCTD u%) B Cp, Tak®e, 970 limy, o, cos(eq, ugn)) Prapagd o, uﬁ,ll)
pacxoauTc. r[[eI/ICTBI/ITeJHDHO, HauuHasA oT orpeska [—1; 1], MoxHO mocTpouTs
JeTeHIEeM TOMOIAaM TAKYIO MOCIEN0BATEIBLHOCTD BAOXKEHHBIX OTPE3KOB ), ITO
mmuma I, pasra 2% u 114 Beex k pacXoguTca pAf, COCTABICHHBIN M3 TEX <iIe-
HOB Cy,, KOTOpHIe npuHaarexar Ij. Obmaa Touka 5TOM HOCIeL0BATENLHOCTH
OyIeT UCKOMOU MPeAeThHOU TOYKOU — YOEAUTHCA B DTOM MOXHO, UCIOIB3Ys
PACCYX ICHWE, AHATOTHIHOE 3aMEIAHUIO 1.

(1)

[anee paccMOTPUM MOCAEIOBATEILHOCTE €OS(€g, Usy, ). OHA Takke umeeT

(1)

openeabHble TOYKU U B Uy, AHAJOTMYIHO MOXHO Bb16paTI> TaKyIO o aA1Io cje-
0BATEILHOCTD u%), aT0 limy,_ e cos(eg,u%)) =P, apag y 4 u%) pacxo-
JIUTCA.

[Ipogonxas »TOT Hpomece, MBI HalJeM TaKyio HOANOCIef0BATeILHOCTD

(d—1)

Upy , ITO ;(Jm Bcex 1 < i < d — 1 Bemmomseno limy, o cos(e;, um (d— 1)) =P, a
pan Z 1 um 2 pacxoautcs. CaegoBaTensHo, Hanpasaenue [, rae cos(l, ;) =
= P;, 6yAeT TIaBHBIM AT MOCACJOBATEIBHOCTHA Cp,. AHAJIOIMYHO CTPOUTCA
TVIaBHOE€ HaIIpAaBJCHUE A4 IIOCJAeJOBATEIBbHOCTHA ij .

ByaeMm masniBaTh HAMMEHDLIINH BLITYKILIA KOHYC, COAEPXAIINA MHOXECT-
BO BeKTOPOB M, xonuueckoti obosouroti M.

JIEMMA 3. Ilyecms M — 3amxnymoe MHOHCECMEO eJUHUUHBIE BEKMOPOS
6 R, xomopoe wne codepacumca Hu 6 00HOM OMKPLIMOM NOAYNPOCTPAH-
cmee.

Tozda cywecmsyem maxoe nodmmosxcecmeo M’ C M, umo xonuuecrasn
o6oaoura M', ecmv aubo sce R, aubo mexomopas eunepnaockocms 6 RY.

HOKA3ATEJALCTBO. PaccmoTpum konutteckyo o6oaotuky M. Y uee me 60-
Jee OJHOU OMOPHOW THIEPIVIOCKOCTH (MHAYE €CTh OTKPLITOE MOIYIPOCTPAH-
ctBo, coxmepxamee M). Ecim kommdeckas obomouka ecth Bce RY, To Bce
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IOoKazaHo. B mpoTwBHOM ciydae KoHWUIecKad oOomouka M— 3aMKHyTOE TO-
JYOPpOCTPaHCTBO. TOI‘A& B KaveCTBE MCKOMOI'O IIOAMHOXECTBA MOXHO B3ATH
BCE BEKTOPBI, IPUHA JICXKAIUE OIMOPHON MIEPILIOCKOCTH.

JIEMMA 4. ITycmb e — edunuunbiii 6eKMOP HEKOMOPO20 2AAEHO20 HAND -

BaERUSA U Ty — MAKAL NOONOCAEIOBAMEALBHOCTND Cp, CLOOAUGACSH K IMOMY
HANPABAEHUIO, ¥MO PAD Y oo ts paczodumes.
Toeda das w06z A >0 u e >0 cywecmeyrom marxue 6exmopvt t,, ..., ts

u3 {ts}, umo

m
|Ae — Zt5i| <e.
i=1

HOKA3ATEJLCTBO. IlycTh 3amannt A > 0ue > 0. B nocregosarensuocTn
ts OyIeM pacCMaTPHUBATEH TOJBKO BEKTOPHI U, IJIA KOTOPBIX BLITOJIHAIOTCS ABA,
YCJIOBUA:

g
D) ol <e/2 2) tg(vise) < o1

Corunacuo nemme 1 Bce BEKTOPHI g, KPOME KOHEYHOIO YUCJA, YIOBIETBO-
PAT 5TUM YCJAOBUAM. JIEMKO BHAETH, 9TO, B3SAB HECKOJBKO MEPBBLIX ICHOB
MOCIEJOBATEIBHOCTH V;, MBI J0OBEMCA TOrO, 9TO WX CYMMAa IOMAAET B IIap
pajuyca € ¢ IEHTPOM B Ae.

JIEMMA 5. Iycms M — mnoscecmeo eQunUUHbIE 8EKMOPOE 2AGEBHBIL Ha-
npasacHutl u 6eKmMop T npunadiercum xonuueckot obosouxe M.
Toeda das awboeo € > 0 natidymea makue 6eKmMoOPyL V1, . .., Uy U3 {cn},

umo
m

|r — Zv,\ <e.
i=1

[JOKA3ATEJLCTBO. Tak Kak r OpHHAIIEXKNAT KOHHIECKOH 00010uKe M,
TO CYWIECTBYIOT TaKWe €1,...,es € M u ay,...,as > 0, 910 7 = > .7 | ae;.

Cornacno nemme 4, LA KaXAOrO BEKTOPa a;€;, 1 < ¢ < 8, CyMeCTBYIOT m;

(4) (4)

BEKTOPOB U ..., U, U3 {Cp} TaKux, 4TO
m;
o (%) €
laje; — E v;’| < 5
=1

DBe3 orpanwtenus OOIIHOCTH CUYUTAaEM, UITO UCHOJAL3YEMBIE AJA BLIOOpA
1
BEKTOPOB vj(.) MOATIOCTEJOBATEALHOCTH, CXOAANIAEeCA K IVIABHLIM HaIIpaBje-

HUAM, HE TEPECEKAITCA (1A BBIOIHEHUS DTOTO YCIOBUA NOCTATOYHO BhI-
OPOCUTL U3 KaXIOU IOAIOCIEIOBATEALHOCTH He 00Jee €M KOHETHOE THCJIO0

JIEHOB).
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i

Tenepr paccMOTPUM CYMMY BCEX IOJYUE€HHBLIX BEKTOPOB vg ). D1a cyMMa
oTamydaeTca oT r He Gomee, geM Ha €. OTMeTUM Tak¥ke, 9TO BCE TACTUTHBIE
CYMMBI (CyMMBbI HECKOJIBKAX TIEPBBIX BEKTOPOB W3 MOCTPOEHHBIX 17) MO MO~

JI0 He OOJbBIIE Ae.

[JOKA3ATEJHBCTBO TEOPEMBI JIEBU — I[II TEMHUITA

Cormacmo memMme 3, IPUMEHEHHOW KO MHOXECTBY TVIABHBIX HAPABICHUN,
BO3MOXHBI JBa CIydad:

1. Kounveckas 000J0YKA EIMHUYHBIX BEKTOPOB TVIABHBIX HANPABICHUU
ecthb BCce RY.

2. Konmyeckaa o060M0YKA E€MUHUTHLIX BEKTOPOB TJIABHLIX HAMPABICHUN
€CThb IUIEPIIOCKOCTH B RY.

Paccmorpum nepsoin caydan. [lycTs 7 — BEKTOpD, CXOAUMOCTE K KOTOPOMY
HYXHO opraam3oBaTh. Pukcupyem HekoTopoe € > (.

[Tpumensas seMMy 5, MBI HAAEM HECKOILKO BEKTOPOB, TAKUX, ITO UX CYM-
Ma OTAUYAETCA OT T He Gomee deM Ha £/2. Bo3bMeM X B KadecTBE MEPBHIX
YWIEHOB MCKOMOW MEPECTABICHHOU I0CIEA0BATENRLHOCTH. [lyCcTh 4] — NepBLIT
BeKTOD u3 {cy, }, HE UCIOAB30BAHHBIN HAMU. [J06ABAM €ro K MCKOMOU HOCAEH0-
BaTenbHOCTH. [lycTh Tenmeps mOCTpOEHHAA CyMMa OTAMYAETCA OT 7' Ha BEKTOD
r1. OnaTh UCHONB3ys JeMMYy 5, HAUAEM €elle HECKOIBKO BEKTOPOB, YTOOBI UX
CyMMa OTaMYasack oT r; He 6oaee deM Ha £/4. Teneps onaTh GepeM nePBHIA
HEWCIIOJAB30BAHHBIN BEKTOD U3 {¢y, }. IIpogomkas aHATOrHIHBIM 06PAa30M, MBI
JOOBEMCS TOT0, 9TO YACTUIHBIE CyMMBI [TOJYYEHHOU MO CIEA0BATENLHOCTH OY-
IyT CTPEMUTHCA K BEKTOPY 7', TAK KaK A0OABICHWE B KOHITE KAXKJIOTO ITUKJIA
HAIIIErO MPOIEcca HEKOTOPOrO0 BEKTOPA (BCAKHUU pa3 MEPBOTO U3 €Ile He UC-
MOMB30BAHHBIX) B CHIY JeMMBI 1 HEe MOXET MOMEmAThH CXOAuMocTH. Kpome,
TOT0, SICHO, 9TO MBI UCIOJIb30BAIN BCe BEKTOPHI U3 {cy . Takum 06pazom, Mbl
TOAY U TPeOyEeMYIO TIepeCcTAHOBKY.

Pacemorpum BTOpon cayuan. IlycTs koHM®ecKas 0GOJOTKA EIUHUTHBIX
BEKTOPOB, ONpeAeadromnXx IVIaBHBIE HaIIpAaBJCHUA, €CTh T'UMIEPIIOCKOCTH 7.
BriGepem Gasuc B RY, mepBbiit GaswcHBIA BEKTOP € KOTOPOTO epHeHnKYy-
asper w. Cormacuo Jlemme 5, mas moo6oro BekTopa v € 7 u awboro £ > 0
CYLIECTBYIOT HECKOJIBKO BEKTOPOB U3 {Cy }, TAKUX, 9TO UX CyMMa OTIAYIACT-
CA OT ¥ HA BEKTOP, MOAYJb KOTOPOT'O MEHBINE €, U, CAENOBATEIHLHO, MOIYIb
TMEPBOU KOOPAUHATHI MEHBIIIE £.

IlycTh r — BeKTOp, CXOAUMOCTEL K KOTOPOMY HYXHO OPTaHM30BaThL. Duk-
cupyem HexoTopoe € > 0. Ho ycaoButo pag > o (ci,€), T.e. paj mepBbix
KOOpJMHAT B HameM 6asuce, ycroBHO cxonumTcea. CormacHo Teopeme Pumana,
MOXHO BBIODATH HECKOJIBKO BEKTOPOB U3 {C,} Tak, 9TO mepBas KOOPAMHATA
UX CYyMMBI § OyIeT OTIMYIATHCA OT MEPBOU KOOPAMHATHI BEKTOPA 7 He Gouee
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4eM Ha €/4. Bo3bMeM 5Ty BEKTOPHI B KAUECTBE MEPBLIX WICHOB HAILICU MOCIIe-
moBarenbHOCTH. IlycTh ¥ — BEKTOP, Yy KOTOPOrO HEpBas KOOPAWHATA PABHA
HYJIIO, 8 OCTAJbHBIE PABHBI PA3HUIE COOTBETCTBYOIINX KOOPAWHAT BEKTOPOB
T U § — CYMMEBI BCEX B3ATBHIX HAMHU Ha, JAHHBIA MOMEHT BEKTOpPOB. Temepsn,
UCIOAB3Y s JeMMY 5, HAllJIeM HECKOJIBKO BEKTOPOB U3 {Cy, }, TAKUX, 9TO UX CyM-
Ma OTaAMYaeTcs oT v He Gonee deM Ha £/4. BosbMeM HalileHHBIE BEKTODHI B
KATeCTBe CAEAYIOMNX HECKOMBKUX WICHOB MCKOMOU MOCIeA0BaTeabHocTH. [1o-
JAYH9UM, ITO MO KAXA0U KOOPIUHATE CYMMa BCEX B3ATLIX HA NJAHHBIA MOMEHT
BEKTOPOB OTJAMYIAETCS OT 1 He Gonee, ueM Ha £/2. Tenepb BO3bMeEM B KadecTBe
CAEAYIONIETO BEKTOPA MOCASIOBATEILHOCTH TEPBHIA HE UCTOJL30BAHHLIN €IIe
HaMU BeKTOp u3 {cp}. Teneps HA HOBOM BHTKE MPOIECCA ¢ MOMOIIBIO TEOpe-
MBI PuMana oprasusyeM npuOIuXeHue K BEKTOPY T [0 HEPBOU KOOP IUHATE
Ha €/8, a H0TOM 106aBIsAsA HAWlJEHHBIE C TIOMOIIBIO JIEMMBI 5 BEKTODHI, 106heM-
¢ TOro, ITOOBI PA3HUIA MO KaXJOU KOOpauHaTe Oblia He Goaee €/4. IloTom
ONATH H0OABUM TEPBLIM HEUCIOJIB30BAHHBIN BEKTOP M Tak fgajee. SICHO, 9TO
[JLST 33 TAHHOTO € BCE YACTUYHBIE CYMMBI, HAYUHAA C HEKOTOPOTO MOMEHTA, Oy-
OYyT OTIAMYATHCA OT T HA BEKTOP, MO MOAYJIIO MeHbimmn £. Kpome Toro, Ml
UCNONB30BAIN BCE BEKTOPHL U3 {cp}. Homyummm TpeGyemMyio mepecTaHOBKY.
Teopema mokasaHa.



KOHKprLI N OJIMMIINA A1bI

Konkypc 3aat o JUHEMHON aarebpe

Bénbuias gacte sTux 3agayd npepirarasacs J. b. BunbGeprom cryaen-
ram HMY Becron 1993 roza.

ITobenquTenn KOHKyYpCa OyIyT HATPAXKAEHBI MATEMATHIECKON JATEPA-
Typol (B TOM 4mCJIe U C JAPCTBEHHBIMU HaanucaMu asTopos). IIpu ompe-
neqeHun moGeanTenen OyAyT YIUTHBATLCA B TMEPBYIO OUepens Hambomee
npocTeie u Kpacusbie pertenusa. Cpok IpencTaBieHus pemenunn — 1 Mas
2003 r. YuacTHUKAMMU KOHKYPCA MOT'Y T OBITh IIKOJIBHUKHA U CTY AEHTHI IIep-
BOT'O Kypca.

Pabotwr caenyer mpuckiath o agpecy 121002, Mocksa, b. Baacres-
ckun nep., A.11; k.202 (c momerkou «Ha koukypc ,,Maremarudeckoro
TPOCBEIeHnA Y ).

Ycemosus 32149 KOHKYPCA MOYXKHO TaKKe HAUTH B IHTepHeTe 1o aapecy

www.mccme.ru/free-books/matpros.html

YCJIOBUSA 3AIAY

1. TokasaTh, 9TO BCAKUU MATUTPAHHBIN BHIMYKIGIA KOHYC B TPEXMEPHOM
eBKJINAOBOM MPOCTPAHCTBE MOXKHO JUHENHBIM MPEOOpa30BaAHNEM TMPUBECTH K
TAaKOMY BHY, YTOOBI KaX0€e pebpo ObLIO NePHEH TUKYIAPHO MPOTUBOMOIOX-
HOU I'PaHMU.

2. YkazaTb KOHEYHOE YHCJIO TPOEK MOAIPOCTPAHCTB mpocTrpancTsa K™,
obramatoriee TeM CBOMCTBOM, YTO U JIOGOT0 N-MEPHOTO MPOCTpaHcTBa V
maa notem K u mio6on ero Tpouku noampocTpaucTs Vi, Vo, V3 mangerca uso-
Mopdusm V' — K" orobpaxatoumun V7, Vs, V3 Ha moANIpOCTPaHCTBA OTHON U3
YKa3aHHBIX TPOEK.

3. doxa3aTh, ITO He CymIeCTBYeT OoJee TeM [n2 / 4} + 1 nmumenHO HE3aBU-
CUMBIX MATPWI] TOPALKA, 7, TEPECTAHOBOYHBIX MEX Y COOOW.
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4. Oyukuua f(z,y) ABYX AEUCTBATEILHBIX EPEMEHHBIX ABIACTCI MHOIO-
YIEHOM OT I Tpu JI060M (PUKCHPOBAHHOM Y M MHOTOYWIEHOM OT Y NPH JHOOOM
dukcupoBansom z. [lokaszaTb, 9TO [ — MHOIOWIEH OT ABYX NEPEMEHHBIX.

5. [lycts A — Takou JTUHEUHBLIN OMEPATOP B SPMUTOBOM MPOCTPAHCTBEE,
9TO MaTPUUHBIE dIeMeHTHI oneparopa (exp tA*)(exp tA) cyTh MHOIOUIEHBI
ot t. [lokazaTh, 9TO MPOCTPAHCTBO V MOXET OBITH PA3J0XKEHO B OPTOIOHAIb-
HYI0 CyMMY A-MHBapMAHTHLIX NOANPOCTpancTB U u W TakuMm o6pa3oM, 9TO
onepaTop Al|y HUIBIOTEHTEH, a onepaTop Ay KOCO3PMUTOB.

6. Ilycth @ m 3 — IBUKEHUSA N-MEPHOI'O €BKJIMOBA MPOCTPAHCTBA, YI0-
BreTBOpatomue yeaosuam o33 = (af)? = id. [JokazaTs, uT0 o u B UMeroT
OO0IIYI0 THBAPUAHTHYIO IPAMYIO.

7. Hazosem Tpouky (A, B,C) kBaapaTHBIX MaTpul 3-ro nopaaka abco-
JIOTHO BBIPOXIEHHOM, eCau Ji00asd UX JUHEMHAs KOMOWHAIUA BBIPOXKJIEHHA.
[lokazaTh, 9TO ¢ MOMOIUILIO MPEOOPA3OBAHUA BUIA

(A,B,C) — (UAV,UBV,UCYV)

rae U m V — HEeBLIPOXEHHBIE MATPUIIEH, JI00YI0 a0COMIOTHO BEIPOX IEHHYIO
TPOUKY MOXHO IPUBECTHU K BUAY, YAOBIETBOPAOIIEMY OTHOMY K3 TPEX YCJIO-
BUU:

3

1) mepswIl cTOMGEN BCEX TPEX MATPWUIL HYJIE€BOU;

2) JeBBI HUXKHWUU YTOT pazMepa 2 X 2 BCeX TPEX MATPUIl HYJIEBOU;
3) mocaeaHAs CTPOKA BCEX TPEX MATPUI] HyJICBas;

4) BCe TpU MATPUIBI KOCOCUMMETPUIECKHE.
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CTyneHIeCcKI KOHKYPC PeIIeHnsa 3a a4
B CankT-IleTepbypre
20012002 rr.*

O IPABUJIAX KOHKYPCA

[loMaImHu? KOHKYpC PEIIeHnA 3349 MPOBOAUTCA AaA cTyaeHToB CaHkT-
[TeTepbyprckoro yauBepcuTeTa. [loqo6HBIE KOHKYDPCHI IPOBOAWIUCH HEOTHO-
kpaTrO B nponwiom. (Hampumep, o koakypce 1987-1988 rr. moxuO npounTaTh
B A. M. Bepuuk, A. A. Jlogkuu. CrTyneH4ecKuil MaTeMaTHIeCKUN KOHKYPC B
JleHUHrpaACKOM TOCyIapCcTBeHHOM yHuBepcuTeTe // MaTemaTuka ceromgss.
Kues: Beima mkona, 1990, c. 126-142.) Cpeau nx y9acTHUKOB €CTh KAK HEJAB-
HUE, TaK U OYeHb JaBHUE BBHINYCKHUKU MaT-Mexa. es KoHKypca (B oTimyune
OT OJMMIHZAJ) B PELICHUM 3343, B OCHOBHOM, UCCIEIOBATEILCKOTO XapaKTe-
pa, KOTOpBIE HE PENIAIOTCA OJHUM IPUEMOM, a TPEOYIOT CEPhE3HBIX U HECIell-
HBIX pasaymui. Koukypc nposoaurcsa noxa srugon Cawkr-IleTepGyprcekoro
MaTeMaTudeckoro obmectsa. ObmecTBo 06pa3yeT KIOPH U BHIAEAACT ICHEXK-
HEBIE TTPU3LI I HATPAXACHUA TOOeIuTENen.

B koHKYpCe MOryT NpUHUMATEL y4acTHE CTYJAEHTH BCeX KypcoB. MToru
Cpeau MEPBOKYPCHUKOB MOABOAATCA OTIAENbHO. [[ONyCKAIOTCA KOMLIEK TUBHEIE
(e Gomee Tpex weI0BeK) paGOTHI.

Ha xoHkypcC mpemaramoTcs 3aa49d PasiuvdHOU TPYIHOCTH, OT CPABHU-
TEJIBHO HECAOXKHBIX 0 HEDPENIEHHBIX Npo0aeM. YYaCTHUKYU MOTYT BHIOPATH
3aa4M MO BKYCY W TIOAABATHL PEIICHUA 4100020 HaOopa 3amat, daxce 00nOT.
[IpuauMAaoTCA peleHns IacTer 3a0at, COCTOAIMNX U3 HECKOILKUX MYHKTOB.

Uroram komKypca m 06CYXIEHUIO PEMIEHUU MOCBANIAETCA CHEIUATBHOE
saceganue Ha pakyabTeTe. Hamboree mHETEpECHBIE PEIIEHNI MOTYT OBITH OITY-
OIUKOBAHEL.

TMo6eaurensvu koukypca 2001-2002 roga cramm [erpos Pemop (3 xypce)
n Conkuna Exarepuna (4 xypc). (Kypc ykasan Ha MOMEHT y49acTusa B KOH-
Kypce.)

Huxe npusogsarcs ycaosus 3agad koukypca 2001-2002 rr. B ckobkax yka-
3aHbl GAMUINY TEX, KTO MPEIOKMAI 33 a4y .

*TIposenenue xkoHKypca moaaepxkano rpaarom DI «Aurerpanns NeB0029
© C.-Tletepbyprckoe MmaTemarudeckoe obmectso, IOMU PAH, Mar-mex CII6TY, 2001
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YCJI0BUA 3AIAY

SAIAYA 1. Hlepuoduueckoe payuonaibroe 0mobparcenue.

Pammonaabuoe orobpaxenue maockocTu B cebs, 3agaHHoe (HOPMYJIOU
flz,y) = (1/y,z(1 + y)), umeeT mepmong 5, T.e. €ero mATas UTEPALUI TOXK I€-
creerna. CymecTByeT au (HETOXIECTBEHHOE) PAIMOHAILHOE OTOOpAXKEHUE

ILIOCKOCTH C UeIbIMU KO3(MPUIUEHTAMM, UMEIOIIee Iepuos 77
(M. 3. Hlanupo — C. B. Ayaxcumn)

SATAYA 2. KopHu KOMNACKCHOZ0 MHO2OUAERA U €20 NPOU3EOOHOT.

[Iycte P — MHOTOYICH ¢ KOMIVIEKCHBIMA KO(D(UIMEHTAMHI CTEHIEHH 7o U
A = (a1,...,a,)T — BEKTOp-CTOAGEN, COCTOAMMU M3 €ro KOpHEW (B mpo-
u3BOABHOM mopaake). [locrpoum wHOBBIM BekTOp B = (b1,...,b,—1,03)7, Tae
bi, ..., bp_1 — xopHm npomssoguon P’, a f = > a;/n = bj/(n—1). Us-
BECTHO, 4YTO IS JEOOOr0 MHOTOWIEHA KOPHU MIPOU3BOJHON JEXKAT B BHIILYKJIOU
060J09Ke KOPHEH CAMOT0 MHOTOWIEHA. [103TOMy CyMIECTBYeT TaKad CTOXa-
cTuaeckas MaTpuna M (T.e. MATPUIA U3 BEIIECTBEHHLIX HEOTPUIATEILHBIX
qUCcen ¢ CyMMaMM O CTPOKAM, PABHBIME 1), 9TO ee MOCAefHAA CTPOKA €CTh

(1/n,1/n,...,1/n) m B= MA. Jokaxwure, aTo MaTpuily M MOXHO BHIGpATH
IBAXK IBI-CTOXACTHIECKOH, T. €. ¢ CyMMAMH IO CTOJA0OIAM, TAKXKE PABHBIMHA 1:

(a) gna n =3;

(6) masan = 4;

(B) A1A IPOM3BOJIBHOIO 7. (B. 3. lanupo)

SANAYA 3. Ilnockaa npoekyus Habopa CKPEUWUBAOUUTC NPAMBIL.

01 0 [ana matpuna P pasmepa m X n, COCTOAIIAA W3 HyJIeH U
enuann. Hantu HeoGXxoauMble ¥/miv AOCTATOYHBIE YCJIO-
bi, ..., b, BupocTparcTse R?, mpoekuu KOTOPEIX HA ILIOC-

| | KOCTB ZY CyTh COOTBETCTBEHHO MpAMBIE £ = 1, ..., 2 = m,
y =1, ..., y = n, npudeM HAJL TOYKOU (1,j) mpamas a;

— ‘ — ‘ —  BeIme npamon b;, ecim Pj; = 1, u mmxe, ecmn Py = 0.
- Ha pucynke mpuBefeHBI MATPULA U TEOMETPHUYIECKAS
| WILTIOCTPAIUA 1A Hee.

1 01
010 BUA, IPX KOTOPHIX CYUIECTBYET HAOOP IPAMEBIX G1, - . -, Gy,

SATAYA 4. Paszaoxcumbie Kocvle Pynryuu.

dyukuna Tpex mepemennsix F: R? — R masniBaeTca Kococummempuueckot,
ecaum OHA yaoBiaeTBopseT Toxaectsy F(x,y,z) = —F(y,z,z) = —F(z,2,y).
OnepaTop aabTEepHUPOBAHUS

(A. B. Cronenkos)

AW(F)(z,y,2) =
= F(z,y,2) + F(y,z,z) + F(z,z,y) — F(y,z,2) — F(z,y,2) — F(x, z,y)

IpeBpanaeT A6y QYHKIIUIO B KOCOCUMMETPUIECKYIO.
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KococummeTputieckas (pyHKIUA HA3BLIBAETCA BNOAHE DABAONCUMOT, €CIn
OHA TOMTy9aeTca anbrepumpoBanmeM dyuknuu Buaa f(z)g(y)h(z) mia meko-
TOPBIX (PYHKIUUA OMHOU nepemenHon f, g, h.

Kococummerpudeckas GyHKIUA HABBIBAETCA UACNUUHO PA3AOHCUMOT, €C-
A¥ OHA TOMYYAETCs ATbTepHUpOBaHWeM (yHKuuu Buga f(z,y)g(z) mna HeKo-
TOPOU (PYHKIUN ABYX MEPEMEHHLIX f ¥ HEKOTOPOU (PYHKIIAN OLHON IEPEMEH-
HOW g.

(a) [lokaxure, 9T0 aHAIMTHIECKAS GYHKIUA F' BIIOJTHE PA3I0XKMMa TOT 1A,
¥ TOABKO TOT/IA, KOIJIa OHA yAOBAETBOPAET TOXIECTBY

F(xy,29,25)F (23, 24,25) — F(21,23,25)F (22, 4, 75) +
+ F(z1, 24, 25)F (29, 23,25) = 0.

(6) IlpwBeguTe NPUMEP HEAHATUTUICCKOU (PYHKIMM, KOTOPAA yAOBIETBO-
pPAET 5TOMY TOXIECTBY, HO HE ABIAETCA BIOJHE PA3IOKUMOM.
(8) ChopmyaupynuTe u AOKAKUATE AHAIOTUYHBIA KPUTEPUU 4%aACMUUHOY
A3J0XUMOCTH KOCOCAMMETPUIECKAX (PYHKITAN.
P P by (C. B. Jyocun)

SAAYA 5. Bnoawne ynumodaabibie ncesdobyaesobt Gynryu.
[IceBpobyaesa dpyuxnusa (IIBD) n nepemeHHBIX — 5TO 7 4
HyMEpPAaIusa BEPUIMH N-MEPHOTO Ky0a, T. €. B3AWMMHO O]I-
noszmaunoe orobpaxenne {0,1}" — {1,2,...,2"}. Ha- 6
soeM [IB® enoane ynumodasvrotli, ecim OHa WMEET
€/IMHCTBEHHBIA JOKAJILHBIM MUHUMYM HA KAXJO0U IBY- .
MepHOU rpann Kyb6a. (Hanpumep, dyskims, npuanMa- 8 .
oIas B TOCAEJOBATEIbHBIX BEPIIMHAX KBAAPATA 3HA- 1 2
genusa 1234, oTum cBoucTBOM 06magaeT, a (PYHKIUS

1324 — mer: ans mee 1 m 2 ABAAIOTCA ABYMA JOKATBHBIMA MUHUMYMAMU).
Ha pucynke mpusemen mpumep BroaHe yuuMmogaabuon [1BD pasmepmocTn 3.

(62}

(a) Hamgure "mcno BoomHe yHUMOJAMBHBIX TICEBAOOYIEBLIX (QyHKIUN by,
[JIsT MAJIBIX 3HAYEHUN pasMepHocTH (ckaxem, n = 3,4, 5).

(6) Hamaure acuMnTOTUKY (WIM KAKME-TO — BEPXHUE/HUXKHUAE — ACUM-
OTOTHYIECKNE OLEHKA) A TUCaa by, Tpu n — oo.

B o6oux cIydasx paspemaeTcsa BECTH MOACYUET ¢ yIeToM winm (e3 ydera
CUMMETPpUMn Ky63,, €Ca CUMMETPUUN YIUTHIBAKOTCA, TO UCIIOJb3yEMYIO I'DYyTITY
CIeMyeT SBHO ONMUCATH. (C. I'. Bopobves)

SANAYA 6. Ilemasn 6 npocmpancmee y3408.

Ha pucynke nokasana HempepbIBHAA nedopManus y3aa «BocbMepkay K B ero
3epkambHOe oTpaxerne K', T.e. mempepreHOE oTo6paxerue f: [0,1] x S —
R3, KoTOpOE IpH KpalHUX 3HAUeHMAX mepporo aprymenta (0 u 1) maeT cooT-
BeTCTBEHHO y3abl K u K'.
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B3as 3epkanbubie 00pasbl BCEX Y37I0B, YIACTBYIONUX B 5TON 1eGOPMAIINH,
MBI HomyauM oTobpaxkernue f: [0,1] x S' — R3, ocymecTraaomee aedopma-
muo K' B K. O6beaunenne f n f' naeT 3aMKHYTBIM MyTh B MPOCTPAHCTBE
yam0B ¢ : S' x S' — R3. BepHo 1, 9TO 5TOT OyTh MOXHO CTAHYTH B TOUKY:
CyIIecTByeT i HempepeisHOe oTobpaxkenue G: D? x S' — R3, orpanndenne

1 2
KOTOpOro Ha rpanuny S- nucka D cosnamaer ¢ g7 (B. A. Bacuavee)

SAITAYA 7. Muozcouaenbt Had KOHEUHBIMU TLOALMU.
(a) Pasnoxure Ha mHOXUTenu Han Z/pZ (p — HEYETHOE NPOCTOE) MHO-

(p—1)/2
COWIEH (Qkk)xk
k=0
(6) IIycts p — mpoctoe, p =1 (mod 6). [JokaxuTe, 9T0 MHOTOWICH
(r—-1)/3
_ (Bk)! k

He uMeeT KopHen B Z/pZ.

(8) BepHno am, uro G(z) packiagbiBaeTcs Ha KBaAPATUIHBIE MHOXATEIN
Han Z/pZ? (M. B. Bcemupnosg)
SAIAYA 8. Omuowenue 2aMMma-Pyrryud.

PaccmoTpum dysxmuio

I'(2—p)T(3p)
I(p) = 2~ P p)
®) (rT(p))*
(a) doxaxwute, aT0 I(p) — BBIMyKIasd HYHKIA.

(6) Bepuo au, uro murumywm I (p) mocturaercsa npu p = 1/27
(A. FO. Huxumum)

0<p<l.

SATAYA 9. Ilpumumusrvie Mampuybt.
Hanmomuuwm, uro GL(2,7) — rpynma MaTpuIl BTOPOTO MOPALKA C LEIBIMA
saemenTamu u onpegerurensem +1. Marpuna M € GL(2,7) naswiBaerca npu-
MuMUEHOT, ecau He cymecTByeT n > 2 u matpuusl K € GL(2,7) Takux, 9T0
M= K"

(a) IIposepbTe, GyAyT M CAEAYIOMUE MATPUILI TIPAMATUBHBIMMU:

5 3 33 10 27 5
2 1)° 10 3 )° 11 2/)°

(6) Hanaure xakme-a1u60 JOCTATOYHBIE U/ MU HEOOXO TUMBIE YCIOBUS IIPU-
MWUTHUBHOCTH. (H. A. Cudopos)
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SATAYA 10. Munumusayus GyHKEyuOHaAAG.
Munsa xaxgoro b > 1 4depes Cp 0603HaAYMM MHOXECTBO Bcex QyHKmmu [ €
C[0,1], pna koropeix 1 < f(z) < b mpwm Beex z m3 [0, 1]. TycTs

G(b) = 1nf/ fo dt
JeCy

(a) Ora xaxpgoro b > 1 Hangure oneHKy cBepxy u/mmm cuHusy gai G(b).
(6) Hamaure Tounoe suadenue G(b).
(Damuaus nPedLOACUBWEZ0 HE COTPAHUAACD )
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... O HalllnX HEOJOCTaTKaX

B. M. Makapos

bmmak@bmmak .usr.pu.ru

KaK NOCTOAHHOMY ¥ 3aMHTEPECOBAHHOMY YUTATENIO (<MaTeMaTI/I‘{eCKOFO
TIPOCBEIIEHNA» MHE XOTeI0Ch OB 06paTuTh Balle BHMMaHme HA TO, ITO hopMa
oAty MaTepuata B 3aMeTke «3anadu 'enbdanga u Kupuniosar («Marema-
Tugeckoe mpoceemennes, Ne6, c. 136) me Bmonme ygaana. BeposaTro, cregosano
OB1 60JIee ACHO CKA3aTh, ITO He BCe M3 YKA3AHHLIX 331aY ABIAIOTCA OPUTMHAID-
HBIMU. BBUAY OTCYTCTBHA TAKOTO KOMMEHTAPHUA Y HEUCKYIIEHHOTO TATATENA
MOXEeT, MHE KaXeTCsd, Co3[aThbCca BuedaTaerue, ¥ro V. M. asisercs aBTopom
BCEX TPUBEJEHHBIX 38134 (KpOME ABYX TOCaeqHunX ). Bmecre ¢ Tem, nepsas w3
HUX DOAPOOHO pasbupaeTcsa BO MHOrEX yueOHUKAxX (cM. PUXTEHTrOnbI, TOM
11, mnw xuury Bypbaku «DyHKIumM KeACTBUTEIBHOrO IEPEMEHHOTO», TAE HA
c. 408 mpusenena kpaTkas uctopusa Bonpoca). [1ogo6HOE MOXHO CKA3aTh 7 O
BTODOU 3agate.

Mue xoTenoch OB TaKXke COOOUMTL PEAAKIWK (a4 €CIu OHA COYTET DTO
1eaecoo6PasHbIM, TO U YUTATENAM) ATBTEPHATUBHOE PEIIEHNE 31891 O PaB-
HOMEpPHOU cxoauMocTy psjaa ¢ dieHamu /(14 2™)" (em. c. 142-145 Buimycka
6, pemenue 3agaqn 2.8).

* 3k ok sk ok k

OT PEAKOJUIETUU. Baarogapum B. M. Makaposa 3a ero xpurudeckoe zaMeda-
HUE W TPUHOCUM U3BUHEHUA UATATENAM 32 HEYAATHBIM BHIOOP HA3BAHUA [JA 3aMET-
KU 0 3aaa4ax, npemrarasmmxca crygertam U. M. leasdangom u A. A. Kupuanosbiv.

K coxanenuio, HecMOTps Ha BCIO BaXKHOCTH BOIIPOCA ABTOPCTBA 334349 U TEOPEM,
MBI He BCErja MMeeM BO3MOXHOCTH MPOBOIUTL HAMJIEKAIINE U3BICKAHUA NI TOTHO-
ro peuienus 3Toro sonpoca. OCHOBHAS Ieab HAMero COOPHUKA — MOMYJISPU3ALA
MHTEPECHBIX MaTEMATUIECKNX TEeM, CIOKETOB U 3aJa.

IIpuBoaum mpucaanunoe b. M. MakapoBwiM perenue 3amaydn 2.8.
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I EEEEE,

2.8. YCJIOBUE. BBIsACHATE, pABHOMEDHO a1 CXOAUTCA Ha oTpeske [0; 1] pax

n

2Ty
2

1
PEmEHUE. Tak xak (1 4+ z")" > gn(n — Dz > %:1:2" opu n > 1,
o . 4
TO DAHHBIN PAJ MaXOPHPYETCA PAZOM ¢ wieHamu min{z", ——
n-r
TpeOyeMbIll PEe3YIbTAT CIEAYeT W3 PABHOMEPHOU CXONUMOCTH PAAA

e, L3 i, 1)
Zmln{x ST —anln na, —5 ¢ (1)

n>1 n>1

}. IlosTomy

[TockoabKy DTOT DsAji PABHOMEDPHO CXOAUTCA Ha KaxaoMm npomexytke [0,q]
mpu ¢ < 1, HAM [OCTATOYHO AOKA3aTh €r0 PABHOMEPHYIO CXOAMMOCTDL Ha
npomexyTke A = [0.99,1).
Cuamras, uro x € A, paccmorpuMm ciaaraembie psaga (1). Ilepsoie u3 Hux,
1
OyIy<Iu paBHBIMEA 5 CHATATA yOBIBAIOT, a 3aTeM BO3pacTaioT. OCTalbHbIE

caaraemMblie paBHbl . UT06B HaTh O0Mee hopMaIbHOE ONMUCAHUE MOBEICHUA
4IeHOB pAfa, BBegeM GYHKIUIO y — ¢, (y) = y?z¥ npum y > 1. OuesugHo,
wz(y) — 0mpm y — +o00. Kaxgomy aucay z € A comocTaBuM ABa mapamMeTpa:
s=s(x)ut = t(z). Yucmo s — >T0 TO 3HAUEHUE Y, TA€ PYHKINA ; TOCTUATACT
MAKCUMyMa M MEHAET XapPaKTeP MOHOTOHHOCTH. JUCIO ¢ — DTO TO 3HAYEHUE
y > 1, nocre koToporo mepsoe 3 wmcen z¥, 1/(y*xY) 6yaer merbme BTOpPOTO.
Jlerko moacunTaTH, ITO

eVi=\z m t V=g (2)

Tax xkak ¢ € A, To t > s > 100.
[Tokaxem Tenepsb, 9T0 0CTATOK paga (1)

1
— 3 n
Sn(z) = E mln{x 72_n}
n
n>N
JOIyCKAeT PABHOMEPHYIO OneHKy. 3 (1) BuAHO, 9TO N-BIN WIeH paa He mpe-
BocxoauT 1/n, m mO>TOMY BCe caaraeMeie B ocTaTke Menbine 1/N.

B mopszake ycaoXHeHUA OIEHKN PACCMOTPHUM TPU CIYTasd:

Lt<N, ILs<N<t I NC<s.

u

I. Vicnonwbays (2) u nepasercTso 1 —e ™™ > u/2 npu 0 < u < 1, MbI nMeem:

N N/t 9

— n i _ 4 4J1-N/t
SN(x)—Zx <1—x_17t*1/t<1ntt )
n>N
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Ecmz N < t?, To mpaBas wacts me npesocxoaut 2/Int < 2/Inv/N u, crego-
parersno, Sy (z) < 4/InN. Ecim xe N > t2, o oma mempme 1001~ VY, rax
kak t > 100. Takum o6pasom, B paccmarpuBaeMoM ciaydae Sy(z) < 4/In N.
II. Temeps mas omenku Sy () BOCIOAB3yEMCS T€M, YTO BO3PACTAIOMAA HA
npoMexyTke [a, b+ 1] dyHKIma f ygoBIeTBOPIET HEPABEHCTBY

b+1
S fn /+ 1(y) dy.

a<n<b
Kak mb1 oTmedann, pyukuus 1/¢;(y) Bo3pacTaeT opu y > S, a BCe CAaraeMble
B ocraTke Menbine 1/N. [losTomy (manee [t] — menas wacTh duciaa t)
[¢]
1 1 dy 1 4
‘ — < ‘ —+ <
Sn(@) < Y, oty T Sue) < /N 2ot TN g S
N<n<[t]
t
dy 5
< —.

CrenaB B mOCTeHEM HHTETpale 3aMeHy z = 1 Y, MBI (yIuTHIBad, 9TO T & = ¢
u 27° = e?) nomyaum

g

(4)
s yz¥ 2 In?z
AcuMnTOTHKA CTOMIIErO COpaBa MHTErpala HAXOOUTCA 0e3 TPyHa, HO HaM
JOCTATOYHO COBCEM I'PYOOU OLEHKMU:

¢ dz vi dz v ¢ <5 t
€2 In? 2 €2 In? 2 \/ln z \/_ In?¢

Tak kak |Inz| = Int/t, To BMecTe ¢ (4) 5TO HaeT HaM, 9TO
¢
dy 5 5
< — < —.
/S y?z¥ ~Int  InN
10

13 (3) m mocaennero HepaBeHCTBA MBI oTydaeM: Sy (z) < N

5 = e2, MBI MMeeM

ITI. Ucnonw3yst npeabi gy pe3yabTaT U PABEHCTBO T

1 1 1 10 e? 10

= } — <—= — < -

Sn(z) En T Sisl+1(2) < 2ot Z 2z In[s] ~ 0.99N TN
N<ng[s]+1 n>N

Takum obpaszom, npu gocTaToIHO Goabimmx N BO BCEX CIydasx CIpPaBel-
JVBA PABHOMEPHAA OLEHKA!

11
< — .
Sn(z) < N Mz € A

(B. M. Maxapos)
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00 0O0beMe TeTpasapa

P. TpaBkun

B mpeawpigymem HOMepe («MaTemaTwdieckoe NpOCBEIIEHWE», TPETbsA Cepusa, BHIN. 6,
c. 132) 6mua anBe,qual) creayomas dopMmyna aag obbeMa TeTpadApa, KOTOPYIO MOXK-
HO PACCMATPUBATL KAK TPEXMEPHBIN aHaaor ¢popmyasl [epoma. IIycrs u,v,w, U, V,W —
namHBL CTOpOH Terpasapa ABCD (cm. puc. 1),

X=(w-U+v)(U+v+w); z=U-v+w)(v—w+U);

Y=@w-V+u)V4+w+u); y=V-—wtu)(w—-—u+V)

Z=@w-W4+u)(W+u+v); z=W —-u+v)(u—v+W);
a=VzYZ; b:\/yZ—X; c=VzXY; d = \/zyz.

Torma o6meMm TeTpasapa paBeH

V(a+b+ct+d(a—b+c+da+tb—c+d)(atb+c—d)
192uvw ’

Huxe npusoaurca npemgaokennoe P. TpaBKUHBIM 10Ka3aTEABCTBO >TOW GOpMyabl. Anamo-

TUYHOE [0Ka3aTelbeTBO coobmua Takxke A. Axmeremn (akhmeteli@home.domonet.ru).

O603HaYMM BEPIIUHBI U IIOCKUE YIIBI TETPAAPA TAaK, KaK MOKA3AHO HA
pucyuke 1 ma c. 186. Vcnonsaysa TeopeMy KOCHUHYCOB, IMEEM:

X=(w-U+v)(U+v+w)=

= (v+w)? —U?=v*+ 2vw + w? —v°

—w? + uwcosa =

= 20w(1 4 cosa) = 4vw cos’

(o]
5.
Ananormano Y = 4wucos® /2 u Z = 4uv cos® /2. [na z,y, z moxoxue
BBIMUCICHNA Aaf0T ¢ = 4vwsin? a/2; y = dwusin® B/2; z = duv sin® /2.
[oacrasass HaujeHHbBIE 3HAYEHUA IS T, Y, %, X, Y, Z B GOPMYJIbl 144 a, b,
¢, d, momyamm:

.« a .
a:8uvws1nicos§cos%; szuvwcos—smécosg;
« . .o, .
c:8uvwcos—cosésm1; szuvwsm—smésmz.
2 2 2 2 2 2

Y. MapkemoB ysuamr 5Ty GOpMyIy 0T 3HAKOMBIX. [IpIBeeM CCHLIKY, KOTODAA BO3MOKHO
ABIAETCA MEPBOUCTOYHUKOM:
Kahan W. What has the volume of a tetrahedron to do with computer programming lan-
guages? E-version (draft): http://www.cs.berkeley.edu/ wkahan/VtetLang.pdf
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BrraueaumM Temeph cocTapasgoomue (GpopMyasl o0bema TeTpasgpa. Hemo-
CPENCTBEHHAA MPOBEPKA MOKA3ZBLIBAET, UTO:

—a+b+c+d:8uvwsinw; a—b+c+d:8uvwsina_§+7;
a+b—c+d:8uvwsin%ﬂ_7; a+b+0—d:8uvwsma+§+7,

Takum 00pa3oM, BEIpaxXeHue miad 0O0beMa TETPadApa 3aNUIIETCA B BUIE:

64u2v2w2\/sin 70”'—2ﬂ+’ysinozig_i_’ysinoz_i—gi’ysinoz_i—g_i_’y
O6BeM = =
192uvw

= % <sin 7a+/3+’ysina+/3+7) (sinaiﬁ%_wsi a+/377) =

n
2 2 2 2

- %\/(COSO‘ —cos(B +))(cos(B —v) —cosa) =

= % (cos a — cos 3 cosy + sin B sin-y)(cos 5 cosy + sin fsiny — cos ) =

= %\/Sin2 ﬁsin2 v — (cos a — cos B cos ’7)2 : @

Mycrs ¢ — aByrpaunsm yroa npu pebpe DA. Uz BTopou Teopembl Ko-
CUHYCOB [ TPEXTPAHHOTO YIa ¢ BEPUIXHOU [ mMeeM: CoS v — CoS [3Cosy =
= sin 8 siny cos . [losTomy dopmyay (1) MoxHO nepenucaTs B BUJE:

O6mem = % sin? B sin?y — sin? Bsiny cos2 ¢ = % sin Bsinysing. (2)
O603HaYUB BHICOTY TETpadapa, IpoBeaeHHy0 u3 Bepmuusl C, yepes heo ,
nonygaem: ho = CKsingp = wsinfsing; Sapp = JUY sinsin~y. Ilo m3BecT-
o 1 1 . . .
"ou ¢dpopmyae, 00bLEM TeTpalsApa PaBeH gSABDhC = guvw sin -y sin [ sin ,

9TO COBIAJAET C AOKa3biBaeMon dhopmy.ion (2).



3ajavHbIn pa3 e

B sToM pasjene BHUMAHMIO YATATENCH IPELIAracTCA MOAO0PKA 3a1ad PasHOU
CTEIEHU CJIOKHOCTHU, B OCHOBHOM TPy AHEIX. HexkoToprie u3 aTux 3a1a4 (He 00s13aTeAb
HO CaMble CJOXKHEE!) TPeOYIOT 3HAHWUA (HEIEMEHTAPHOW» MATEMATHKYA — AHAJA3A,
JUHENHON aareGpel U T. 11

CocraBuTensaM 3TOM NMOAGOPKU KAXKETCsA, ITO MPEeNIaraeMble HIUXKe 3aJa9U OKa-
JKYTCS UHTEPECHBIMU KAK A CUIBHBIX ITKOJILHUKOB, MHTEPECYIONINXCA MATEeMaTH-
KOU, TaK U JJsA CTYJAeHTOB-MATEMaTUKOB.

M1 ofparaeMcsa ¢ Tpocb0oU KO BCEM YUTATENAM, UMEIOIIIM CBOU COOCTBEHHBIE
moa60PKN TAKUX 3313, IPUCBLIATL UX B pegakiuio. U, pasyMeeTcs, MBI C yIOBOIb-
cTBUEM OyneM myOJUKOBATE CBEXUE aBTOPCKUE 33 TAYN.

B ckobkax mocie ycIoBus 3anadd NPUBOAUTCA HaMuausa apTopa (yTOYHEHUA CO
CTOPOHBL YUTATENeN NPUBETCTBYIOTCA). Ecau aBTop 3agadm HAM HEU3BECTEH, TO B
CKOOKAX YKa3bIBAETCA «(POJBKIODH.

1. UsBectHO, uT0 71 < 9 < -+ < %y U |x; — y;| < € mpm Beex 5 21 < 29 <
< -+ < 2y — pesyabTaT mepeynopsaovuMBaHug Habopa {y;}7_; B mOpsL-
ke Bospacranus. [lokaxure, 9To |z; — 2;| < € npm BCex 1.

(U. H. Cepeees)

2. Monyctum, 910 M106yI0 KOHEYHYIO KAPTY Ha INIOCKOCTU MOXHO IPABUIb-
HO pacKpacuTh B 4 mBeta. JoKaxuTe, 9TO TOTJa IPOU3BOILHYIO KAPTY
HA IJIOCKOCTHU TAaK¥Xe MOXHO MPABAILHO PAcKpacuTsh B 4 npeTa. (CTpaHsl
MOXHO CYMUTATh MHOIOYIOJbHUKAMM. Packpacka Ha3bIBAETCA NPABULb-
Hot, ecan a00BIE IBE CTPAHLI ¢ OOMIUM YIaCTKOM I'DAHUIEI PACKPAIIEHBI

B Pa3HBIE I[BETA.) (A. A. Beaos)

3. Hokaxure, aT0o MaTpunsr AAT u AT A umeroT ogus u ToT xe HAGOD He-
HYJEBBIX COOCTBEHHBIX YUCEN, Iie A — MPAMOYTOJbLHAS MATPHUIIA, AT —

TPAHCIOHUPOBAHHAA MATPHUIIA. (A. K. Kosaavducu)

4. z,y > 0. [okasaTs mHepaseHcTBO: ¥ 4+ y* > 1. (Do.avk.aop)

5. a) llpu kakux k 4epes mobbie k TOYUEK IIOCKOCTH MIPOXOTUT KPUBAA 1-T'O
mopsagka?
6) Ha maockocTm OTMEYEHO HECKOJIBKO TOYEK. ECam OKPyX)HOCTH TIPO-
XOOUT Yepe3 TPH OTMEYEHHELIE, TO OHA IMPOXOMUT U EpPe3 UeTBEPTYIO.
JlokaxuTe, 9TO BCE OTMEYEHHBIE TOYKH JIEKAT HA ONHOU OKPYKHOCTH.
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3agaIHBIA pas el

B) Ha miockocTn 0TMEYeHO HECKOMBKO TOYEK. ECam Kpusasa BTOPOTO mo-
pALKA TPOXOAWT “€pPe3 MATh OTMEYEHHBIX, TO OHA MPOXOAUT W HUepe3s
mectyw. Jokaxure, 9TO BCe OTMEYEHHBIE TOYKM JEXAT HA OJHOU KPU-
BOU BTOPOro mopaaka. O606muTe 3T0 yTBEPK IEHUE 1A KPABBIX N-TO
nopaIKa. (A. A. Beaos)

Jlomanaa L mpoxXoguT IO MOBEPXHOCTH Kyba n X n X n, pa3OUTON Ha
KBaJPATHBIE KJIETKU CO CTOPOHOU 1, M JeJuT 5Ty MOBEPXHOCTH HA, IBE
gacTu — depHyo u Oenyo. Bepmuwabr L HaxogaTcesa B HeHTPAX KIETOK, 4
3BEHDA HapalIeIbHLl pebpaM Kyba. [lpu kakux n miomans, 6emron IacTu
MOXeT OLITL He PAaBHA ILIOUIAIN TePHOI? (B. B. IIpouzso.08)

W — GeckoHedHOE CIOBO (CBEPXCIOBO), U 7 ¥ — [OBA €r0 PA3IATHBIX

moAcaoBa. [JoKaxuTe, ITO UMEeT MECTO OJHA U3 TPEX BO3MOXHOCTEN:
> CymecTByioT Takue s u t, 9To sut moxciaoso W, a svt — Her.
> CsepxcioBo W conep®uT CKOMb yromgHO GOABIINE yIACTKE, CBOOO -
HBIE OT BXOXIEHUA CIOBA U.
> Hexoropasa xombunanmsa OykB B cBepxciaoBe W moBTopseTcs Goiee

1000 pa3 mozapsaz. (A. A. Kaneav)

[Iyct, ABC — mpouW3BOALHLIA TPEYyroabHUK, a M — Totuka BHyTpH
TpeyroabHuka. [Iposegem depes Touky M Tpu YeBUAHBI, OCHOBAHUA KO-
Topeix — Ay, By, Cy. llocTpouM BHE TPEyroibHUKA TPU OKPYKHOCTH,
KACAIOUIAECS CTOPOH TPEYTOAbLHUKA B OCHOBAHUAX TEBUAH W OMUCAHHON

OKPYXHOCTH, 1 IeTBEPTYIO, KACAIOUIYIOCA 3TUX TPEX BHEITHUM 00pa3oM.
Torga sTa OKPYXHOCTH KACAETCA BIUCAHHOU OKPYXHOCTHU TPEYTOJbLHU-

Ka BHYTPEHHUM 00pa3oM. (JI. A. Emeavanos)
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9.

10.

11.

12.

Tpu ©eI0BeKa UMEIOT COOTBETCTBEHHO TIO 111, N9, N3 AOLIapoB. Kax nuin
6pocaeT MOHETKY WM TOJYYAeT PE3YJIbTAT — «OPEN»y WM «PemKy». Kcam
Yy OJHOI'O HE TOT XK€ Pe3yJabTaT, 9TO y ABYX APYI'HX, TO T€ ABOEC ILIATAT
eMy 1o goanapy. Eciuw xke Bce pe3yiabTATHI OJUHAKOBBI, TO NE€HBIU HE
[EJIST, HO «¢TAaKT» UrPhI mpoucxonut. Irpa KoH4aeTcsa, KOrga y OJHOTO U3
urpokoB HeT Goabine gerer. [logcanTaTs CPEHIO TPOAOIKATEIHLHOCTD
UT'DHL. (M. Keavbepm,)

a) B mpocTpancTBe HaHBI IBE TIATKWE MOBEPXHOCTH S1 U SS9, 3aJaHHBIE
ypasuenusamu f = 0 u f = 1. UsBecTHO, 9T0 M1106y10 TOUKY MOBEPXHOCTH
S1 MOXHO COEIWHUTH ¢ HEKOTOPOU TOYKOU MOBEPXHOCTHU So TAKOU JIO-
MaHOU AauHBL He Oomee 1, koTopas HaxoauTes B obaactu 0 < f < 1 (3a
UCKIIOYEHNEM HAYAILHOM M KOHEYHOM TOUeK). MOXHO JU yCTAHOBHATH
B3aMMHO OMHO3HAYHOE WM B3aMMHO HEOPEPBIBHOE COOTBETCTBUE MEXMY
TOYKaMu S1 U Sy Tak, YTOOBI COOTBETCTBYIOIIAE TOYKU HAXOAUIUACH ObI
Ha paccTosHuy Menbmre 1067

6) AHAJTOTUYHBIN BONPOC MAJS IIOCKOCTH.
(A.A.Beaos, I'.B.Kondaxos)

Bce xommiexcubie KopHE ypapmeHma AgX™ + A X" M+ + A, =0

no moaymaio crporo Menbiie 1. Ilocregosatensrocts {vp = Agugin +
+ AlUgan—1+---+ Anuk} — cxogauTca. JlokaxuTe, 9TO TOCAET0BATEAb-
HOCTB {Uf} TOXE CXOJUTCA. (Poavraop)

MoryT au 4 kBagpaTa HATYPATBHBIX 9MCET 00Pa30BLIBATH apupMeTH-
9eCKYIO IIPOTrPECCHIO? (Doabkaop)
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3.7. YCJIOBUE. (3agada Ha uccaegosanue). Ilpu kakux n u k cymecrsyer
3AMKHYTasA N-3BEHHAA JOMAHAA, MEPECEKAOMAA KAXJ0€ CBOE 3BEHO POBHO K
pas (Takywo momanyo OyneM HasbBATH JoMaHOU Tuna (n, k)).

a) Ecau n u k 06a HEYETHEL, TO 3TO HEBO3MOXHO.
6) Ecau nk werno u n > 3k, T0 3TO0 BO3MOXKHO.
B) IlocTponTe momanyo Tuma (8,2).

r) CymectByer au toMaHas Tuma (6,2).

IIpuBeguTe pasHble Ipyrue TIPUMEPHI.

PEmMEHUE. ITyrkT a). [JomycTum, 9T0 Takas JoMaHaa cymecTByeT. Hai-
neM ofmee 1ucao To4uek nepecedenus. Ouo pasuo nk/2. IIporusopesne.

[IyskT 6). DTOT OYyHKT CHOPMYIUPOBAH HENPABUIBLHO, 33 ITO IPUHOCAM
quraTensm misuHeHUa. Hanpumep, nomanon (4,1) e cymecrsyer. [IpaBuns-
Has (POPMYJUPOBKA TAKOBA: IPHU YeTHOM k u n > 2k+6, toMaHas CyuecTByer.
Hoxaxem, uTo npu aobom k = 2m cymectsyer aomanas (k + 3, k). Paccmo-
TPUM BEPUIMHLI TPaBUILHOTO (k+3)-yroabauka u 6y1eM CTPOUTH JOMAHYIO U3
ero auaroHajen. Boibepem Hampasaenue 00X0/1a BEPIIUH M0 YACOBOU CTPEIKE.
Coeaunum nepByio BepmiuHy ¢ (m + 2)-u (IPOMYCTUINA M BEPIIUH) U T. A. IO
KPYT'y, KaX BN Pa3 MPOMyCKaeM 1 BepmuH. [JoayIuM 3aMKHYTYIO JOMAHYTO
B BU/IE 3B€3 /b1 (MOCKOIBKY 1o 1 M+ 1 B3aumuO npocTel). Hanpumep, aua k = 2,
n = b moryduM OOBIYHYIO MATUKOHEYHYIO 3Be3ay. llpu n > k 4+ 3 gumaronaaum
N-YTOABHUKA MOTYT 00Pa30BaTh HECKOIHKO 3AMKHYTHIX JoMaHBIX. Hanmpumep,
upu k = 2, n = 6 moayvaercsa 3Be3zna [lasuma. [lokaxem kak MOXHO «Cpalm-
BATh» 3BE3/IHI.

I ==X

Baxw#o, 94T0, cpaimpuBas 3aMKHYTHIE JOMAHBIE WA 3AMKHYTYIO JOMAHYIO C
3AMKHYTHIMU KOMIIOHEHTAMHU (PACIABIIEUCAY 3BE3ALI, MBI TOIYIAEM 3aMKHY-
Tyto Jomanywo. Takmm o6paszom, npupammsas k aomanon (k + 3, k) 3Bé3ant
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(k+3,k), (k+4,k) u 1. 1., Mb1 Gygem monydaTs aoManble tana (2k + 6, k),
(2k+7,k) m 7. n. TORKMI MOMEHT COCTOUT B TOM, 9TO YUCJO CBAZHBIX KOMIIO-
HEHT 3Be3/Ibl MOXET MPEBBICUTh 9UCI0 BepuH ucxogaon aomanon (k+ 3, k).
HayTy BBIXOA M3 3TOTO 3aTPYAHEHUS MBI MPEJOCTABIAEM TUTATEN0 B Katde-
CTBE YIPAXHEHUS.

Pemenue nyukTa B) CM. puc.

Pemenne nyukTa r) (9TOT pe3yabTaT myOIAKYETCsA BIEPBHIE).

3aHyMepyeM 3BEHbS JOMAaHOU MO MOPAAKY. Eciu toMaHas CymecTByeT, TO
€l MOXHO IMOCTABUTL B COOTBETCTBUE Tabauity 6 X 6, B KOTOpOU Ha mepece-
YEHUU {-U CTPOKU U j-T'O CTOJOIA CTOUT «+», €CIU 3BEHBSA C TAKUMU HOMEDA-
MU TIEPECEKAIOTCA, M CTOUT «—», €CIM — HE TepecekaroTca. Torga B Kax Iou
CTPOKE U B KaXJ0M CTOJI0IE TabAUIIBI Oy YT CTOATH POBHO 2 ILIIOCA, a OCTAIb-
Hble — MUHYCHL [[OCKOIBKY HEM OJHO 3BEHO He MEePEeCEeKAeTCA CaMo C COOOU |
C COCeIHMMHU 3BE€HbAMMU, TO TPU AUArOHAJA TaGJIHHbI MOXKHO Cpa3y 3aIllOJTHUTH
MUHYCAM.

[Tpeamonoxum, 9To momanas Tuna (6,2) cymecTByeT, TOra HaJ0 PaccTa-
BUTH B IMyCTHIX KJICTKAX «+» I o«—» TaK, LITO6]31 B Ka)KrZ[OI‘/)I CTPOKE W KaXI0M
CTOABIIE CTOATO ABA IIIOCA. II0CTPpOUM BCe Takme TaOAUIIBL, & 3aTEM JOKAKEM,
YTO HE OJHOHU U3 HUX HE MOXET COOTBETCTBOBATL 3AMKHYTAasd JOMAHAA.

B meproit cTpoke BO3ZMOXHBI CAEAVIONINE BAPUAHTHI PACIOJOKEHUS ILIIO-
COB B IYCTHIX KJIETKAX: ABA ILIIOCA CTOAT 1) cieBa; 2) cupasa; 3) depes OgHy
xaeTky. [Ipu sanorunennn Tabauibl 6ygeM TOJb30BATHCA CACAYIOIINMA TTPABU-
JIaMWU:

> B KJAETKax ¢ KoopauHaTamu (i,7) u (j,41) CTOAT OJAMHAKOBBIE 3HAKH;

> eCIM B HEKOTOPOM DPaAAy (CTpOKe Wim CTOAOIE) OCTAJIOCh TOMBKO [IBE
IycThle KJIETKH, a B OCTAIbHBLIX CTOAT HyIW, TO HAJIO IOCTABUTL ABA
ILIIOCA;

> eCJI’m OCTaJjJacChb OJHA NyCTad KJETKa, TO OIEeBHOHO, «“+» WIA ¢—» Ha a0
IIOCTaBUTh.

PaccmoTpum nepBeiz ciydan (CTaBUM B IEPBOU CTPOKE B IIYCTHIX KICTKAX
CJEBA BA TUIIOCA TOAPAL) W MOKAXKEM MPOLECC 3ATIOJHEHUA ITyCTHIX KJIETOK.
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B sTom Cary4dae MbI IOJYIUJIN erlII/IHCTBeHHbII;)I BapuyaHT: IIepBO€ 3BEHO IIe-
peceKaeTCa C TPETbUM U YI€TBEPTHIM, BTOPOE€ — C IATHIM M IIECTBIM XU T. I.

9 [llokaxem, 9T0 JJOMAHYIO ¢ TAKAMEU CBOUCTBAMHU TIOCTPO-
UTh Heab3dA. s pToro monpobyeM ee TMOCTPOUTH. 3ame-
THM, 9TO TEePBBIE TPHU 3BeHA 00pasyoT urypy, m3obpa-
xkeunyio Ha pucyHke. [llecToe 3BeHO CBA3aHO C MEPBHIM U
HE TEePECEKAET TPETHErO, CJENOBATENHLHO, OHO HE MOXKET

1 3

mepecedb BTOpoe. IIpoTuBopetne.

Bo BTOpoM caytdae momyuaeTcsa Tabania, KOTOPasd SKBUBAJCHTHA MEPBOR
C TOYHOCTBIO N0 MEpEeHyMepanuu (eCiu Mbl TPETHE 3BEHO HA30BEM MEPBBIM,
YeTBEPTOE — BTOPBIM U T. A., TO HOLYYAM TIEPBYIO TAOIUIY ).

B TperneMm cayuae (IWIIOCHI CTOAT HUepe3 OWH) €CTh ABA BAPUAHTA TaO/IN-
bl, OIMH W3 KOTOPHIX DKBUBAJEHTEH IIEPBOMY CAydYalo, & APYTOMY BapuWaHTY
HE MOXET COOTBETCTBOBATH JOMAHAA (VIS NOKA3ATEIHCTBA MOAXOAUT PUCY-

HOK K IIEPBOMY CIYHalo).

1

_|_
_|_

O Ut W N

Bropon caywan

12345
1[=[=]+][-]+
2 == [=+]-
34— =1+
4_ JR [
50+ —+=|—
6—|+|—|+|—

Tperun crayqan

[MokaxeM yHUKATBHYIO JOMAHYIO, O CYyIIeCTBOBAHUM KOTOPOU HUYIETO HE
66110 M3BECTHO (HaxOMKa aBTOpa). ITo Aomanaa Tuna (10,3).
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B zakmarodeHwe mpuBeneM ABE HE PENIEeHHBIE 3aJa9d: CYIECTBYIOT JH JO-
mvanbie Tuna (8,3) u (9,4)7 (A. K. Kosaavdaxcu)

4.2. YcnoBUE. Mexay nyuktamu A u B paccrosume 60 kM. [Toesn me-
JaeT OCTAHOBKY B MyHKTEe A m depes wac — B myHkTe B. [lokaxwuTe, 9TO B
HEKOTOPBIA MOMEHT BPEMEHU €r'0 YCKOPEHME He MeHbIne deM 240 KM/‘{2.

PEWEHUE. Bribepem 60 kM B KatdecTBe eIWHUNLI AJWHBI, aC — B Kate-
CTBE eUHUIIHI BDEMEHU 1 He OyeM [ajee YKa3hIBATh PA3MEPHOCTHU BEJUYKH.

HoxaxeMm oT mpoTuBHOrO. [IycTh yeckopenue Bceraa Menbie 4. [Tockoabky
B HavaJe U B KOHIIE Iy TV CKOPOCTH HyJIeBasi, TO B MOMeHT Bpemenu ¢ € (0,1/2)
CKOpPOCTH MeHbIne 4t, a B MoMeHT BpeMenu ¢t € (1/2,1) cxopocTh MeHbIIe
4(1 — t). OTo o3HaUAET, ITO rpaduK 3aBUCAMOCTH CKOPOCTH OT BPEMEHU Je-
KUT 10 TPaPUKOM KyCOIHO-AMHEenHON GyHKunu 2 — |4t — 2|. 3naunT, npon-
JEHHBIA TyTh (MHTErpas OT CKOPOCTH) MEHBIIE TUIOMAAA TPEYTOJbHUKA C
BEICOTON 2 U ocHOBaHmeM 1. C Ipyrou CTOPOHBI, TPOUAEHHBIN MY Th O YCIO-
Buto pasen 1. [IporuBopeune. (M. H. Baavuii)

4.3. YcanoBUE. Umeercs rpap G u ero asromopdusm f: G — G nopsaj-
ka 2: ecmm z € G, to f(f(x)) = z (mamomumM, ¥TO aBTOMOpdU3M rpada
COXPAaHAET CMEXHOCTH BepiuH). [[puMepamu MOryT CIyXWTh rpadbl Tpa-
BWIBHBIX HCHTPAJBHO-CUMMETPUIHBIX MHOTOT'DAHHUKOB WJIN IIPpaBUJBHBIEC PDE-
MIETKY HA €BKJINIOBON U TUIEDOOIMTIECKON IIOCKOCTAX; €CTh U MHOTO IPYTHUX
PUMEPOB.

B kaxmgon Bepummue rpada HAMTHCAHO BEIIECTBEHHOE [MCIO. JIoObie aBa
coceHMX InCaa (T.€. CTOAMMX B KOHIAX OJHOTO pedpa rpada) OTamIarTcs
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Menbine deMm Ha 1. [okaxure, 9T0 HaugeTCsa napa sepmud (z, f(z)), 1ucia B
KOTOPBIX TaKXe€ OTJIUYIAXTCA MCHBIIC 9€M HaQ 1.

PEMIEHUE. B Takoun ¢opMyIMpOBKe 3amada HEBEPHA: eCIn Ipad COCTOUT
73 IBYX M30MUPOBAHHBIX BEPIIWH, TO HANUCAHHLIE B 3TUX BEPIIUHAX TUCIA
MOT'YT OBITE MIOOBIMMU.

[lokaxeM, 9TO yTBEPXKACHUE 3aTa9M BLITOIHACTCA I CBA3HBLIX T'PadoB.
[Iycrs f(xo) —zo > 1 (uHave Bce gokasano). CoeAuHUM BEPIIUHEL Tg U Yo =
= f(xzo) myTem Lox1 ... Ty = yo B rpade G. CuMMETPUIHBIE BEPIIUHBL {; =
= f(z;) 06pasyrOT Iy TH U3 Yo B Lg.

B mocaemoBaTenbHOCTH WwHCen d; = Y; — T; TEPBOE UUCIO MOJOXATEILHO,
a mocaeqHee oTpunaTenbHo. IlycTh dy — TepBBIM OTPUIATENBHBIN WIEH MO-
crenoBareasbHoctu {d;}. Ecim di_1 < 1, To Bce mokasano. Ecam xe dy—; > 1,
TO Tj W Y OPUHALIEKAT JIOOOMY MHTEPBATY MIWHLI 1, COAEPKAIIEMYCA B
(Tk—1,Yk—1), & 3HAYUT Tf — Y < L. (M. H. Baavuii)

4.4. YCIOBUE. HecKOIbKO MIKOJLHUKOB UTPAIOT B MUHT-TIOHT «HA, BHLTETY.
OHu ycTaHOBWIM O4Yepenb, BHAYAJIE UTPAIOT MEPBLIE ABOE, a 3aTeM mobeau-
TeJb KAX JOU CBIPABIIEN TIAPHI UT'PAET CO CIeAyIommMM u3 ouepeau. Ha apyrou
IeHb pebATa UrpaioT Mo TOU Xe CUCTEME, HO TMOPAAOK B OMEPEeN W3MEHEH Ha
NPOTUBOMONOKHBIN (T. €. 09epPeb UAET OT MOCAEAHETO K nepBomy ). [lokaxu-
T, YTO HAUAETCA Mapa UI'POKOB, KOTOPHIE BCTPEYAIUCH U B NEPBBIA IEHL, U
BO BTOPOM.

PEMEHUE. B nepsobit feHs CONEPHUK MOCTETHETO UTPOKA, B OUEPEIU U PAL
CO BCEMU, KTO CTOAT B o4Yepeaun no3xe Hero. C OJHUM U3 HUX OH UT'PAET CBOIO
TMEPBYIO MAPTHUIO BO BTOPOR AEHD.

[TPUMEYAHUE. Ecau 5T0 pemenne KaxeTcs CIUIMIKOM JAKOHWIHBIM, TO
€ro MOXHO Pa3BEPHYTH TaK:

B nocreanen mape mepBoro AHA OOUH U3 YIACTHUKOB — MOCICIHUN B OH6-
pexu. [Ipyrou (mazosem ero X) — au6o mpegnoCAeAHUUN, AUGO BHIUTPAT Y
BCEX, CTOABIIUX B OYepeNM MEXAYy HUM U mociaeaHuM. Bo Bropou genb X
UTPAET CBOIO MEPBYIO MAPTHUIO ¢ KEM-TO, CTOANIAM PAHbIIE HETO — U, 3HAYNUT,
CTOABIIAM TO3X€ B MEPBLIN AeHb. Ho co BcemMu TakuMm urpokamMum X yxe
urpa. (B. P. Dpenkun)

4.10. YCnOBME. Ussectro, uro panr kommyraropa [AB] = AB — BA
OBYX MaTpuI paseH egmaune. /JokaxnTe, 970 MaTpunsl A n B uMeroT o6mmn
cOGCTBEHHLIN BEKTOP.

PEmMEHME. MoxHo cunrars, uro Ker A # 0 (unade Bmecto oneparopa A
MOXHO B3aTh onepatop A — AI).

[oKa3aTeabCTBO MPOBELEM UHAYKIWEHR IO 7 — PAa3MEPHOCTH NPOCTPAH-
CTBa, B KOTOPOM J[EACTBYIOT omeparopel. FKcau n = 1, To yTBepkjeHue
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oueBuguo. Illycte C = [A, B]. Ilpu goxasaTenbcTBe MHAYKIUOHHOTO ILIATA
PACCMOTPUM B CJIY4as.

1. Ker A C KerC. B srom cayuae B(Ker A) C Ker A, Tak kak ecan
Ax = 0, o Czr = 0 uw ABr = BAzx + Cx = 0. CregoBaTeibHO, MOXHO
pacecmoTpers orpanundenue oneparopa B Ha Ker A # 0 u Buibpats B Ker A
cOGCTBEHHBIM BEKTOP ¥ omeparopa B; BeKTop v mpu 3>TOM OyAeT TaKXKe U
COOGCTBEHHBIM BEKTOPOM omepaTopa A.

2. KerA ¢ KerC, Te. Az = 0 u Cz # 0 a1a HEKOTOPOTO BEKTOPA .
Tak xak tkC = 1, ro ImC = (y), rae y = Cz. Kpome toro, y = Cz =
= ABx — BAz = ABz € Im A. Cregosarensno, B(Im A) C Im A. B camom
nene, BAz = ABz — Cz, rome ABz € ImA u Cz € ImC C Im A. Ilo npeano-
aoxennto Ker A # 0, mosromy dimIm A < n. Iyctes A’ u B’ — orpanwycnus
onepatopoB A m B ma Im A. Torga rk[A’, B'] < 1, a 3Ha4mT, cOrmacHo mpeamno-
JOXEHNI0 MHAYKINK y onepaTopos A’ u B’ ecTh o6muin co6CTBEHHLIA BEKTOP.

(B. B. IIpacoaos)

5.2. YCaOBUE. Amm-Baba neant ¢ pazbonrmkom 10 Kyt 3010TOT0 MECKY.
Anu-Baba MoxeT B M1000M MOMEHT B3ATL TPHM KyUd U YUTH, 00 OH MOXET
BEIOPATEL 4 MOOBIE Ky9YW W Pa3fequTh KaXAyl W3 Kyd Ha MPABYI W JEBYIO
gacTh. [lanee pa3sGOMHWK NpPaBbIE YACTH HETOXACCTBEHHO TEPECTABIACT, W
3aTeM JaCTU O0LEeJUHAIOTCA — KaXJad JeBasd C HOBOU IPABOMU.

Cmoxer au Anm-Baba yuectn ¢ cobou cBuime 49 KT 3040TOT0 TMECKY, €CIH
Bcero 0wLI0 50 KIr?

PEMEHHUE. IIpexmge Bcero, cemeM 3afady K AUCKpeTHoU. Pasmenmm ka-
KIYI0 Kydy (C OCTATKOM) Ha MeTKHe dacTH, pasmep Kaxgoin — 1076 or 06-
mero koamdvecTBa necka. OcraTkoMm mpenebGpexeM, u60 CYMMAPHBIA Pa3sMep
ocTaTkoB He 6oabme 10-107% = 107° ot obmero uncna mecka. Bygem paccma-
TPUBATL KAXAVIO JACTh KAaK (MOHETKY» M YKaXeM aJCOPUTM, HO3BOMAIOIINAN
Am-Ba6e nonyants 6oaee 99% ot obmero Tucaa MOHET.

Anropurm peuctBun Anu-Babbl 3akm09aeTCA B CIEAYIONIEM:

1. Beakum pas BoibumparoTcs 4 caMbIX GOMLIINX KY M.

2. OT camou GOJBINION OTKJIAABIBAETCA BIPABO OJHA MOHETKA, OT BTODPOU
[0 BEJUYUHE — JIBE, OT TPEThEN — TPHU, OT YETBEPTOU — UETHIPE.

3. Ty mpaBbie YACTU Pa3bOUHUK MEPECTABIAET, MOCAE €O MPOUCXOAUT
CITUAHUE.

4. Ecau ykasaHHYIO OIPOIEAYDY HEIb3d NPOBECTH (T. €. B KAXK JOU Ky4e, KPO-
Me TpeX MaKCHMAIbHBIX, He Ooabine deMm 4 MoHeTh), To Amm-Baba cmo-

KOWHO yXOIUT, 3a0Upasd TPU MAKCUMAIBLHBIX Ky4dr. PasbouHUKY nocTa-
IOTCA KOIIEHKH.

Ocraerca ybequThcda, 9TO AaHHAsA OPOIEAYpPa 3aKaHUMBaeTCA. B camom
nene. 3a KaxXIbIA AT TPOUCXOIUT CIeTYIOIee:
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a) aubO YBEIUYIMBACTCI MAKCUMAIBLHAI Kyda,

6) ambO HE MEHAETCA MAKCUMAJIBHAA, HO yBEJIMIUBAETCA BTOPAA MO BEIUIH-
He,

3

B) MO0 HE MEHAKTCA TEPBBIE [BE, HO YBEAMTUBAETCA TPEThA.

flcHO, 9TO WATOB MEPBOTO TUNA KOHETHOE YMCJO, a KOTAA OHH KOHYATCA,
OyeT KOHEYHOE YUCJAO MATOB BTOPOTO THMA, & KOTA KOHIATCA STH MATH —
TO Tperhero. [losToMy mponece 0CTaHOBUTCA. (A. A. Kaneav)

5.4. YcaoBHUE. Otpesok SP coemuuser To4uky P Ha rpanute u Gokyc S
sianuica. Touka R 1eXuT Ha KacaTeIbHOU K IIUICY B TOUKe P ([ocTaTodHO
6mm3ko k P B manpasnenuu npubiamxenus kK gokycy S). [apamreasnan SP
mpAMadg, MPOXOAANIaA epe3 R, mepecekaeT BIINIC MEePBHIA pa3 B TOUKe ().
Touka T — ocHOBaHUE TEPHEHIUKYAAPA, ONYIIEHHOTO 3 R Ha oTpe3ok SP.
Haungure

[ITMHEBL Onyocen a, b »anumnca CIuTATh U3BECTHLIMA.

PEMEHME. B nepsoM mpubamxennu gyry >iaunca QP MOXHO 3aMEHUTD
COOTBETCTBYIOIIEA AyTOU OKPYXHOCTH PajuycoMm kpusBusubl PC' = r ¢ nen-
TpoMm B Touke C (cMm. puc. 1).

Puc. 1. Puc. 2.

Iposegem Qu || RP, RL || QT; PS — wnaupasnenue x dokycy, PC —
HATpABIEHUE K TEHTPY KpUBU3HLL. Yron £ SPC = vy — «HampaBIgoMumy
yroa, yron £QCP = ¢ — NeHTpaIbHBIA YTOII.

W3 reomerpuveckux cooOpaxeHui, IPUHUMASA B pacdeT, 9T0 zv K QU
npu () — P, nony<um:

QT>

lim “— = rcos®y lim
Q—P QR ’ycpHO].*COSQp

sin ¢

= 2r cos® . (1)
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Ocranoch AOKA3aTh TAKYI0 TEOPEMY: npousséedenue paduyca Kpueu3Hbl
HO MPEMbIO CMENEHd KOCUHYCA (HANPABAAIOWES0» Y240 Y CCNb NOCTMOAHHAA
6CAUYUHG, T. €.

r cos® 7y = const.

1. Kpususua K = 1/r onpegensercsa Kak NIPOU3BOAHAA HAKIOHA KACATEIb-
HOM K gamHe ayru da/dl, Tae

2
«a = arctg Z—y al=\/1+ <Z—y> dx.
T X

[Mocne cooTBeTCTRYIOMUX TPEOOPA3OBAHUY TIONY IUM:

02 22 3/2
7":7 (1_6251_‘2) s (2)

rae e = ¢/a = Va? — b?/a — BKCUEHTPUCUTET SILIATICA.

2. «Hampapaaommuy yroa Y U ero KOCUHYC MOTYT OBITh TMOIYYUeHbI U3 Te-
opeMbl 0 BHemHeM yrue TpeyroabHuka SPW (cm. puc. 2). Touka W naxo-
IUTCS Ha GOJNBIION TIOMYOCH DILINIICA, Y| — YTOJ MEX1y HOPMAIbIO B TOUKe P
7 GOJBIION TMOMYOCHIO BJLIUTICA, Yo — YTOJA MEXAY OoTpeskoM SP u Goabimon
noayockio sauica. [loxygaem

1 Yy
Y=Y Y2, tgm =——, tgy2 =

Yz T4c’

Ncnoassys TeopeMy 0 TAHTEHCE CYMMBI, TOCHE TTPEOOPA3OBAHUY TIONY IAM:

2
C X

tgy=-4/1—=5.
&7 b a®

OTcroga BEITEKAET
3 b3 9 2 _3/2
Ccos ’}’:—3(1—6—2> (3)
a a

[Mepemuoxas (2) u (3), moxydanm

3 b’
7 €0s” 7y = — = const .
a

[Mocne mogcTanosku B (1) moaydaeM MCKOMBIN HPEe:

. T2 b2
lim QT =2—.

Q—P QR a
dTa BeawuuHa (Tak HasbiBaeMas latus rectum) He 3aBuCHT OT momOXeHUs P
Ha DJLIUIICE.

3AMEYAHUE. [lanHas 3312492 BOSHUKAET U3 BHIBOAA HBEIOTOHOM CHIBI T'Da-
BUTAIINM, OCHOBBIBAACH HA TEPBBHIX ABYX 3akoHax Kemrepa. [loxaszaTenbcTso
HeroTona ocHOBBIBaeTCS Ha TeoMeTpur AMONIOHUS W YIPE3BBLIYANHO CJIOXKHO
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(mo cBugeTenbcTBY MHOrMX Gu3mkos, Hampumep, R. Weinstock, Am.J.Phys.,
vol.40, p.357). (A. Cendepuuun)

5.8. YCIOBUE. PasberiTe mIockoCcTs Ha HENEPECEKAIOIMMNECA OTPE3KHU PaB-
HOU JIJIVHBL.

PEMEHUE. BregeM Ha MIOCKOCTU KOMILIEKCHYIO KoopamHaTy. Onurnem
pasbuenue MHIYKTUBHO.

Ha 0-m mare BosbMeMm oTpesku [t —i/2,t +i/2)], t € R, obpasyomue ro-
PU3OHTAIBHYIO NOA0CY, U oTpesku [(—1/2 4 iu), (1/2 +iu)], u € R, |u| > 1/2,
ofpasyiomune [Be BEepTUKAMLHLIE TOJOCHL. J[OmoMHeHne mIoCKOCTH K 06henu-
HEHUIO DTUX OTPE3KOB — MUIBIOHKTHOE O0BheAuHeHne 4 OTKPBITHIX MPAMBIX
YIJIOB.

[onoauenne Kk 06bEIUHEHNIO OTPE3KOB, TOOABIECHHBIX HA TTEPBHIX k — 1 1m1a-
rax, OyJeT AU3BIOHKTHBIM oO0begumuenneM 251! oTKpHITHIX yrios, Beamumma
KOTOPBIX Q_1 = 7T/2k. Jas kaxa0oro m3 TAKuUX YIJIOB OmpemeauM OToOpa-
xenme Ha cmandapmuiti yeos Ay = {z | 0 < argz < 7/2F}, sagasaemoe
CABUTOM T TIOBOPOTOM KOMILICKCHOH TLIOCKOCTH: 2 — (2 — a)e’®. Ha k-m mare
B KaXILIA U3 YIVIOB HOOABIAIOTCA OTPE3KHU, 00pa3zaMu KOTOPLIX IPH 0TOOpa-
JKEHWM Ha CTAHJAPTHBIN YTOJM ABIAIOTCA OTPE3KH [te'Pk, 1Pk + elPh=1] 1 > 0.
[Mocre moGaBaeHmA TAKUX OTPE3KOB KAXKALIA W3 YIJOB pPa3OUBACTCA HA IBA
paBHBIX yraa. (CM. puc., Ha KOTOPOM MOKA3aHO Pa3OUeHUE OJHOrO U3 YIJIOB
HA TPETHEM MIare.)

U3 nmocTpoenusa 09eBUAHO, ITO BCE MCIONB30BAHHBIE OTPE3KW HE TIepece-
kawTca. OCTanoch MOKa3aTh, 9TO UX 00BEAUHEHNE — BCA TIOCKOCTh.

Kaxaon TOYKe IIOCKOCTH COIMOCTABUM IOCACAOBATEALHOCTE Zj IOJIOXKE-
HEU ee 00pa3oB B yraax Ag. JTa IMOCIEfOBATEILHOCTL MOXET OBITH ONMMCAHA
MHAYKTUBHO. Beam argzp_1 < @k, TO 2 = 2g—1. Bcam argzg_1 = Yk, TO
2k = (2p_1 — €P+-1)e”* npm ycrosum, aTo Re zp > 0; B IPOTUBHOM CIytae
Zk—1 — TMOCAETHUU “LIEH MOCAEIOBATEILHOCTH (TEM CAMBIM, TOYKA MIPUHAJIE-
KUT 00BEMHEHNIO TOCTPOECHHBIX OTPE3KOB).

TMocaegoBaTEBEHOCTE 2 HE MOXKET CTAGMIM3MPOBATHCA, TAK KAk @i — 0
npu k — oo. Ho mpm 2, # zx_1 Bomoaneno |zx| < |zx—1| — 1/2. HosTomy
[OCIEJ0BATEIBHOCTD 2f HE MOXET OBITH G6€CKOHEIHOM.

(M. H. Baawuii)
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Kuurn n3gATensctsa MITHMO (2002 r.):

1. B.T'. Boarsauckum, A. I1. Capun. Becegnl o marematuke. Kuura 1. luckpersie
o6bexTH. 368 c. (Uszanue comectro ¢ OO0 «DUMAY)

Kuura BBOAUT YMTATENA B KPYT U COBPEMEHHON MATEeMATUKU. B nonyaapaou ¢popme
PACCKA3BIBAETCA O TEOPUH MHOXKECTB, KOMOMHATOPHUKE, Teopun rpad OB, TEOPHUA BEPOATHO-
CTel U IPYTUX BOMPOCAX.

MS,Z[aHHe 6y,qu WHTEPECHO YIUTEeAIAM MaTEeMaTUKU. CHeHI/IaJIBHaH TJIaBa IIOCBAIIIEHA BO-
mpocaM, CBABAHHBEIM C IMOUCKOM YIAIIAMUACA PEIICHUN 33 1a4.

B TO k€ BpeMsdA 3Ta KHUI'a MOXKET CIyXUThb OCHOBOﬁ KypCa MaTEMaTUKN NJId CTYAEHTOB
TYMAHUTAPHBIX CIENWATBLHOCTEN, TAKOU KypC OBLT MPOYMTAH AaBTOPAMU A MCUXOJOTOB.

y‘IaH.II/IeCH n yduTenda MaTeMaTUIEeCKUX INKOJ, JUIEEB 1 FI/IMHaBI/Iﬁ MOT'yT UCIIONB30BaTH
n3naHUe B KadeCcTBe ydeOHOrO mocobus.

2. C. K. Jlauno. Jlekiuu o npouspoasmx ¢yskmuax. 144 c.

Hacrosamas xuura noceamesa Ipou3BO 4AMUM (PYyHKIUAM — A3BIKY, HA KOTOPOM I'OBO-
PUT COBPEMEHHAA NMepeInCInTeIbHAA KOMﬁﬂHaTOpHKa. 3TOT A3BIK UCIOJBb3YyeTCA U BO MHO-
IUX APYrEX O6JACTAX MATEMATUKHA W MATEMATHIECKON ¢u3mky. KHUra OpegHasHAveHa, B
NIEePBYIO OYepenb, A1d CTYLEHTOB MIAIMNX KYPCOB (PU3UKO-MATEMATHUYECKUAX CIEHUATLHO-
cren. B Henm pazoGpaHO MHOTO TPUMEDPOB W COAEPKUTCA GOMBIIOE KOAMIECTBO 3aJad 1A
CaMOCTOATENbHOI'O PELICHNA.

3. A. A. Mapxkos. Uabpauusie Tpyasl. Tom 1. MaTemaTuka, Mexanuka, pusuka.
478 c.+ LVIIL

B co6panme COMMHEHUE BBIZAOMIErOCA poccuuckoro maremaruka A. A. Mapkosa, Bbl-
TyCKAeMOTO K CTOMETHUIO CO JHA €r0 POXK ACHUA, BKIIOYCHBI OCHOBHBIE PAGOTHI, COMEPKAIINE
ero Haumbonee BaXHBIE Pe3yabTaThl. B mepsoM Tome mybaukyorca padorsr A. A. Mapxkosa
IO MAaTeMaTHUKe, MEXaHUKE U (PU3UKE.

Kuura npegnasHaveHa 114 MaTeMaTHUKOB, GU3NKOB M UCTOPUKOB HAYKH.

4. P. A. Munnoc. Beefjenue B MaTeMaTHIECKYI0 CTATUCTAYECKY0 Gusmky. [lep.
c aura. }O. B. ZKykosa. 112 c.

IIpennaraeman KHATa MPEACTABAACT COOOU BBEJCHUE B MATEMATUICCKUE ACTIEKTHI CTa-
TUCTHIECKON GU3nKu. B HEN 9eTKO 09epyYeH KPYyT 3334 M3IaraeMOU HAyKW, TAeTCA ACHOE
OIpenacTaBJACHUEC O IEHTPAJIBRHOM €€ MOHATUAN — IpEeaeJbHOM ru66COBCKOM moJae, BBOAUTCA Of-
HO M3 BaXXHBIX TEXHUYIECKUX CPeJCTB — ypaBHeHune Kupksyzaa — 3aascOypra. 3HaunTenbHasa
4aCTh KHUT'U [IOCBAIIEHA TEOPUHU (PpA3OBBIX IMEPEXOLOB.

KHI/IFa HaOrCaHa A4 HaYUHAIOIIUX “II/ITaTeJIeIU/I7 HO MOXKeT OBITH MOJE3HA 1 CIenuaam-
CTaM. Ee OCHOBOﬁ IMOCIYXKWUIN JEKIUW, IPDOIUTAHHBIE aBTOPOM BO MHOI'MX YHUBEPCUTETAX
MUpa. OT ‘IHTaTeJIeﬂ TpeﬁyeTCH 3HAKOMCTBO C 3JEeMCHTAPHBIMU 3HAHUAMU MEXaHUKU, TEO-
pPUHU BEPOATHOCTEN M PYHKINOHAIBHOTO AHAIM3A.

5. A. T'. Ceprees. KonepoBa reomeTpus npocTpaHcTB meTeab. 128 c.

Kuwura ocuopana Ha JIexkumsax, IPOYMTAHHEIX aBTOPOM cTyzeHTamM MoCKOBCKOro rocy-
napcTeennoro n Hesasucumoro yumsepcuTeTon (ocernio 1995 — secuon 1996 ronos).
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IIpoCTPaHCTEO MeTeah KOMOAKTHON TPYNNLI JIu ABIACTCA, C OQHOU CTOPOHBI, (DA30BBIM
MHOT006paszueM TeOpUU CTPYH, &, C IPYTOU CTOPOHBI, OJHUM U3 HauboJee UHTEPECHBIX MPU-
MEPOB 6ECKOHEIHOMEPHBIX KAIEPOBBIX MHOr006pasun. Ono 061aaeT, mo CymecTBy enuH-
CTBEHHOU, €CTECTBEHHOU CHUMILIEKTHUIECKON (POPMOU M MHOXKECTBOM COBMECTUMBIX C HEIO
KOMILTEKCHBIX CTPYKTYP, HapaMeTPU3yeMbIX TOYKAMM APYTOr0 MHTEPECHOrO GECKOHEYHO-
MEPHOI'0 K3JIEePOBa MHOr000pa3usa — dakTopa rpynnsl 1uddeoMopdru3MOB OKPYXKHOCTH II0
Moayaio Bpamenuu. Ilocaeanee MHOr006pa3re UMEET, HAIPOTHUB, ECTECTBEHHYI0 KOMILIEKC-
HyI0O CTPYKTYPY W 2-IapaMETPUYECKOE CEMEHCTBO COBMECTHMBIX C HEK CUMILIEK THIECKAX
dopm. Nzydenue K>AepOBOM MeOMETPUM DTUX ABYX OECKOHEYHOMEPHBIX MHOT000pasum u
COCTABJAET TMPEAMET 3TOU KHUTH.

Kuura npeanaszHadeHa 014 CTYJEHTOB M ACIMPAHTOB, MHTEPECYIOMNXCA MaTeMaTHde-
CKOU (DPUBMKOU, KOMILIEKCHBIM U (PYHKIUOHATLHBIM AHAIA30M, Aud@depeHnnaTLHON reoMe-
Tpuen.

6. A. C. Xoneso. Beegenne B kBaHTOBYI0 Teopuro uadopmammu. 128 c.

KHura mocBamena m3/I0KEHUI0 OCHOBHEIX IOHATHN U CTPOTHUX PE3YILTATOB HOBOU Ha-
YYHOU AUCIUTLIMHBI — KBAaHTOBOW Teopuu nHpopManuu. BO3MOXHOCTH KBAHTOBBIX CACTEM
nepenadm u npeobpazoBaHusa MHGOPMALUY IPOWITIOCTPHIPOBAHLI HA IPUMEPAX CBEPXILIOT-
HOT'O KOAWPOBAHUA, KBAHTOBOU TEJENOPTAIMM W KBAHTOBBEIX alrOPUTMOB. PaccMaTpuBa-
I0TCA DHTPONUUHBIE U WHPOPMAINOHHBIE XapPaKTEPUCTUKU KBAHTOBBIX cucTeM. [1oapo6HO
00CyX JaeTCsa NOHATUE KBAHTOBOI'O KAHAJIA CBA3M, €r0 KIACCUYIECKAA ¥ KBAHTOBAA IIPOILYCK-
HBIE CTIOCOOHOCTH, & TAKXKe Mepenada KIACCUIeCKON NHGOPMAINN C TIOMOMIBIO CIEMICHHOT O
cocrosanua. ChopMyaMpoBaHO HECKOJILKO MPUHIUAIAAILHBIX OTKPBITHIX IIPO6IEM, pelieHue
KOTOPBIX ABUIOCH OBbI CYNIECTBEHHBIM BKJI3JA0M B KBAHTOBYIO TE€OPUIO MH(POPMAIINI.

B nekumax mpueeneHsl HeOOXOAUMEBIE CBEJCHUA W3 KIACCHIECKOW TEOpUU MHMOPMAIII
¥ 1aHO MOAPOOGHOE BBEACHUE B CTATUCTUYECKYIO CTPYKTYPY KBAHTOBOU TEOPUU, MOITOMY
A TOHUMAHUA JEKIAU JOCTATOTIHO BJIAAEHUA OCHOBHBIME OOMIEMATEMATAIECKAME AUCIH-
TLINHAMA.

7. H. B. Anpyrosa, A. B. Ycrunos. Anre6pa u Teopus uncen. COopHUK 3ajgad
IJIA MaTeMaTHIeCKUX MIKoa. 2064 c.

8. B. . Apnoana. AcTpoujaibHad reOMeTPHUA TUMONMKJIOH] M I'eCCHaHOBa TO-
moJiorusa rumnepboauiecknx MHOTowreHoB. 80 c.

9. B. 1. Apuoaba. TeoMeTpusa KOMILIEKCHBIX YMCeJ, KBATEPHUOHOB M CIIMHOB.
40 c.

10. B. U. Apuonas . TeomeTpudeckne MeTOBI B T€OPUN OGBIKHOBEHHBIX Audde-
pennmansHeix ypasuenuu. 400 c. (Uzganue copmectro ¢ HUI «Peryaspuas u xaoTu-
9ecKan JUHAMUKA) )

11. A. A. Boru6pyx. Ypasuenusa MakcBesia u guddepenmpansusie Gopmel. 24 c.

12. H. B. Bacunses, B. JI. I'yreamaxep. llpamveie u xkpusbie. 4-e usg., crepeoTur-
Hoe. 128 c.

13. A. H. Bunenxun, B. I'. Boarauckun. CummeTpus B anreépe. 240 c. 1-e muzg. —
M.: Hayka, ra. pen. ¢us.-mat. aut., 1967.

14. M. A. Exumona, . TI. Kykun. 3agaun na pazpesanue. 120 c.

15. M. 3. Kazapsu. [uddepennuarpanie popMbl, pacciioeHus, cCBI3HOCTH. 16 c.

16. B. M. Tumopun. Kom6uHaTOpUKa BHIIYKJIHIX MHOTOIPAaHHUKOB. 16 c.

17. A. B. Yepemymkvn. Jlekuuu mo apupMeTUIeCKAM aIrOPATMAM B KPHIITO-
rpapmmn. 104 c.

18. XXIV Typunp um. M. B. Jlomonocosa (30 cerrabpa 2001 roga) 208 c.
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CEeEPUA «BUBJINOTEKA ,, MATEMATUYECKOE IIPOCBEIIEHUE»

Brim. 15. B. M. Tuxomnpor. Juddepenumanbaoe ueuncieHne (TeOpra X MPAIO-
xenns). 40 c.

[duddepennmansbrnoe ucuncienne, BO3HUKIIEE GOIee TPEXCOT JeT Hazal B paborax Hero-
ToHa 1 JIenGHUIA, OTKPBLIO HOBYIO DIOXY B Pa3BUTHM HayKu. OHO MOCIYXMI0 OCHOBOU A/
CO3 JaHUA COBpeMeHHOﬁ MaTEMaTUKNW W HaIllIO MHOT'OYHCJICHHBIC IIPMMEHEHHUA B €CTECTBO-
3HAHUU 1 TEeXHUKeE.

B sTon 6pourope BBOAATCA OCHOBHBIE TOHATHUA AudPEpeHIUaTbHOr0 UCIYUCICHUA: TIPe-
nIeJ, IPOM3BOAHAA, HENPEPBIBHOCTh (DYHKIUHU, M PACCKA3BIBAETCA O IPUMEHEHHU HTUX IO-
HATWU B MEXaHUKe, OMOIOTUHU, COUMOJIOTUN U APYTUX 00JacTAX. duTaTens Takxke y3HAeT O
TOM, KaK MEHAINCH IPENCTABICHUA YIEHBIX O auddepeHunaJIbHOM UCINCICHIN B TE€ICHUE
MOCICTHUX TPEX CTOJIeTI/II;'I.

Brim. 16. B. A. Cksoprios. Ilpumepsl MeTpuiecKux MpOCTPAHCTB. 24 C.

B mMaTemaTmke 1acTO PACCMATPUBAIOTCA MHOXKECTBA, MEXAY DJAEMEHTAMU («TOTKAMUI»)
KOTOPBIX OTNPEAENeH0 paccToAnme (MeTpuka). Takue MHOXKECTBA HA3BIBAIOT METPUICCKAMHA
OIPOCTPAaHCTBAMU, €CJAU BBIIIOJIHEHBI COOTBETCTBYIOIINE aKCHOMBI. CyH.IeCTByeT MHOI'O pa3-
HBIX CHOCOGOB ONPEETUTh PACCTOAHUE B PA3HBIX MHOXECTBax. B Gpommope 06CyxaaeTcd,
KaK MOXHO U3MEPATH PACCTOAHUE HE TOJBKO MEXNAYy TOYKaMHU Ha IIIOCKOCTH, HO U MEXAYy
KPUBEIMU, MHOXecTBaMu, pyHKuuaMu. BaXHEIM IpuMepoM PaCcCTOAHHUA MEXAY KPUBBIMEI
ABAAETCA XaycaopdoBa MeTpuKa. MHOTME METpUIECKME TPOCTPAHCTBA PABUTETHLHO OTIU-
YalOTCA OT IPUBLITHON €BKJIUIOBOU ILIOCKOCTHU. [IpuMEpOM METPUKU C HEOOBIMHLIMHU CBOU-
CTBAMU MOXKET CAYXUTH p-adUICCKad METPUKA, OTHOCANIAACA K KJIAaCCY TaK Ha3bIBaCMBIX
HEapXUMeIOBBIX METPHUK.

Brm. 17 B. I'. Cypauu. Haras cuna. 40 c.

Cpeamn deTwipex (QpyHAAMEHTAMBHBIX CHUJ TMPUPOALI — TIPABATANMOHHOMN, DIEKTDPOMAr-
HATHOM, CUILHOM U CIa6OU ANEPHON — NPUIMBHOK CAIBI HeT. TeM He MeHee, BLI3BAHHLIE
NPUWJINBHBIMU CUJIAMU 3(1)(1)6KTBI BIUAIT Ha ABUXKCHUE TJAaHET, 3BE3d U raJdaKTUK, PaCIo-
JIOKEHUe CO3BE3AUU, Ha MOrOAy, HABUTALUIO, HA POCT PACTEHUU W BBOMIONUI0 GHOCHEPHI.
[axke maea cO3NaHMA MANMHBI BpEMEHU, KOTOPYIO MOXHO OBLI0 GBI OCYNIECTBUTh, UCHIOMb-
3yd depHBbIE ABIPHI, HATAIKMBAETCA HA IOYTU HEIPEOJOINMOEe IPENATCTBUE — IIPUINBHLIE
CHJIBI.

Bemn. 18. A. B. 2Kyxos. O mcxe 7. 32 c.

I/I3y‘IeHI/Ie qucCiaa T — 3aa4va, THTEPEeCyHllad MaTeMaTUKOB Ha IIPOTAXKEHNN HECKOIb-
KUX TBICAYENeTUN. B 3TOM GPOIIIOpe M3IAaraeTcsi UCTOPUA BBIYUCACHUM IUCIA 7, HAYAHAA
oT ApxuMena 1 3aKaHIMBAA HOBEUIIMMU CBepX3(h(EKTUBHLIMU aJrOPUTMaMU. PacckasbiBa-
eTCA TaKXe O PA3IUIHBIX NPOOIEMaX, CBA3AHHBIX C 3THUM 4YHCIOM, HEKOTOPBIE M3 KOTOPBIX
TMOKa OCTATCA HEPCIICHHBIMU.

Brim. 19. A. T'. Mskuines. JJieMeHTH IeOMeTPHH TPEYrojbHuKa. 32 c.

reOMeTpI/IH TPpEYTOJbHUKA CIIPpABEAJINBO CIUTACTCA OAHUM U3 I/IHTepeCHeIU/IH_II/IX pa3aeaon
3JIE€MEHTAPHOU T'eOMETPUM.

B mamHOM GpoLIIOpE PACCMATPUBAIOTCA Pa3IMYHBLIC 3aMEYATENbHBIE TOYKM UM IPAMEIE
TPEYTOJbHUKA, & TaK¥Xe HECKOTOPHIC HpeO6paSOBaHHH MMIOCKOCTU, CBA3aHHBIC C TPEYT OJbHU-
KOM. Bpomropa cogepXuT KpaTkoe BBegeHUE B CAPUIEHTPUIECKOE UCIUCAEHIE — OOUH U3
OCHOBHBIX METOOOB MCCIECNOBAHUA CBOﬁCTB TpPEYyTrOJbHUKA.

Brim. 20. U. B. Amenxo. Ilapagokcel Teopuu MmEOXecTB. 40 C.

IIpu pasBUTUM TEOPUU MHOXKECTB, HA KOTOPOU Oa3UPYyeTCA BCA COBPEMEHHAA MATEMATH-
Ka, BO3HUKAIM MapajoKcel. Hampumep, mapagoxc 6pago6pes, GOpMyIUpYeMbII CIeAyOIIM
obpaszowm:

Bpeer au cebsa Gpagobpen, ecau OH 6peeT Tex

¥ TOJIBKO TeX, KTO caM cels He Gpeer?
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B 6pourope pacckaspiBaeTCAa 0 TOM, KAK TEOPHUA MHOXECTB OOXOAUTCA € IIOA00HBIMU
CUTYAIUAMHA, a TAKXKE O APYI'UX MapaJOKCaX, B TOM YUCJAEC BOSHUKAKINNX IPU PaCCMOTPEHUN
aKCHOMBI BEIOOpaA. B gacTHOCTH, BB y3HAaeTe, KAK M3 OQHOIO AleIbCUHA COEIATH ABA.

B npumnoxenwn 3 mpuBemeHB! 33a4aYn, CAMOCTOATEILHOE PELIEHWE KOTOPHBIX IOMOXKET
quTaTeno 601ee MOTHO pa3obpaThcsa B MaTepuate OPOIIIOPHI.

Brm. 21. U. X. Cabutos. O6beMBI MHOIOrPaHHUKOB. 32 C.

Wznoxkerne MaTeprata HAUMHACTCS ¢ (GOPMYIBI, BEIPAKAOIIEH 00BeM TeTpasapa Iepes
AIuHEL €ero pebep. DTy GopMysy MOXKHO HAUTH MOYTH BO BCEX CIPABOYHUKAX IO MaTe-
MaTHKe, HO MAJ0 KTO 3HAET ee MUCTOPWI. B Gpormope pa3buparnTcs J0Ka3aTeIbCTBA DTOU
dopmyasl, npunagmexamue Tapramse (XVI ex) u duaepy (XVIII Bex), m garoTca coBpe-
MeHHble nx BapuanThl. CdopMyrupoBaHa U OPOKOMMEHTUPOBAHA TeopeMa, 0000maomasn
dopMmyny o6BeMa TeTpadaApa Ha J00ble MHOTOTPDAHHUKYA W JAOIIAA KaK IPOCTOE CIeNCTBUe
pemmenue IpoGIeMEL (Ky3HEYHBIX MEXOB», YTBEPK JAIOMIEN IIOCTOAHCTBO 00beMa n3rubaeMo-
T'O MHOT'OT'DaHHUKA. ﬂaIOTCH TaKXe IPpUMepbl m3rubaeMbIX MHOT'OTDaHHUKOB.

Brm. 22. A. JI. Ceménos. MaTemaTuka TekcToB. 16 c.

B 6porrope pacCMaTpUBAIOTCA UAEN M KOHCTPYKINMU, JEXKAITMEe B OCHOBE (MATEMATUKMI
TEKCTOBY; CPEIU IPUMEPOB €€ PEe3yJbTATOB — HECYETHOCTH MHOXECTBA IOCIe0BATEIbLHO-
CTeN M3 HyJeH W eUHNII, HEBO3MOXHOCTD CO3JaTh IPOrPAMMY, PACIO3HAIILYI0 CAMOIIPUAME-
HrMocTh nporpaMMm. O6cyxgaeTca BaXXHOE MOHATHUE CIOKHOCTH TeKCcTa 10 KoamMoroposy,
IIO3BOJAKOIIECE OTINYIATH CHy‘IaﬁHBIe TEKCTBI OT HeCHy‘IaﬁHBIX.

KHUTY U3NATEIBCTBA «DAATOPUAT YPCC» (2002 T.):

1. Apnasapos B. JI., Emeasanos H. E. (pen.) Yupasnenue madopManuoHHEBIME
noTokamu. 368 c.

2. Apnoisn B. U., Kosmos B. B., Heumrangr A. 1. MaTemaTh4eckne acmeKThHI
KJaccuieckon u HeGecHou Mexanukm. 416 c.

3. Bakynmuckun A. B., Koxkypun M. }O. UTepanmontsie METOABI PeIIeHUA He-
KOPPEKTHHIX OIepaTOPHLIX yPaBHEHUH C IVIafKUMM omepaTopavu. 192 c.

4. Boapuyk A. K., Tau fI. T'., Tomosau I'. TI. u ap. Cnpasounoe mocoGue 1o
BhIcIlen MaTemaTuke. T. 1-4.

5. Beunw I'. Cummerpus. 192 c.

6. Beniw I'. AnreGpandeckas Teopus umcent. 224 c.

7. Buruep O. VHBapHaHTHOCTH ¥ 3aKOHBI COXpaHeHUA. JTIOJALI O CHMMETPHH.
320 c.

8. Bonesuu JI. P., T'muaukun C. I'. Merog maororpanuuka HeroTona B Teopun
nuddrepeHIMATBHBIX YPAaBHEHUN B YaCTHHIX IIPOM3BOIHBIX. 312 c.

9. laneer . M. OnTumusamms: Teopus, mpuMepsl, 3agayun. 304 c.

10. T'memenxo B. B. Kypc Teopun BepoaTHocTen. 7-€ m3n., ucnpasi. 320 c.

11. Tmemenxo B. B. O4epk mo mcTopum Teopun BepoATHOCTEH. 88 C.

12. T'wegenko b. B. O matemaTuke. 3. 2-e. 208 c.

13. duvmrpuamn I'. T'. Mogeau ¢puHaHCOBHIX NMUPAMHUI: AeTEPMHUHUPOBAHHBIN
noaxox. 36 c.

14. Nyoposur B. A., Hosukos C. II., ®omenko A. T. Cospemennas reomeTpus:
MeToasl u mpuioxenud. [eoMeTpua TOBEPXHOCTEH, TPYIIN IIPe06GPa3OBAHAN U IIOJIEH.
5-e u3nanme, ncnpasaennoe. T. 1-3.

15. Emenpsnos C. B., Kopoeur C. K., Bo6suies H. A. MeToasl HeImMHEHHOTO
aHaIM3a B 3ajatvax yHpaBJeHHsA u onTumMudanmu. 120 c.
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16. 3ammsnak B. E. OcHoBbl HayYHBIX BhIYMCIeHnl. BBejenne B uncieHHbe Me-
ToAH Aaia ¢pusmkoB. 296 c.

17. UBamos B. U., lTlonor B. FO. Koudopmusie oToGpakeHns U UX MPWIOKEHUA.
324 c.

18. Kax M. BepoaTtHocTs n cMeXHBIe BonpocH B dusuke. Uag. 2. 408 c.

19. Konecaukos A. T1. Tomonormveckne MeTOAL B TE€OPUM MPUOIMKCHUNA W “IH-
cJIeHHOM aHaym3se. 376 c.

20. Komoxoaos U. B., Kysuernos E. A., Muasmrenn A. U. u gp. 3agaun mo ma-
TeMaTHiecKuM MeTogaMm ¢dusuku. 288 c.

21. Kpacuor M. JI. u ap. Bea Beicias matematuka. T. 1-6.

22. Kpacuoe M. JI., Kucener A. U1., Makapenxo I". 1. BekTopubin anaaus. 3agaqau
¥ IpUMepHI ¢ TOAPOOHLIMHE pemenuamu. Nzn. 2-e. 144 c.

23. Kpacuos M. JI., Kuceres A. U., Makapenko I'. . Q6rikHOBeHHEIE AUDdeE-
PeHIUAThHbIE YPAaBHEHUA. Jajfaduyl W MPUMepPH ¢ HoApoOHBIMM pemeHuaMu. 3x. 4.
256 c.

24. Kpacuos M. JI., Makapenko I'. 1., Kucenes A. V. Bapuanmonuoe ucumnciaenue.
3afaum ¥ npuMepHI ¢ ToApoGHbEIMU pemennavu. Uan. 2-e. 176 c.

25. Kpyreko B. H., Caasuu M. B., Cmupuosa T. M. MaTemaTudeckue oCHOBaHUSA
repoHTOJOrMHA. 384 C.

26. Kyspmuua P. II. AcuMmnrorudeckme MeTOABI MCCIE[OBAHUA OOBIKHOBEHHBIX
aud PepeHIMaIbHbX ypaBHEeHAN.

27. JInouc ZK.-JI. HekoTopeie MeTOIB pelllcHWA HEJIAHEMHBIX KPAaeBHIX 3amaq.
Nzn. 2-e. 588 c.

28. Jlaxosckuu B. [I., Bonroxos A. A. I'pynmel cuMMeTpus ¥ 31eMeHTapHBIE Ya-
ctunil. W3n. 2-e. 372 c.

29. Mammmenkun I'. T'., Ilotanor A. B. CoBpeMeHHEIe Tp0o6JeMBl HETMHEMHOM
auHamuku. U3n. 2-e. 360 c.

30. Meiukuc A. ., Munacsu B. B. (pex.) CoopHuK 3agaq no MaTeMaTuke (1Jis
BTY30B). YpaBHeHHs MaTeMaTHdeckon ¢pusmkm. 1. IV-V. 80 c.

31. Heurebayep O. Tounsie Hayku B ApeBHocTH. U31. 2-e. 224 c.

32. Ope O. I'pads1 u ux npumenenwne. N3g. 2-e. 168 c.

33. llerpamens M. U., Tpudonos E. /. IIlpuMenenne Teopun rpynn B KBAaHTOBOK
mexanuke. U3n. 4. 280 c.

34. Tlerpoeckuu A. B. OcHOBHBIE TOHATHA TEOPUH MYyJbTUMHOXecTB. 80 C.
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36. lerposckuu U. T'. Jlekiuu no Teopum 0GHIKHOBEHHBIX AUPdEpEHIAATBHEIX
ypasHenun. Usn. 6-e. 272 c.

37. lormep K. P. O6bekTHBHOE 3HaHKE. DBOMIONUOHHEIA TOAX0. 384 C.

38. Pabosep B. 1. KomGunaTOpHBIE KOHCTPYKITMH IIPOOJXEHAA cTpyH. 36 c.

39. Cenesues B. M., Asnemmmu B. B., Kavmuu IT'. C. MeTofbl U TeXHOJOTHA M-
CJIEHHOT'O MO JeJINPOBaHUA I'a30IPOBOTHEIX cucTeM. 448 c.

40. Cmonbakos J. P. HeusBecTHEIE CTPAHUILI HCTOPUY ONTHMAILHO'O yIPaBJe-
Hna. 104 c.

41. Tapacesuu FO. FO. Ilepkomsaums: Teopus, IpUIoXeHus, aropuTmol. 112 c.

42. Tapacesmu HO. K). Maremarudueckoe M KOMIILIOTEPHOE MOJ€JIUPOBAHUE.
Broaurm kypc. Uz, 2-e. 144 c.
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43. Yurrekep IJ. T., Barcon [Ix. H. Kypc coBpemennoro amammsa. Usg. 3-e.
856 c.

44. Xamepmern M. Teopusa rpynn u ee mpuMeHeHUe K (pU3ndecKuM mpolaeMaM.
Uzn. 2-e. 588 c.
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mme. Uzn. 5-e. 320 c.
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MaTeMaTH4Ieckon pusmku. 320 c.

2. Bynax A. B., llleapun B. M. DaemenTapuas maTemaTuka. 4-e ua ., uctp. 2002.
690 c.

3. BacwibeBa A. B., Tuxouos H. A Wnrerpanbusie ypaBuenusa. U3x. 2-e. 2002
160 c.

4. Bonkoswickuu JI. ., JIyun I. JI., Apamauosuya U. I'. CoopHUK 3agat mo Teopun
(QYHKIMU KOMILIEKCHOT'O IIEPEMEHHOT0. 4-€ m3 1., uCIp.

5. Edumon H. B. KpaTkuit Kypc aHATMTHYIECKON T€OMETPUM. 13-€ U3 1., CTEPEOT.
240 c.

6. Ku6syn A. 1. u np. Teopusa BepOATHOCTEN M MaTeMaTHIeCKad CTaTUCTHUKA.:
Baszossi1 Kypc ¢ mpuMepaMu u 3agavdamu. 224 c.

7. Kucener A. II. Apudmeruka. 168 c.

8. Kyapsasues JI. /. Kparkuu Kypc maTemaTudeckoro asammsa. 1.1. [Tuddepen-
IUATBHOE U UHTErPAIbHOE UCHUCAeHns PYHKIUNA OJHOU nepeMeHHon. Pagsl. 3-e us .,
nepepad. 400 c.

9. Kyapsasues JI. /. Kparkuu Kypc MmaTemaTudeckoro asamsa. 1.2. [Tudpdepen-
[UATBHOE U UHTErPANTbHOE UCIUCACHUsA PYHKIUU MHOTUX TepeMeHHBIX. [apMonuye-
CKUN aHaIu3. 3-e 3., mepepab. 424 c.

10. Jlypre M. B. I'eomeTpnsa. Texuuka pemenus 3agati. 239 c.

11. Maruyc fI. P., Hengexxep X. MaTtpuunoe u guddepeHnmaisHoe ncIucieHne
¢ IPWIOXEHUAMY K CTAaTHCTUKe M d3KoHOMeTpuKe. 496 c.

12. MaremaTuka. 3agaiy BCTyNHTEJbHEIX 3k3ameHoB B MI'Y ¢ oreeramu u pe-
menmamu (1999-2002). Cocr. I'puropeer E. A. 248 c.

13. Muanep B. M., [lankoe A. P. Teopua ciayvdaunbix npomeccos. 320 c.

14. Hasaperos A. II. u ap. 3agaus BCTYNMTEJIbHBIX 3K3aMEHOB C PeIICHUAMM.
MaTemaTuka (TeXHMYECKHE CIIELEAIBHOCTH). 424 c.

15. Honaama A. /., 3aunee B. ®. CopaBoYsmMK 10 HeJMHEMHBIM yPaBHEHHAM
MaTemaTHdeckon ¢usuku. (Tounsie pemennsa.) 432 c.

16. Tlyraués B. C. Teopus BepoATHOCTEM M MaTeMaTHIECKas CTaTHCTHKA.
Wzn. 2-e ucnp. u momouu. 400 c.

17. Camapckunn A. A., Muxammos A. II. MaTemaTu4deckoe Mo/epoBaHHeE.
Nzn. 2-e, ucop. 320 c.

18. Curan U. X., Usanora A. I1. BBegenue B mpukiagjHoe JUCKPETHOE IMPOrpaM-
MupoBanue. 240 c.

19. Typuax JI. 1., Ilaorauxos II. B. OcHoBHI wmcieHHBIX MeToA0B. 304 .

20. Tpenorun B. A., llucapesckuu B. M., Co6omera T. C. 3agauu u ynpaxueHus
o PYHKIIMOHATEHOMY aHAIM3Yy. 2-€¢ u3m., uchp. u mom. 240 c.
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21. @uxrenroasi I'. M. OcHoBbl MaTeMaTH4Yeckoro aHaausa. Usn. 7-e. T. 1-2.

22. Dugepman B. fI. OcHoBE Teopuu (YHKIMEA KOMILIEKCHOTO MEPEMEHHOTO M
OIIEPAIMOHHOT0 UCUHCIeHud. 256 c.

23. Tacamos 3. I, Kynpsasues B. B. Teopus xpaHeHns ¥ moucka WHPOPMALUH.
288 c.

24. Kapmanor A. B. HccaefoBanue ympaBigseMbIX KOHEYHEIX MApPKOBCKHX IIeIer
¢ HemoJHOM MHopManuel (MAHAMAaKCHBIM moaxox). 176 c.

25. Koruna B. ®. Cayvaunrie rpadet. 256 c.

26. Mapuenxos C. C. ByaeBbr pyukium. 72 c.

27. Horur B. [I. IlpuaaTHe pelleHMi B MHOTOKPHTEpHAIbHOM cpege. 176 c.

28. ITertees HO. II. MeTogbl MaTeMaTHIE€CKOI'0 MOJEJUPOBAHUA U3MEPUTEILHO-
BBIMUCIUTEIBHBIX cucTeM. 384 c.

29. Psadeuvkun B. C. MeTox pa3sHOCTHBIX TOTEHIHMAIOB M €r0 TPWIOXEHUA.
Usn. 2-e, gonons. u ucnp. 496 c.

30. Cyxuama M. @. Yucrennoe peniesue 3aad JAHEMHOTO IIPOTPAMMUAP OBAHEA
¥ BLIMHC/JIEHAE TPAHMIL CIIGKTPAa CHMMeTpuYHoM MaTpumbl. 160 c.

31. ®ypman . A., Kpeseuxuu A. B., Ilepenpees A. K. u np. Begenue B koH-
TYDPHBEIA aHAJIW3 M €ro MPWIoXeHud K o6paGoTke m3o6paxennn. 592 c.

KHUTY U3TATEJILCTBA «PAKTOPUAJ [IPECCH (2002 T.):

1. Bacuaner @. II. MeToasl onTuMusarmn. 824 c.

2. XKeno6enko [I. II. Beenenue B Teopuio mpeacTasaernn. 136 c.

3. Karok C. b. @ykcoBs rpynmnsi.

4. Mauuu FO. 1. ®@pobennycoBrl MHOr006pa3us, KBAHTOBBIE KOT'OMOJIOTMH M TIPO-
cTpaHCTBa MoAyJaed. 344 c.

5. Manyuios B. M., Tpouukuu E. B. C*-runb6eproBsl Moayau. 224 c.

6. Cmupros B. A. CuMILTMIMAILHEIE M Oll€pa IHbIE METOBI B T€OPHU T'OMOTOIUH.
272 c.

7. Teproransiu-Jaypu B. FO. CroxacTudeckas mexanuka. 464 c.

KHUTY U3NATEILCTBA «MUP» (2002 T.):

1. Kougpamos B. E., Kopores C. 5. MATLAB kak cucTema nporpaMMupoOBaHUS
HAY4YHO- TEXHMYECKUX pacieToB. 350 c.

2. @aanmuep I'. D@mepoBs rpadbl B CMeXHBIE BOMPOCHL. 335 c.
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